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ARTICLE INFO ABSTRACT

Keywords: In Value-based and Actor-Critic reinforcement learning (RL) methods, both inaccuracy and
REinfOfCE'meﬂ't learning instability of value estimation will detrimentally affect their performance. Some typical RL
Value estimation methods, such as Maxmin Q-learning and QMD3, are plagued by the underestimation problem

Estimation bias while failing to trade off the estimation bias and variance jointly. We propose the Reinforced

Operation (RO) to address these shortcomings, which selects the closest median among multiple
Q-function. RO is applicable to any model-free RL method. Theoretically, we introduce the Mean
Square Error (MSE) to jointly analyze the estimation bias and variance of value estimation
methods. We also demonstrate the superiority of RO in MSE reduction and give an upper
bound for the estimation bias of value estimation methods with arbitrary distribution to guide
the calculation of the estimation bias of value estimation methods. Based on RO, we propose
the variants of Q-learning and TD3, Reinforced Q-learning (RQ) and Reinforced Delayed Deep
Deterministic policy gradient (RD3), respectively, to tackle different tasks. We empirically
demonstrate that our method can reduce estimation error and achieve superior performance on
discrete and continuous benchmark tasks.

Estimation variance
Reinforced operation

1. Introduction

One of the cornerstones of optimal policy acquisition in reinforcement learning (RL) is the accurate estimation of the state-
action value function (Q-function). An inaccurate estimate of state-action value yields estimation bias, whether overestimated or
underestimated, inducing the agent to produce wrong actions, slowing down training, and leading to inferior results [1]. Also, the
inaccurate estimation can affect the extension of RL to robot [2,3], optimal control [4,5], and other domains. Q-learning [6] is
widespread for discrete tasks, owing to its simple and readily accepted way of updating the Q-function using the highest state-action
value the agent believes it can gain from subsequent state. Unfortunately, this maximization operation leads to overestimation bias,
especially when using function approximators. In practice, most real-world problems involve high-dimensional inputs, which demand
expressive and flexible nonlinear function approximators [7]. By employing nonlinear function approximators, the initial workload
of RL is significantly decreased. Deep Q-Network (DQN) [8,9] performs well in most arcade learning environments (ALE) due to
the incorporation of a powerful nonlinear approximation technique Deep Neural Network [10,11] on Q-learning. Due to inaccurate
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function estimation or maximization operation, DQN also suffers from the overestimation mentioned above, which seriously affects
the quality of the learned policy [12-14].

Recent studies have proposed diverse solutions to alleviate the overestimation issue in state-action value estimation. Techniques
such as bias-correction and regularizing terms enhance accuracy [15,16]. Weighted Q-learning [17] and Softmax Q-learning [18]
achieve more precise estimations using Gaussian approximation and the Softmax Bellman operator, respectively. Ensemble DQN and
Averaged-DQN (ADQN) [19] address overestimation bias through averaging, reducing estimation variance. However, they fail to
fully eliminate the overestimation bias, as the combination of overestimated Q-functions still has a positive bias, especially under
the infinite action-value function setting. Double Q-learning [20] and Double DQN [21] address this problem with a decoupling
operation, but this can lead to underestimation bias and is not suitable for Actor-Critic methods. Weighted Double Q-learning [22]
uses two independent estimators for more accurate action value approximation, addressing both overestimation and underestimation
biases. Despite these advancements, a gap remains in guiding agents to effectively determine or control estimation bias and variance,
both key factors in estimation error.

Actor-Critic approaches suffer from the same overestimation issue, like DDPG [23], which inherently adopts the maximization
operation. Following the DDPG work, the overestimation bias is reduced by additional modifications and extensions to the basic
algorithm. Fujimoto et al. [24] introduce the minimization operation, alias the clipping operation, to reduce the overestimation bias
by selecting the minimum from a pair of Q-function, and proposes the corresponding TD3 algorithm. Maxmin Q-learning (MQL) [25]
and REDQ [26] also employ the minimization operation. However, the underestimation bias brought by the minimization operation
also adversely affects the policy quality, and there is a lack of theoretical guarantee on how to jointly control the estimation bias and
variance.

Some works aim to balance the underestimation and the overestimation bias. Jiang et al. [27] introduce a technique that involves
selecting high-value action candidates to estimate the maximum expected action value, effectively mitigating underestimation bias
in their approach. PRAG [28] enhances critic learning through the strategic periodic integration of action gradients, optimizing
target values and navigating around local optima. GD3 [29] introduces an innovative generalized-activated weighting mechanism,
leveraging non-decreasing functions, also known as activation functions, as weights to refine value estimation and substantially
reduce bias. TADD [30] balances underestimation and overestimation biases via a weighting operation. QMQ and QMD3 [31] address
underestimation bias and boost estimation stability through the quasi-median operation (QMO). DARC [32] brings innovation to
RL by employing double actors to reduce estimation biases in DDPG and TD3, improving value estimation and exploration, and
stabilizing value estimates via critic network regularization. Nevertheless, these techniques necessitate extra hyperparameters for
control magnitude adjustment and may not be universally applicable. Persistent underestimation bias leads to significant estimation
errors, compromising agent interaction efficiency.

A series of works on the Q-function aim to find the accurate state-action value, leading to an efficient Q-function update. Existing
studies still suffer from a significant underestimation bias and do not provide a comprehensive joint analysis of estimation bias and
estimation variance, both components of estimation error. Thus, this paper is motivated to develop an accurate estimation method
and give a joint analysis of estimation bias and estimation variance. The following are summaries of the paper’s contributions:

We design the Reinforced Operation (RO), an operation applicable for any model-free RL method, which can reduce estimation
error, while the state-action value obtained by RO is robust to outliers.

Theoretically, we innovatively introduce the Mean Square Error (MSE) to integrally analyze the estimation bias and estimation
variance of different operations. Further, we investigate the upper bound of estimation bias of value estimation methods without
any distribution assumption.

Based on the proposed RO, we construct Reinforced Q-learning (RQ) and Reinforced Delayed Deep Deterministic policy gradient
(RD3) to cope with discrete and continuous action tasks, respectively.

We evaluate our algorithm on six toy discrete action tasks and eight MuJoCo continuous action tasks across ten random seeds.
Extensive experiments demonstrate that our methods outperform the most advanced ones.

2. Preliminaries

We formalize the usual RL framework as a Markov Decision Process (MDP), (S, A, p, pg, 1, ), where S and A represent the
state and action space, p: S X A XS — [0, 1] is the transition distribution, along with p, representing the initial state distribution,
r: SXAXS — Ris the reward, and y € [0, 1] is the discount factor. At time ¢, with a given s, € S, the agent takes a, € A and then
transitions to the s, according to its policy zy(s,|a,) with parameter ¢, receiving r,. Finding an optimal policy 7, that maximizes
R, = ZIT/:; y"~'r, starting from s, is the eventual purpose of RL.

Given s, ay and x, the critic or Q-function is

T

Q*(s,a)=FE" Z}’trtls = 59,0 =4y
t=0

The optimal Q" (s, a) is Q*(s,a) = max, Q" (s,a), and the optimal policy r is 7*(s) € argmax,0*(s, a).
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2.1. Value-based methods

For the Value-based methods, such as Q-learning and MQL, the temporal difference [33] can be applied to learn O”(s,a). And
the Bellman equation [34] establishes a recursive connection between (s, a) and (s’,a’):
O"(s,a)=r+yEy » [Q”(S', a')] ,d ~ ().

The loss function of a differentiated function approximator with parameter 6 is

LO)=E, 4, 5 (0= Qyls. )], €3]

where yOL = r + ymax,c ,Oy(s',a') and yMOL =r + ymaxa/eAQ’g"i"(s’,a’) in Q-learning and MQL, respectively, Q;"i" indicates the

selection of the minimum value from Qai (s,a) for i =1,---,n. And B is the replay buffer.
2.2. Actor-Critic methods

The Value-based RL methods will no longer work for the continuous control settings, while the Actor-Critic RL methods can
handle these tasks. DDPG [23], as a typical Actor-Critic RL method, achieves relatively fast learning of sub-optimal policy owing to
its deterministic policy gradient [35]. DDPG uses a deep neural network parameterized by ¢, acting as an output policy actor, and
the update rule is

Vol @) =, |Vo05 (5 Dlamry)Vgmp(s)] -

6 is updated the same as Equation (1), with different that a = z4(s) and y?PP G=r4+ yQ(;,(s’ .7y (s")), where ' and ¢’ denote the
parameter of the target networks.
TD3 [24] is a variant of DDPG that utilizes two critics with parameters 6; and 0,, respectively. The actor parameter ¢ of TD3 is
updated by
Vol @) =Eqy, [VaQf, (5@l amry Voy(s)] @

For i = 1,2, 0, is updated in the following way:

LO) = Ey s | (7 = o, 5.1y 9P @)

where yTP3 =+ ymlir%Q’g, (', 7y ), and mliI%Q; represents the minimization operation, also known as clipping operation.
i=1, i i=l, i

TADD [30] alleviates the underestimation bias of TD3 by introducing the hyperparameter f:
VAP = r 4 y(pminQ), (s 7y ) + (1 = HQ).

where Q" = %(Q; ;(s’ S Ty) + Q; Q(Sl , 7y )) denotes the averaging operation.
QMD3 [31] updates the critic by selecting the state-action value which is smaller than as well as closest to the median. The target

value of QMD3 is

YOMP3 = r 4y QMO 7y,

where QHQ,M O(S’ STy is the selection of Q(L% J)(n > 3) from given critics.
2.3. Estimation MSE in RL

Estimation bias is the deviation of the mathematical expectation of the estimated values from the true value Q""¢. Suppose there
are n estimates QA[, let Z;, = Qi — Q" be the individual estimation bias.

The estimation bias arises from two factors. One is the approximator, such as a neural network, is inaccurate. The other is the
maximization or minimization operation. When there is no estimation bias, that is, E[Z;] =0, one should also be required that the
estimation variance of state-action value is as small as possible. If the estimation bias exists, we should consider the estimation bias
and the estimation variance jointly. Thus we introduce the MSE to measure the goodness of the estimated value. The MSE is

MSE = E[Ql _ Qtrue]z
= E[(Q, - E[Q;]) + (E[Q;] - 0"™))?
:Var[Q[] +(E[Zi])2, N

where Var[Qi] denotes the estimation variance, and (E [Z,-])2 denotes the square of the estimation bias.
It is easy to see that MSE is a direct measure of estimation error that combines estimation bias and estimation variance. Unbiased
and stable estimation of the state-action value helps reduce MSE.
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Algorithm 1 RQ algorithm.
1: Initialize Q(,l JETEN an ,and s
2: Initialize B
3: while interacting with the Environment do
0;%(s;,0) < RO 0y (s,)
i=len 7

B

5 Select a based on Qfo(s,a) using e-greedy
6: Take a, and store (s,a,r,s’) in B

7: fort=1toT do

8: Sample a mini-batch (s, a,r,s’) from B

9: y<—r+ymaxa,EAQ§o(s’,a’)
10: Qi(s,a) < Q;(s,a) + aly — Q;(s,a)]
11:  end for
12: s«

13: end while

3. The proposed method

In this section, we first design an operation that can be applied to any model-free RL method, namely Reinforced Operation
(RO), which can effectively alleviate the underestimation problem. Then, to handle different types of tasks, based on the RO, we
propose novel modified versions of DQN and TD3, Reinforced Q-learning (RQ) and Reinforced Delayed Deep Deterministic policy
gradient (RD3), respectively. In addition, we innovatively introduce MSE to analyze the estimation bias and estimation variance
synthetically. We also theoretically demonstrate the superiority of RQ and RD3 in controlling the estimation error. Further, we
theoretically investigate the upper bound of estimation bias of value estimation methods with the arbitrary distribution.

3.1. Reinforced Operation

Typically, the averaging or weighting operation is applied to several state-action values to produce a more precise target value,
but the overestimation issue persists [24,25]. The minimization operation is proposed to counteract the overestimation problem, but
this operation leads to the underestimation problem and is vulnerable to outliers [31]. The QMO operation is outlier independent
and further alleviates the underestimation, but it still suffers from the underestimation problem and underutilizes the multiple Q-
function. To address the limitations of the above methods, we endeavor to design an estimation method that has low MSE, insensitive
to outliers, and is capable of making full use of multiple Q-function. Then, we propose a new method called Reinforced Operation
(RO).

Suppose that Q;,0Q,, -, Q,, are n(n > 1) state-action values. The corresponding order state-action values are the Q; ranked in
non-decreasing order. The smallest state-action value is Q;), the second smallest is Q,), -+, and, finally, the largest is denoted by
O, The target value obtained by RO is

0RO — ©Qqzp+Qqu/2. n=3.57,
Q(g)’ n=2,4,6,-.

And The RO critic is defined as
0"%(s,a)= RO 0y (s,a),
i=l,--n !

where EI{O means taking RO on Qg (s, a).
i=1.n i

In particular, when n = 2, RO degenerates to minimization operation, which means choosing Q- And when n=4,6,8,---, RO
degenerates to QMO, all of which are the optimal target value calculation methods under the current n. Although QMO and RO share
similarities, QMO can easily cause significant underestimation bias when n =3,5,7, ---, which in turn causes large estimation error.
Moreover, QMO only selects one Q-value, which underutilizes the Q-function. In contrast, RO can be applied to any number of Q-
function and can reduce estimation error. Compared to other methods, RO utilizes the ranking information of all Q; and cherry-picks
quasi-median and median that are interference-free from outliers. And RO can be applied to any standard model-free RL method. In
Section 3.3, we will analyze the effectiveness of RO in reducing estimation error.

To exploit the RO specifically, we develop the Reinforced Q-learning (RQ) and the Reinforced Delayed Deep Deterministic policy
gradient (RD3) to handle different types of tasks based on Q-learning and TD3, respectively, as shown in Algorithm 1 and 2. In our
experiments, RQ straightforwardly uses the tricks of DQN [9] to better match DQN. We described the update process of RD3 in Fig. 1
to explain the generality of our method. Moreover, to fully understand the difference between the method in this paper and other
methods, we visualize several forward propagation processes of the Value-based methods MQL and RQ, and the Actor-Critic methods
TADD and RD3 in Fig. 2.

3.2. Convergence of Reinforced Q-learning

This section demonstrates that RQ can converge to Q*(s, a) in the finite MDP setting, as Theorem 1. Suppose there are five value
estimates Q4, 08, 0€, 0P, OF if n=5. We set the optimal action a* of next state is
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Fig. 1. The structure of the RD3. The target value is selected by the RO, and then multiple TD Errors are calculated with the state-action values output by multiple
critics. Every critic is updated by the corresponding TD Error.

TD-Error TD-Error TD-Error TD-Error )

| TS

© Sr+1 (d) Str——

(b)

Calculation  Target Critic Critic

Fig. 2. Diagram of forward propagation processes of MQL (a), RQ (b), TADD (c), and RD3 (d). “-?, “W”, “M”, “R” denote the subtraction, weighting, minimization
and reinforced operation, respectively.

Algorithm 2 RD3 algorithm.
1: Initialize Qy,.+, 0, Ty, 01 0,0, <0, and ¢' < ¢
2: Initialize B
3: fort=1to T do

4: Select a ~ my(s) +e,€~ N(0,0), store (s,a,r,s") in BB, and sample a mini-batch (s, a, r,s") from B
5:  d « my(s)+clip(e, —¢,c),e ~ N'(0,0)
6:  yer+y0R0(s, Ty ()
7:  Update 6, by Equation (3)
8:  iff mod d then
9: Update ¢ by Equation (2)
10: 0! <70, + (1 =1)0], ¢, — ¢, + (1 = 7)¢]
11:  endif
12: end for

a* = argmaxQ(s’, a).
a
At each time step, execute optimal action a* at next state, then we have

y=r+yRO(Q*,08,0°,07,0%).

The update formulas of Q4, 08, 0€, 0P, OF are as follows:

0%(s,a) = Q*(s,a) + a,(y — 0" (s, a)),
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0%(s.a)= 0% (s.0) + ,(y — 0% (s, ),
0°(s.a) = 0°(s,0) + &, (y = Q(s. ),
0°(5.0) = 0P(s.0) + o, (y — Q (s, 2)),
0%(s,0)= 0% (s,a) + o, (y = 0¥ (s, ),
where a, denotes the learning rate. Next, we give Lemma 1 to help us prove that RQ can converge to Q*(s,a) under the updating

method above.

Lemma 1. Consider a stochastic process (§;, /\;, F,)(t=0,1,2,---), where {,, /\,, F, : X — R satisfy the equation:

At+1(x1) =(1- gt(xt)) Ar (xz) + gt(xz)Ft(xrl

Let P, be a sequence of increasing o-fields such that ¢, and /\, are P,-measurable, and ¢,, /\,, and F,_, are P,-measurable. Assume
that the following hold:

. The set X is finite.

L) €011, Y, &(x,) = 00, 3,(,(x,))? < oo with probability 1 and £(x) =0, Vx # x,.

- NELFIR]|| < & ||2\¢|| + ¢, where x € [0,1), and ¢, converges to 0 with probability 1.

. Var[F,(x)|P]1< K(1 +x||/\||)% where K is a constant, ||-|| represents the maximum norm.

AWM

Then /\, can converge to 0 with probability 1.

Theorem 1. Given the following conditions:

. With the finite setting of MDP, each state-action pair is sampled infinitely from the lookup table.

. yelo,1).

. Both 04,08,0€, QP and QF receive an infinite number of updates.

. a€[0,11, Y, a,(s,a) = 00, ¥, (e, (s, a))* < oo with probability 1, and a,(s,a) = 0,¥(s, a) # (s, a,).
. Varlr(s,a)] £ c0,Vs,a.

a b wN =

Then, RQ will converge to Q* with probability 1.

Proof. Set P, is

A B C D E
{07.04-095-04 -0y s S0 0> Ao 15 S5+ 5 515}

and X =S X A, A, = Q,A — 0%, ¢, = a,. Note that conditions 1 and 4 of the Lemma 1 hold by conditions 1 and 5 of the Theorem 1,
respectively. Condition 2 of the Lemma 1 holds by the condition 4 of the Theorem 1 along with our selection of {, = «,. For simplicity,
we set Q;4 = Q;“(s, +1-a%), and the other Q-functions are similar. Execute optimal action a* at next state, we have:

At+l =(1- a,)(QtA(s,,at) - 0*(s;5a,))
+a,(r, + YRO(Q},QF.0C. 0P, 0F) - 0*(s,.)))
=(1-a) A, (s;.a)+ o, F,

where a* = argmaxQ“(s,,,a). And F, is defined as
a

F,=r,+yRO(Q},07,05,0P,01) - 0*(s;,a)
=r,+yROQ.0F.0°.0P.0F) - 0*(s;.a)
+70 (5141,") — 7O} (5,41.0%)
= FIQ +c,

where ¢, = yRO(Q, 0P, Q€. 0P, QF) - yQ/(s;y,.a"), and FC =r, +yQ}(s,y1.a*) — Q*(s;.a)). It is clear that E[F2|P] <y || A,
then condition 3 of the Lemma 1 holds if ¢, converges to 0 with probability 1.

Let y=r, +yRO(QA,08,0C,0P,QF), and let ABA=0Q8(s;,a,) - QA(s;.a), A4 =0F(s,.a) — QA(s1.a)), APA=0QP(s;,a) -
Qs a), ANFA = QF(s,,a)) — 0/ (s,, a,), then ¢, converges to 0 if ABA, A4, APA and AF4 converge to 0. The update of A P4
is the sum of Q4 and Q¥ at time #:

BA= AP 4oy - 0F(sia) — (= 01 (spa)) = (1 —a) APA.
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The update of A4 is the sum of Q* and QO at time #:

CA _ CA
H_l—(l_at)At .

AP A and A,EA are updated in a similar way:

D= —a) AP,
EA _ EA
141 =(1-a) Ar :

Clearly, AB4, A4, AP4, and AEF4 will converge to 0, which means that we satisfy condition 3 of the Lemma 1. So
QA(s;,a,) will converge to Q7 (s;,a,). Let A\, =08 — 0*, A\, =0° - 0*,/\, = QP - 0%, and A\, = OF — O, we can derive
QtB(s,, a,), th(sf, a,), QtD(st, a,) can converge Qf(s,, a,). For other numbers of Q-functions, we just repeat the above arguments. Thus,
we prove the Theorem 1, then the RQ can converge to Q*(s,a). []

Next, we theoretically analyze the MSE of RO and other operations to demonstrate the superiority of RO.
3.3. Estimation MSE reduction via Reinforced Operation

In this section, we first investigate the underestimation issue resulting from using the existing operations, such as minimization
operation [24-26], weighting operation [30], and quasi-median operation [31]. We show the negative impact of these operations
and then justify the effectiveness of RO in reducing the MSE of estimated values.

Let Q; denote the order state-action value arranged in non-decreasing order for Q;,Q,,:-,0Q, that are independently and
identically distributed in [A — u, A+ u](u > A > 0), 4 is the overestimation bias of Q-function and y denotes the range of positive bias
[31]. Zyy = Q(k) — Q'™ is the k-th estimation bias. In our analysis of the MSE across various methods, we introduce Theorem 2.
This theorem underscores the effectiveness of RO in reducing underestimation bias, a crucial aspect of estimation error.

Theorem 2. Using Z(-) to represent the estimation bias of a given method. Under the default parameter settings as outlined in the original
document, we present the following comparative analysis of estimation biases among various methods:

Z(MQL) < Z(TD3)= Z(REDQ) < Z(TADD) < Z(QMO)
< Z(RO)<0< Z(DDPG)

Proof. From [25,30,31], we have:
Q2k—n—1)u
n+1

The estimation bias, marked by A for both median and averaging operations, suggests an overestimation problem, adversely
affecting the agent’s policy learning capabilities. Consequently, we establish that Z(DDPG) = A.

Methods such as MQL, TD3, and REDQ primarily use a minimization strategy by choosing the smallest state-action value. Their
estimation bias, quantified as —% u+A<0forn=2k=1, indicates a tendency towards underestimation. MQL increases the number

E[Zy)] = + 4. (5)

of critics, and as the number of critics grows, Z(M QL) = :,%’1!” + 4 <0, which is evidently a monotonically decreasing function.
The underestimation in MQL can worsen with an increase in n. Even at the minimum number of critics (n = 2), there’s a significant
underestimation bias.

TADD, by adding an averaging operation to the minimization process, modifies the estimation bias to —% u+ 21—0/1 <0, somewhat

mitigating the underestimation bias. For n > 3, the estimation bias of QMO is BAAU g = 4,6,8, -+, and it becomes nAAAZ2 g

n=>5,7,9,--. QMO still encounters the underestimation problem with smaller n.nFor larger n, QMO alleviates underestimgtion but
slows down policy learning.

The estimation bias of RO is regardless of whether n is odd or even. RO is more accurate than other methods in this
regard. Based on the aforementioned analysis, we arrive at the following conclusion:

nA+A—p

Z(MQL) < Z(TD3)= Z(REDQ) < Z(TADD) < Z(OMO) (6)
<Z(RO)<0< Z(DDPG) [

Relative to other approaches, RO exhibits a lesser degree of underestimation bias, a trend that holds irrespective of the value of
n. Notably, as n escalates, Z(RO) gradually approaches zero, reflecting a trend towards more precise estimations.

The magnitude of the estimation bias is related to the experimental setting. Therefore, we use the normalized bias Z; /0" to
eliminate the influence of the environment setting, and the Q"¢ denotes the discounted cumulative return according to the current
policy computed by the Monte Carlo.

To verify the estimation accuracy of RO, we first design a bias random generation experiment to randomly generate 10,000
points in the [A — u, A + u] interval and then employ averaging operation (ADQN), minimization operation (TD3, MQL, REDQ),
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Fig. 3. Visualization of distribution changes of different methods. A =0.1x > 0. The closer the concentration of the distribution is to 0, the more accurate estimation
is, and the flatter the curve is, the more unstable the estimation is.
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Fig. 4. Estimation bias curves on two different types of tasks. The bold lines depict the mean estimation bias over ten trials, and the darkened region stands for one
standard deviation.

weighting operation (TADD), QMO (QMQ, QMD3) and RO (RQ, RD3) to obtain the corresponding normalized bias, as shown in
Fig. 3. Specifically, the average operation has an overall left-skewed distribution with a large positive bias. The other four methods
have an overall right-skewed distribution, in which the weighting and minimization operations have a larger negative bias, while
QMO and RO have a smaller negative bias. It is noticed that the estimation bias of RO is the lowest, and the estimation is more stable
than other methods. This also verifies the above analysis.

In Fig. 4, we measure the normalized bias of value estimation methods on the discrete action task Space Invaders-vO and the
continuous control task Ant-v3 when n = 5. It can be found that the average operation (ADQN) has a large positive bias, and the
minimization operation (MQL, TD3), decoupling operation (DDQN) and QMO (QMQ, QMD3) have a negative bias. The weighting
operation mitigates the negative bias of the minimization operation, but still suffers from a certain negative bias. Our method is
able to gain more precise estimates than competing methods, and it has a smaller estimation variance than those methods, which
indicates that RQ and RD3 are resistant to random initial conditions. It is worth mentioning that the test on the real environment in
Fig. 4 is consistent with the results of the large sample experiment in Fig. 3, which further validates our previous analysis and the
superiority of our methods in this paper.

Based on the above analysis, the RO operation is competitive with other methods regardless of the number of Q-functions. Further,
the underestimation bias decreases as n increases, which may help to reduce the estimation MSE. Furthermore, we theoretically
investigate the MSE of RO in Theorem 3 and then compare the MSE of value estimation methods to illustrate the superiority of our
method.

Theorem 3. When n=3,5,7, ---, the MSE of RO is

2
n“+4n+3 ”2 _ 2l4/1 /12’ 7
n+1)2n+2) n+1

and when n =4,6,8, ---, the MSE of RO changed to

MSE(RO) =

mP4+3n+2 5 2uA |

MSERO)= - ¥31%2 p kA,
RO = D “n+l

(8)
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Proof. When n=4,6,8, ---, from [31], we know that

22 2
Var(RO)= "H 2K
(n+1)2(n+2)
From Equation (4) and Equation (5), we have:
n2+2n 2 1 2
MSERO)= —— " |2 4 (———pu+4
RO = s T it
2 2ui
__n+3n+2 e K2
(n+1D2(m+2) n+1

When n=3,5,7, -+, the state-action value obtained after RO consists of two parts, Q(Lz D and Q((g]), which are not independent
2 2
of each other. Then the estimation bias is

1 A A : 1 1
7@qap + Q) — Q™ =5 Zq 1+ 5201
And the estimation variance is

1 1 1
TV arZgap) + gVarZgn) + 5Cou(Z 1)) Z 1)),
where Cou(-) is the covariance.
From [36], we know the probability distribution function (pd f) of Z(k) is

nlp(z,)

Puo(z) = m(F(zi))"‘l(l - F(z)"™,

where p(z;) is pd f of z;, F(z;) is the cumulative distribution function (cd f). Specifically:

p(z)_{ﬁ, z€ld—pa+ul
)=

0, z E else,
0, z; € (=00, A — u]
7 — A
Fz)=q 5" z€@—pi+ul
1, z; €(A+ p, ).

It is difficult to directly compute the variance of %Z A4n + %Z e To facilitate the calculation, we introduced a random variable
Y, = Z’_—iﬂ which is independent of Z; for i =1,---,n. It is easy to deduce that Y] is identically uniformly distributed in [0, 1] for
i=1,-,n, the pdf and cd f of Y, are as follows:

_J 1 yelo1]
”(y")_{o, y; Eelse,

0, y; €(=00,0]
F(y)=4qy, ¥ €(,1]
I,y e o).

From [31,36], we have:

k
Fwl=10

and for 0 <y, < yj, we have:

k(n—k+1
,Var[)’(k)]=¥

s 9
m+12m+2) ©)

Py v () Wi ¥;) =mi DIF ) F (y) = FypV ™"
[1- F(Yi)]nijfy(y,')fy(y/),
where m(i, j) denotes m Then we have:
1
. i~1
B Yg) = [0ty () 1F )]
0
1

[t G IF () = F )™ 1= F (3)]" a,

Vi
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1 1

=m(i, J) / Ydy / x(x = yy 771 = x)"dx
0 y

1 1-y

=m(i, ) / y'dy / (=Dl =y =t
0 0

. 1 1-y
j=i—1
=m(i,j) ) (—1)/'—"—1—kcj?_i_]/y"(l—y)kdy/(l—z)z"—"—l—"dz
k=0 0 0
J=i=1 . . . .
o —io1— B(i+1ln—i+1) B(i+1n-i+2)
=m(i,j) Y, (~1y717kck -
) 2y 2 Sl rE—— n—i—k+1

J=i=1 (=1)y=i=1-kCk

_ i(n—1i)! . j—i—1
_(n+2)(n+1)(j—i—1)!(n—j)!(1+1),Z(‘) n—i—k

We note that:

2(—1)jcj: n' )
a+j " ala+1)--(a+n)

j=0
Then
iG+1) (n—i)!
EYoYy] = (n+12)(n+ DG—i-Dln—j)!
G—i-1)!
m=in—i—=1)-(n—j+1)
iGG+1)

Th+n+ )
Following Equation (9) and Equation (10), we have:

CooVo Y ym —U+D i inkl-))
@7 )+ 1) n+ln+l  (n+2)(n+ 12

Based on Equation (9) and Equation (11), we have:

G420+ 1=j)+in+i—i?
Var (Y, +Y) = PETIYARETS

Then:

G+2)n—j+D+in+i—i> ,
Var (Z(j) + Z([)) = Dt 1) 4u-.

Then we can derive the estimation variance by adopting the RO:

1 1 _ n*+3n+l o
Var (52050 + 5%05) = Gromr

This implies that when n=3,5,7, ---,

n*+4n+3 5 2uld 42

O

Further, we analyze the MSE of value estimation methods in Theorem 4.

Theorem 4. The comparison of MSE of value estimation methods is

MSERD3)<MSE(QMD3)<MSE(TADD)<MSEMQL)

= MSE(TD3)= MSE(REDQ).

Information Sciences 675 (2024) 120736

(10)

(1)

Proof. According to Equation (5) and the proof of Theorem 3, we know that the MSE of minimization operation (MO) and QMO

(n=5,7,9,--) are

10
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mw4n+2 2, 2-2n
u+
(n+1)2(n+2) n+1
n?+6n+5 ﬂz _ 4
(n+1)2(n+2) n+1
Since p > A > 0, we can simplify the calculation by removing the term containing A above. When n=4,6,8, ---, it is obvious that
w+n+2-n*-3n-2>0,it implies that MSE(RD3)=MSE(QMD3) < MSE(MQL)= MSE(TD3)= MSE(REDQ). When
n=3,57,-, clearly n*> + 4n+3 < n®> + 6n+5 < n® + n+ 2, then we have:

MSE(MO) = uA+ A2,

MSE(QMO) = uA+ A%,

MSE(RD3)< MSE(QMD3)< MSE(TADD)< MSE(MQL)
= MSE(TD3)= MSE(REDQ). []
Given this, we can deduce that our approach yields an MSE that is lower than that of other approaches, irrespective of the number
of Q-function. Although the estimation variance of our method is slightly higher than that of QMD3 at n=3,5,7, ---, the estimation
bias of our method is much lower, resulting in an overall lower MSE, which is the reason for the ultimate better performance of our

method, and we will demonstrate it in the subsequent experiments. Further, we give Corollary 1 to show the relationship between
the MSE of the RO and Q-function number ».

Corollary 1. The MSE of RO decreases as n increases, and M S E(RO) =0 when n — +oo.

Proof. We also simplify the calculation by removing the term containing A of Equation (7) and Equation (8). Then we have:

n’ +4n+3
lim = lim =0,
n=>0 (n+1)2(n+2) n>w6n+8
n+3n+2 2

0.

im = lim =
n>w (n+1)2(n+2) n—o 6n+8

It is easy to see that (n2 +4n+3)/[(n+ 1)2(n+2)] and (n? + 3n+2)/[(n + 1)>(n +2)] are both monotonically decreasing functions.
As a result, the MSE of RO will get lower as » increases. []

Moreover, in Theorem 5, we give an upper bound on the estimation bias of RO without any distribution assumption.

Theorem 5. For an arbitrary distribution of estimation bias z with the same mean & and variance o2, respectively. When n=3,5,7, -+, an
upper bound on RO is

c [n—3 /n—1
sup E[RO]<E+ = + s
ZN(f’pD-Z) [ ]_5 2( n+3 Vl+1>

when n=4,6,8, -,

sup E[RO]<&+04/"=2.
2(£,62) n+2

Proof. We can derive from [36-38] that the E[z,] is upper bounded by:

i N G P 212
m;n<z+2(n_k+l)[§ z+V(E-2) +a]>, 12)

(2k—n—2)o
24/(k—1)(n—k+1)

[ k=1
sup E[z <é+o —_—.
ZN(fE'Z) [ (k)] : n— k + 1

When n=3,5,7, -, RO select (Q(LgJ) + Q([%]))/Z, then the upper bound of RO is

1 [n—=3 fn—1
sup — | E[z;n ]+ E[z;n )S + + ,
Z~(5£),2)2 ( [Z(LZJ)] [Z([z])] ¢ 6< n+3 n+1

and when n=4,6,8, ---, it becomes:

where z* =¢ + , substituting z* into Equation (12) yields:

n—2
+2°

sup (E[Z(LEJ)] <¢(+o
2) 2

z~(&,0°

11
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The results of Theorem 5 are distribution-free without explicit distribution assumptions, and the analysis of the upper bound on
the estimation bias can guide to find operations that can effectively reduce the estimation bias. Based on the proof of Theorem 5,
we can obtain the upper bound on the estimation bias of the value estimation methods. For an exact upper bound of RO, just simply
bring the specific mean and variance. For example, if the bias z is independently and identically distributed in [A — u, A + u], then

the upper bound on the estimation bias of RO is 1 + % % when n=4,6,8, --.
4. Experiments

In this section, we empirically evaluate RQ and RD3 on extensive different types of tasks. We use ten random seeds in our tests
to ensure that our comparisons are valid and trustworthy. And we plot the average return as bold lines and half standard deviation
as the darkened region. All experiments are conducted on servers with Intel [9-10850K and NVIDIA RTX3070.

4.1. Discrete action tasks

To evaluate RQ, We select six tasks from Gym [39], PLE [40], and MinAtar [41] to evaluate RQ. We compare our RQ with QMQ
[31], MQL [25], ADQN [19], DDQON [21] and DQN [8]. The hyper-parameters and settings of network are maintained in line with
[25]. The number of critics for RQ, QMQ, and ADQN is 5, for MQL is 2, and for DQN is 1.

Fig. 5 (a)-(f) show the smoothed learning curves on six benchmark environments. We find that RQ outperforms the comparison
algorithms in the final performance on all tasks, and RQ can achieve a favorable policy with fewer time steps. Moreover, the
standard deviation (height of the shaded area) of RQ is lower than that of the comparison algorithms, indicating that the decrease in
estimation MSE significantly impacts performance enhancement. Generally, the ranking of the final performance of different methods
is matched with Theorem 4. DQN and ADQN find inferior policy due to the overestimation problem, QMQ, MQL, and DDQN have
clear underestimation bias. RQ alleviates the underestimation problem of QMQ, MQL, therefore, the final policy is better than the
other algorithms.

Further analysis involves contrasting the performance trajectories of RQ, QMQ, and MQL for n =5,7,9, as illustrated in Fig. 5
(g) and (h). As n escalates, both RQ and QMQ exhibit improved final performances, corroborating Corollary 1’s assertions. Notably,
RQ demonstrates more pronounced gains, attributable to its marked reduction in MSE. While MQL may attain slightly enhanced
final performance at higher n values, it notably hinders early learning phases, a trend consistent with findings from [31] and
[25]. Theoretically, increased n values diminish estimation bias in RQ and QMQ but exacerbate MQL’s underestimation bias, thus
rationalizing MQL’s delayed early learning with higher » values.

4.2. Continuous action tasks

For the continuous action tasks, we select eight MuJoCo tasks [42]. For convenience, we abbreviate InvertedPendulum and
InvertedDoublePendulum as IP and IDP. We first compare our RD3 with QMD3 [31], TADD [30], TD3 [24], and DDPG [23]. The
hyper-parameters and network settings of RD3 are precisely equivalent to those of QMD3, TD3, and TADD for all tasks. The number
of critics n for RD3 and QMD3 is 5, for TADD is 4, for TD3 is 2, and for DDPG is 1.

Fig. 6 represents the smoothed learning curves on the eight MuJoCo tasks. Fig. 6 demonstrates that, compared to other methods,
although RD3 has a slight underestimation bias that does not propagate through the gradient, RD3 can achieve comparable or superior
performance on all continuous tasks while maintaining similar convergence speeds. In particular, for the challenging benchmarks,
such as Hopper-v3 and Humanoid-v3, RD3 can achieve a significantly higher averaged return than the state-of-the-art (SOTA) method
QMD3. Due to overestimation bias, DDPG performs poorly on most tasks, which aligns with our earlier findings. We also notice that
TD3 and TADD do not work well on challenging tasks, such as Ant-v3. Furthermore, the standard deviation of RD3 and QMD3 is
lower than that of the other methods.

In Fig. 7, the average return of RD3 is tested for n =5,7,10, 15. RD3 consistently learns robust and superior policies for various
values of n. Furthermore, an increase in n correlates with RD3 achieving progressively better policies, aligning with the insights
of Corollary 1. Additionally, our method does not appreciably increase computational costs relative to QMD3 when utilizing an
equivalent number of critics.

In Tables 1 and 2, RD3 is compared with advanced methodologies such as DARC, PRAG, and GD3, each significantly enhancing
value estimation accuracy through the use of double actors, activation functions, and action gradients, respectively. This comparison
also includes high performers QMD3 and TADD from Fig. 6. Specifically, hyperparameters such as the weighting coefficient in DARC,
the index term in GD3, and the action gradient regularization parameter in PRAG are maintained consistently with their original
specifications in the respective literature. The scores for each algorithm are normalized by dividing them by TD3 scores, with larger
values denoting superior performance across tasks. For Reacher-v2, given that the final returns are negative, we express performance
as the inverse ratio to TD3. Additionally, a comparison of computational time relative to TD3 for these methods is provided in
Tables 1.

We observe that RD3 outperforms other techniques across most tasks in both average and optimal performance metrics. This
marked advancement can be largely credited to RD3’s enhanced capability in minimizing estimation errors. Moreover, compared
to state-of-the-art methods like DARC, QMD3, and TADD, our approach significantly elevates TD3’s performance with acceptable
training expenses.

12



Y. Zhang, L. Li, W. Wei et al.

RQEE QMQEE MQL mm

5. Conclusion
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Fig. 5. Learning curves on discrete action tasks.
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ADQNmm DDQNmm DQN mm

In this work, we present the Reinforced Operation, which can yield accurate and stable state-action value and be applied to
any model-free RL method. Based on Reinforced Operation, we offer an extension of Q-learning and TD3, Reinforced Q-learning
and Reinforced Delayed Deep Deterministic policy gradient to tackle discrete and continuous action tasks, respectively. In addition,
we innovatively introduce the MSE to analyze the estimation error directly and jointly analyze the estimation bias and variance
of value estimation methods. We theoretically demonstrate our method’s advantage in reducing the estimation MSE. Furthermore,
we give the upper bound of the estimation bias of value estimation methods with arbitrary distribution assumptions. We conduct a
wide range of experiments on different types of tasks, and the results show that the proposed method significantly surpasses SOTA

methods.
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Fig. 6. Learning curves on continuous control tasks.
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Fig. 7. The learning curves with varying n. The average return of last ten evaluation of QMD3 is shown as the black dotted line.
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Table 1

Benchmark results of the maximum average return of one million time steps. The

optimal value for each task is bolded.

Task RD3 DARC  GD3 PRAG QMD3  TADD
P 1.00 1.00 1.00 1.00 1.00 1.00
IDP 1.09 1.03 1.02 1.01 1.03 1.01
Reacher 117 1.09 1.10 1.13 1.09 0.98
Hopper 1.15 1.08 1.02 0.99 1.06 1.08
HalfCheetah 1.26 1.18 1.16 1.12 1.21 1.10
Walker2d 1.29 113 1.10 1.02 1.17 1.04
Ant 1.36 1.39 1.23 1.21 1.21 1.00
Humanoid 1.13  1.07 1.02 1.01 1.07 1.03
Mean Score 1.18 1.12 1.08 1.06 1.10 1.03
Computation Cost 2.76 2.58 7.04 1.83 2.69 2.52

Table 2

Benchmark results of the average return of last ten evaluation. The optimal
value for each task is bolded.

Task RD3 DARC GD3 PRAG QMD3 TADD
1P 1.08 1.06 1.05 1.05 1.02 1.03
IDP 1.18 1.08 1.08 1.08 1.13 1.04
Reacher 1.24 1.05 1.05 1.02 1.16 1.05
Hopper 1.14 1.07 1.06 1.05 1.10 1.01
HalfCheetah 1.26 111 1.09 1.07 1.19 111
Walker2d 1.18 1.09 1.01 0.95 1.01 0.93
Ant 1.27 1.29 1.08 1.06 1.16 0.98
Humanoid 1.16 1.09 1.07 1.03 1.11 1.07
Mean Score 1.19 1.10 1.06 1.04 111 1.03
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