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K -Relations-Based Consensus Clustering With
Entropy-Norm Regularizers

Liang Bai

Abstract— Consensus clustering is to find a high quality and
robust partition that is in agreement with multiple existing
base clusterings. However, its computational cost is often very
expensive and the quality of the final clustering is easily affected
by uncertain consensus relations between clusters. In order to
solve these problems, we develop a new k-type algorithm, called
k-relations-based consensus clustering with double entropy-norm
regularizers (KRCC-DE). In this algorithm, we build an opti-
mization model to learn a consensus-relation matrix between final
and base clusters and employ double entropy-norm regularizers
to control the distribution of these consensus relations, which
can reduce the impact of the uncertain consensus relations. The
proposed algorithm uses an iterative strategy with strict updating
formulas to get the optimal solution. Since its computation
complexity is linear with the number of objects, base clusters,
or final clusters, it can take low computational costs to effectively
solve the consensus clustering problem. In experimental analysis,
we compared the proposed algorithm with other k-type-based
and global-search consensus clustering algorithms on benchmark
datasets. The experimental results illustrate that the proposed
algorithm can balance the quality of the final clustering and its
computational cost well.

Index Terms— Cluster analysis, consensus clustering, entropy-
norm regularizer, k-type clustering.

I. INTRODUCTION

LUSTER analysis is an important field in machine learn-

ing [1]. The goal of clustering is to partition a dataset
into several groups so that objects are highly similar within the
same clusters but are dissimilar from different clusters. Various
types of clustering algorithms [2], [3], [4] have been developed
to achieve this goal. Since clustering algorithms work without
label information, their clustering results are often different.
Under an unsupervised scene, it is not easy to select a
suitable clustering result for a dataset, although there are many
clustering indices proposed to evaluate the quality of clustering
results. Because these indices are defined based on different
subjective assumptions. Besides, a clustering algorithm is often
sensitive to parameter settings. A clustering algorithm with

Manuscript received 20 January 2023; revised 20 July 2023;
accepted 18 August 2023. This work was supported in part by the
National Key Research and Development Program of China under Grant
2021ZD0113303 and in part by the National Natural Science Foundation of
China under Grant 62022052 and Grant 62276159. (Corresponding author:
Jiye Liang.)

The authors are with the School of Computer and Information
Technology, Shanxi University, Taiyuan, Shanxi 030006, China (e-mail:
bailiang @sxu.edu.cn; ljy@sxu.edu.cn).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TNNLS.2023.3307158.

Digital Object Identifier 10.1109/TNNLS.2023.3307158

and Jiye Liang"™, Senior Member, IEEE

different input parameters often produces distinct clustering
results on a dataset. It is difficult for users to determine which
parameter setting would be the proper one, since the super-
vision information is lacking. Therefore, it is an extremely
important task for cluster analysis to get a robust and stable
clustering result on a dataset.

Many consensus clustering or cluster ensemble algorithms
were proposed [5] to solve this problem. They try to compute
the most consistency of multiple clustering results (which are
called base clusterings) and then obtain a final clustering result
with high robustness and stability. Consensus clustering can
be used to overcome the limitations of a single clustering [6].
Different types of consensus clustering methods have been
proposed, according to different scientific needs, such as
the pairwise-similarity approach [7], [8], [9], [10], [11], the
graph-based approach [12], [13], [14], [15], [16], [17], the
relabeling-based approach [18], [19], [20], [21], [22], and
the feature-based approach [23], [24], [25], [26], [27], [28].

In order to keep the final clustering having the most
consistency of base clustering results, consensus clustering is
often a combinatorial optimization problem, which has been
shown to be nondeterministic polynomial (NP)-complete [24],
even when the number of input clusterings is three. Therefore,
we often need expensive computation costs for global search
to obtain a final clustering with high consistency. A consensus
clustering algorithm based on a global-search strategy is very
difficult to deal with large-scale datasets. Graph-based [12],
[14] and k-type-based consensus clustering methods [25], [26],
[27], [28] are two good solutions for the challenge of high
computational cost. In graph-based methods [12], [14], the
clustering ensemble task is implemented on a set of all the base
clusters. However, their computational costs are sensitive to the
number of base clusters. They are often inefficient while the
number of base clusters is very large. K-type-based methods
were developed based on the classical k-means or its variants.
They inherited the efficiency from k-means. Compared to other
algorithms, k-type-based algorithms have linear computational
complexity for the number of objects and base clusters.
The representative methods include the k-modes-based [25],
[26] and the k-means-based [27], [28] algorithms. However,
existing k-type-based methods only simply implement one of
k-means or its variants on the base clusterings which are seen
as categorical or binary data. They did not fully consider the
specific characteristics of the consensus clustering task. This
lead to the following two important issues, which need to be
addressed.
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1) It is a Lack of the Interpretability of Clustering Results,
Such as the Meaning of Cluster Representation: Each
k-type algorithm needs to define and learn the cluster
representation. For example, in k-means [3], “mean”
of a cluster on numerical datasets is seen as its rep-
resentation. In density-peak [4], an object with high
local density in a cluster is seen as its representation.
In k-modes [26], “mode” of a cluster on categorical
datasets is seen as its representation. In improved k-
modes [29], a cluster on categorical datasets is described
by the frequency of each categorical value in the cluster.
However, the existing representations are not suitable to
explain the consensus between final and base clusters.

2) The Uncertain Consensus-Relations Between Clusters
are Not Considered: The uncertainty of the consensus
relation between clusters is mainly from the failure of
the consensus evaluation index and the noisy labels in
each base clustering. In most of the consensus clustering
algorithms, the number of common objects between
clusters is seen as an important index to evaluate their
consensus. However, in some cases, the consensus index
does not work. For example, there may be several
base clusters which have the same numbers of common
objects with a cluster. However, the same numbers of
common objects do not represent the same consensus.
Due to the fact that each base clustering includes partial
incorrect labels, the consensus relation evaluated by
the number of common objects may be uncertain. The
uncertainty seriously affects the quality of the obtained
final clustering results on many datasets.

In order to solve the above problems, we propose a new
k-type algorithm for consensus clustering, called k-relations-
based consensus clustering with double entropy-norm regular-
izers (KRCC-DE). Its main contributions are summarized as
follows.

1) We construct an optimization model to learn a matrix
of consensus relations between final and base clusters,
which is seen as cluster representation. In this model,
double entropy-norm regularizers are used to control the
distribution of these consensus relations and reduce their
uncertainty.

2) We derive an iterative method with strict updating for-
mulas to solve the proposed optimization problem. The
proposed method inherits high efficiency from the k-type
algorithms.

3) The experimental analysis on several widely-used bench-
mark datasets illustrates that the proposed algorithm can
well solve the problem of balancing the effectiveness
and efficiency of cluster ensemble, compared to other
consensus clustering algorithms.

The remainder of this article is organized as follows.
Section II provides an overview of existing consensus cluster-
ing techniques. Section III introduces a new k-relations-based
algorithm for consensus clustering. Section IV evaluates the
performance of the proposed algorithm. Finally, Section V
concludes the article with a discussion of the results.
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II. RELATED WORKS

Various types of consensus clustering algorithms have been
designed to solve the most consistency of base clusterings. In a
consensus clustering algorithm, there are two important steps:
representation of base clustering and integration technique.
In some literature [5], [9], they can be classified into four
categories, that is, pairwise similarity—based, graph-based,
relabeling-based, and feature-based approaches, according to
integration techniques. In this article, we review these exist-
ing consensus clustering algorithms, from the view of the
representation of base clusterings. Currently, there are three
types of representation methods, that is, consensus relations
between objects, consensus relations between base clusters,
and consensus relations between objects and base clusters,
as seen in [30].

1) Object-consensus-based approach that represents base
clusterings as an object graph or pairwise-similarity
matrix to reflect the consistent relations between
objects [7], [8], [9], [10], [11], [31]. At the early
stage, Fred and Jain [7] constructed a co-association
matrix for base clustering and proposed the evidence
accumulation—-based ensemble algorithm. Strehl and
Ghosh [12] defined a hypergraph-based representation
for base clusterings, where objects and clusters are seen
as nodes and hyperedges, respectively. In [8] and [32],
clustering validity functions were used to evaluate the
importance of a base clustering and construct a weighted
similarity matrix. In [9], a link-based similarity matrix
was proposed, where the indirect similarity between
clusters is computed. In [10] and [33], a pairwise-
similarity matrix was proposed to reflect the label
consistency on different subspace clusterings. In [14],
a pairwise-similarity matrix for consensus clustering
was learned by random walk. In [34], proposed a
novel multidiversified ensemble clustering approach for
integrating multiple similarity matrices. Lai et al. [11]
defined a weighted co-association matrix based on
prior information. Zhou et al. [35] built a graph learning
model to learn multiple pairwise-similarity matrices for
robust consensus clustering. In [36], a deep ensemble
clustering method was proposed, which learns a final
clustering to reconstruct the weighted pairwise-similarity
matrices generated from base clusterings. In [37], they
improved the co-association matrix by extracting highly
confidence information to enhance the quality of con-
sensus clustering. Besides, Shi et al. [38] proposed a
co-association matrix optimization model to improve the
co-association matrix by integrating abundant informa-
tion from both label space and feature space.

2) Cluster-consensus-based approach that evaluates the
consistent relations between base clusters to define a
cluster graph or cluster-similarity matrix for consen-
sus clustering. Relabeling-based ensemble algorithms
are the representatives of the cluster consensus—based
approach. They proposed different optimization mod-
els [18], [19], [21], [39] to solve the label align-
ment for base clusters. In [12], the MCLA algorithm
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was proposed to construct a cluster graph where the
nodes and edges denote clusters and the similarity
between clusters, respectively. Fern and Brodley [13]
extended MCLA to propose the HBGF algorithm, which
is an integration of object consensus— and cluster
consensus—based approaches. Its nodes represent both
objects and clusters. In [40], [41], and [42], a consensus
clustering problem is seen as the approximate spec-
tral clustering problem and then different accelerated
algorithms have been proposed. To reduce the computa-
tional costs, they constructed a cluster-similarity matrix,
instead of the object-similarity matrix, to learn the graph
representation.

3) Object-cluster-consensus-based approach that learns the
consensus relations between objects and base clusters
and then converts a consensus clustering problem into a
categorical or binary data clustering problem [24], [25],
[26], [27], [30]. Topchy et al. [24] illustrated the equiva-
lence between categorical data clustering and consensus
clustering. In [25], the k-modes algorithm [26], as a
representative of categorical data clustering, was used to
solve the consensus clustering problem. In [30], from the
view of categorical data clustering, information theory
was employed to evaluate the quality of base clusterings
and consensus of cluster ensemble. Wu et al. [27] used
the k-means objective function as consensus function
that is equal to the category utility function [43] for
categorical data clustering, and then developed k-means-
based consensus clustering algorithm. In [17], a self-
paced consensus clustering algorithm was proposed to
learn a structured bipartite graph from the multiple base
clustering results, which reflects the relations between
objects and base clusters. In [44], graph representation
methods were employed to learn the vector representa-
tion of each label. In this case, base clusterings can be
converted into numerical data, the consensus relations
between objects and clusters were learned by k-means.
Liu [45] proposed a simple multiple kernel k-means
clustering algorithm which can be used to solve the con-
sensus clustering problem by seeing the co-association
matrix of each base clustering as a kernel matrix.

Although the existing consensus clustering methods already
have good theoretical and practical contributions, it is still
challenging for them to balance the effectiveness and effi-
ciency of algorithms. Therefore, in this article, we focus on
how to design an effective k-type clustering for consensus
clustering.

III. K-RELATIONS-BASED CONSENSUS CLUSTERING

We first introduce the related symbols of consensus cluster-
ing. Let X = {x;}/_, be a set of n objects. On a given dataset
X, we can run clustering algorithms to produce ¢ different
clustering results which are called “base clusterings.” Base
clusterings can be described by sets IT or matrices B. The
set representation of base clusterings is defined as follows.
Let IT = {m,...,m} be a set of ¢ base clusterings and
wp ={Ch,, ..., Chk,,} be a set of all the clusters included by
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Fig. 2. Consensus-relation matrix versus cluster-similarity matrix.

the hth base clustering, where kj, is the number of clusters and
Cp; € my, is the jth base cluster in 7y, for 1 < h < r. The
matrix representation of base clusterings is defined as follows.
Let B=[By,..., B;] be an x p matrix, where p = Z;l:l ki,
is the number of all base clusters from IT, and B; be an x kj
membership matrix, where b;j,; is the membership degree of
object x; to cluster Cy;. b;,; = 1 if object x; belongs to Cy;,
otherwise, 0. m, = {C7, ..., C;} denotes the final clustering
including & final clusters, where C/ € m, be the /th final
cluster for 1 <[ < k, k is the number of the final clusters.
U = [u;] is an x k membership matrix of the final clustering
and u;; is the membership degree of x; to C;. The task of the
consensus clustering problem is to generate a final clustering
m. or U of dataset X based on the base clusterings, which is
shown in Fig. 1.

In this article, we try to learn Z, which is a k& x p
consensus-relation matrix, where z;;, is an element of Z which
reflects consensus (similarity) relation between final cluster C/
and base cluster Cp,;. We assume zj;,, is proportional to the
occurrence frequency of the common objects between C;* and
C;,j in C/, that is,
where fj,. = |Cl* n Chji

M al

Next, let us explain why learning Z can improve clustering
speed. In some graph-based methods, a p x p cluster-
similarity matrix is seen as the operation object, in order to
fast obtain the final clustering U. However, if p is very large,
these graph-based methods are not efficient. Compared to the
cluster-similarity matrix, Z needs low computation cost (seen
in Fig. 2). Given Z, we can directly compute the membership
degree of objects to final clusters, according to a similarity
measure.

In this, we define the similarity measure as follows:

Si1 = b,‘ ZZT (2)

)

Zin; X fin;,
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where b; is the /th row of B and z; is the [th row of Z. s;
uses the dot product between vectors b; and z; to reflect the
membership degree of object x; to final cluster C;. We can

see that
>

X €Cy;, 1<h=t,1<h;<ky

biz] = Zn; 3)

is the sum of the similarity between the /th final cluster and
the base clusters that object x; belongs to. The higher the
similarity value is, the more possibly x; is assigned to Cj.
Based on the similarity measure, a consensus function & is
defined as

n k
O, Z) =D > uisi. )

i=1 I=1

It is used to evaluate the consensus degree of final clustering
with base clusterings. We have

k t k;,

QW.2) =D |CHDD fin,zm,- (5)

=1 h=1 j=1

Since zjp; & fin;» fin;zin; can be used to reflect the consensus
between C;* and Chj. The larger fl;,jzlhj is, the more consensus
they have. In this case, ® (U, Z) can be seen as the sum of the
consensus between all the final and base clusters. For example,
if we set 2, = ﬁhj

t ki

k
sw.2=YlIY(Sh] ®
=1 h=1 \ j=1

We have 0 < z];’: ! fzi, 1. The more consistent the

base-cluster labels of 7, in the final cluster C; are, the closer
1;”:1 1%1,- to be 1. Thus, maximizing ® is used to find out a

final clustering with the high consensus of base clusterings.
If we add a constraint le’zl Zin; = 1to ®(U, Z), we can

obtain the following equation:

kn
1, j= _
» o= argmax fi, o

Un; =
0, otherwises

to maximize @ given U. In this case, we can see that each
final cluster has consensus relation with only a cluster from
each base clustering. Other consensus relations are omitted.
In order to solve this problem, we add a regularizer term 2
to stimulate more consensus relations. A consensus function
with regularizer is defined as follows:

r(rjlazx FU,2)=oWU,2)+ WU, Z) ®)

where

k n
QU, Z) = —« ZZu”zl Inz. )

I=1 i=1
Q (U, Z) is an entropy-norm regularizer, which makes use of
information entropy to control the distribution of the vector
Z;, = [Zlhl,...,Zlhkh], for 1 <l <kand 1 < h < t.
By maximizing Q (U, Z), we can assign such base clusters
that have high overlapping degrees with the final cluster to
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the high within-cluster-consensus values and reduce the roles
of the base clusters that have low overlapping degrees with
the final cluster. « is a parameter used to control the sparsity
of Z. The smaller the parameter value, the more sparse Z is.
Given @ and €2, the optimization problem of F becomes

n k
max F = E E uﬂ[biz,T — oz lnle]
U,Z

i=1 I=1

(10)

ki

st. >z, =1, zn, €[0,1]. (11
j=1

Given U, we use the Lagrangian multiplier technique to
compute

dF’ . .
— =|C/NCy| —a|CFlA +Inzp )+ A (12)
Ckary
where
k t k;,
Ferea > Sa, 1
I=1 h=1 \ j=1

According to (12), we can solve the maximization problem of
F by the following equation:

(%)
exp (-
S e ()

In this, z;;, reflects the distribution of the cluster labels of base
clustering 7, in final cluster C;'. Based on the equation, we can
see that zy; is directly proportional to fj;; and inversely
proportional to other fi, for 1 < r # j < kj. In this case,
Z reflects the consensus of base-cluster labels within final
clusters. However, it ignores the consensus of a base-cluster
label among final clusters. A base-cluster label may have
high occurrence frequency in more than one final cluster. The
consensus between final cluster C; and base cluster Cj; is
strong when the label of Cj;, has low frequencies in other
final clusters. Thus, z;,; should be inversely proportional to
fqh/. for 1 < g # | < k. Therefore, we need to consider its
distribution in all the final clusters.

We take an example in Fig. 3 for this problem. There
is a base clustering 7, = {Cp,, Ch,, Cp;, Cp,} and a final
clustering , = {C}, C5, C;, C;}. The figure first shows the
frequencies of these base clusters within the final cluster C}.
We can see that both fi,, and fi,, are equal to 40%. This
indicates that if we only consider the frequencies within final
clusters to evaluate the consensus relations, the consensus
degree between C| and C\y, is the same as that between C}
and Cy;,. However, if we consider the frequencies of these
base clusters within other final clusters, we may get different
conclusion. According to the figure, we can observe that base
cluster Cy;, only has high frequency within final cluster C}.
However, base cluster Cy;, has higher frequency within final
cluster C3 than final cluster C}. Therefore, we can conclude
that the consensus degree between C} and Ci;, should be
higher than that between C} and Cyy,.

Ln; = (13)
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all base clusters of mj, and final cluster €}

Fig. 3.

Based on the above motivation, we split Z into two k X p
variable matrices V and W, that is,

Z=VOW (14)

where © is an element-wise multiplication and z;,; = vy, wi;,
forl <l <k, 1 <h<t and 1 < j < k;,. We employ
vy, and wyp; to reflect within-cluster consensus and between-
cluster consensus of zj,;, respectively. The definitions of V
and W are formalized as follows.

1) V is a k x p within-cluster matrix of consensus rela-
tions, where v; is the /th row of V, vy, is the hj;th
component of v; reflecting the within-cluster consensus
of base cluster Cj, to final cluster C/. We assume

l<r#j

Therefore, we add the constraint Z’J‘": | Vi,
Il<h<t,1<lI<ktoV.

W is a k x p between-cluster matrix of consensus
relations, where w; is the [th row of W, wy,, is the h;th
component of w; reflecting the between-cluster consen-
sus of base cluster Cj; to final cluster C;'. We assume

vip, o fin, and v, o — fig,, < ky.

= 1, for

2)

wip, X fin, and wp, o —frp, 1 <r#FI <k

Therefore, we add the constraint Zé‘:l wy, = 1, for
l<h<t,1<j<kytoW. '
Based on the new description of Z, Q can be redefined as
follows:

k n k n

Q. V.W)y=—a > > uyviinv] =D > ugw Inw] .
=1 i=I =1 i=I

(15)

According to the definition, we can see that 2 uses two
entropy-norm regularizers to control the distributions of con-
sensus relations between final and base clusters. The term
—v; In VIT with the constraint le‘": | Uin; = 1 is used to control
the distribution of vector v;, = [v,, - - -, Ulhk,,]v forl <l <k
and 1 < h < t. By maximizing it, we can assign such
base clusters that have high overlapping degrees with the
final cluster to the high within-cluster-consensus values and
reduce the roles of the base clusters that have low overlapping
degrees with the final cluster. The term —w; Inw; with the
constraint Zle wyp; = 1 is used to control the distribution of
the column vector wj,, = [wyp,, ..., we, )", for 1 < h <1

Distribution of consensus relations between
base cluster C and all the final clusters

Distribution of consensus relations between
base cluster Cj,,and all the final clusters

Distributions of within-cluster and between-cluster-consensus relations.

TABLE I
DESCRIPTION OF DATASETS
Data set n m k
Soybean 47 21 4
Zoo 101 16 7
Voting 435 16 2
Breastcancers 699 9 2
ORL 400 1024 40
Isolet 1,560 617 26
OpticalDigits 5,620 64 10
Statlog 6,435 36 6
COIL100 7,200 1024 100
Mushroom 8,124 22 2
PenDigits 10,992 36 10
USPS 11,000 256 10
Letters 20,000 16 26
Shuttle 57,756 9 5
MNIST 70,000 784 10

and 1 < j < k;,. By maximizing it, we wish each base cluster
has high consensus with few final clusters rather than all the
final clusters. @ and B are two important parameters that are
used to control the distributions of V and W, respectively.

When using V and W, instead of Z, the optimization
problem of F is redescribed as follows:

max F(U.V.W)=®WU.V.W)+QU.V.W) (16)
v
Dug=1, wuye{0,1}
=1
ki,
st 4> v, =1, vy, €0,1] (17)
j=1
th
D wim, =1, wi, €[0.1].
L Jj=1

Maximization of the objective function F with the constraint
(17) is a constrained non-linear optimization problem. In order
to rapidly solve the optimization problem, we need to itera-
tively solve the following three subproblems.
1) Problem P;: Fix U = U and V
maximize F(U, V, W).

2) Problem P»: Fix U = U and W
maximize F(0, v, W).

3) Problem P;: Fix V = V and W
maximize F (U, V, W).

Next, we provide the following theorems to solve these
subproblems.

\7, compute W to

A

W, compute V to

W, compute U to
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TABLE 1T
ADJUSTED RAND INDEX (ARI) VALUES OF DIFFERENT ALGORITHMS ON THE BENCHMARK DATASETS WITH FIXED k
Data KModes KMeans KCC WKCC KRCC-E KRCC-DE
ORL 0.4203+0.04 0.4068+0.03 0.366140.03 0.4058+0.03 0.431440.03 0.4527+0.03
Isolet 0.5251+0.04 0.526340.03 0.489240.04 0.5263+0.04 0.538540.03 0.554340.02
OpticalDigits 0.6247+0.08 0.6168+0.07 0.57514+0.07 0.54340.09 0.635710.06 0.6439+0.04
Statlog 0.4855+0.07 0.4698+0.06 0.4555+0.08 0.42544+0.09 0.497240.06 0.5010+0.04
COIL100 0.4585+0.02 0.459240.02 0.421440.02 0.4493+0.02 0.4690+0.02 0.467740.02
PenDigits 0.3990+0.07 0.435540.06 0.39784+0.07 0.3831+0.07 0.42584+0.05 0.4966+0.06
USPS 0.2866+0.03 0.290340.03 0.29164+0.03 0.2852+0.03 0.2890+0.03 0.3062+0.02
Letters 0.1254+0.01 0.1241+0.01 0.1210+0.01 0.1164+£0.01 0.1273+0.01 0.1399+0.01
Shuttle 0.5310+0.09 0.514740.12 0.54324+0.16 0.5738+0.20 0.23514+0.09 0.5950+0.04
MNIST 0.4036+0.03 0.394940.04 0.407940.04 0.3435+0.04 0.4080+0.03 0.4282+0.02
TABLE IIT
NORMALIZED MUTUAL INFORMATION (NMI) VALUES OF DIFFERENT ALGORITHMS ON THE BENCHMARK DATASETS WITH FIXED k
Data KModes KMeans KCC WKCC KRCC-E KRCC-DE
ORL 0.7692+0.01 0.76501+0.01 0.73784+0.02 0.7642+0.01 0.774440.01 0.7845+0.01
Isolet 0.7598+0.01 0.761740.02 0.7396+0.02 0.7603+0.02 0.7644+0.01 0.7699+0.01
OpticalDigits 0.7397+0.04 0.738440.03 0.714140.03 0.7004+0.05 0.745440.03 0.7500+0.02
Statlog 0.5788+0.04 0.57154+0.04 0.55314+0.06 0.5395+0.06 0.590240.04 0.5935+0.03
COIL100 0.7702+0.01 0.7739+0.01 0.7531+0.01 0.7699+0.01 0.773940.01 0.7733+0.01
PenDigits 0.6641+0.04 0.66914+0.03 0.631440.04 0.6379+0.04 0.67794+0.03 0.6996+0.02
USPS 0.4677+0.02 0.467240.02 0.463340.02 0.4620+0.03 0.4695+0.02 0.4809+0.01
Letters 0.3329+0.01 0.333840.01 0.3262+0.01 0.3270+0.01 0.337440.01 0.3423+0.01
Shuttle 0.6867+0.09 0.6680+0.13 0.6680+0.14 0.6615+0.19 0.6865+0.09 0.6943+0.06
MNIST 0.5224+0.02 0.521940.02 0.529340.02 0.4946+0.03 0.525540.02 0.5414+0.01
TABLE IV
ARI VALUES OF DIFFERENT ALGORITHMS ON THE BENCHMARK DATASETS WITH RANDOM k
Data KModes KMeans KCC WKCC KRCC-E KRCC-DE
ORL 0.4074+0.03 0.39554+0.03 0.348740.03 0.3953+0.03 0.412440.02 0.4421+0.03
Isolet 0.5203+0.03 0.520740.03 0.482340.03 0.5076+0.04 0.527940.03 0.5410+0.03
OpticalDigits 0.5928+0.06 0.59214+0.07 0.562240.06 0.5746+0.08 0.5968+0.06 0.6494+0.05
Statlog 0.4416+0.07 0.438310.07 0.3988+0.09 0.4389+0.08 0.445440.07 0.4920+0.05
COIL100 0.4588+0.02 0.459440.02 0.41440.02 0.452440.02 0.470940.01 0.2074+£0.11
PenDigits 0.4080+0.07 0.4268+0.05 0.43254+0.06 0.3836+0.06 0.422740.07 0.5200+0.04
USPS 0.2891+0.03 0.290740.03 0.300740.03 0.2916+0.03 0.293740.03 0.300540.02
Letters 0.1175+0.01 0.121140.01 0.118540.01 0.1107+0.01 0.118740.01 0.1353+0.01
Shuttle 0.6125+0.10 0.6218+0.14 0.613340.16 0.6283+0.16 0.630240.08 0.6355+0.10
MNIST 0.4008+0.04 0.404340.05 0.411740.05 0.4140+0.04 0.4030+0.04 0.4298+0.03
TABLE V
NMI VALUES OF DIFFERENT ALGORITHMS ON THE BENCHMARK DATASETS WITH RANDOM k
Data KModes KMeans KCC WKCC KRCC-E KRCC-DE
ORL 0.7606£0.01 0.7568+0.01 0.7262+0.01 0.7553+0.01 0.7623+0.01 0.7769+0.01
Isolet 0.7544+0.01 0.75740.01 0.735140.02 0.754440.02 0.757940.01 0.7655+0.01
OpticalDigits 0.7231+0.03 0.725240.03 0.7086+0.03 0.7192+0.04 0.72534+0.03 0.7606+0.03
Statlog 0.5593+0.05 0.553440.05 0.512740.07 0.5481+0.05 0.5630+0.05 0.585540.04
COIL100 0.7672+0.01 0.772440.01 0.7488+0.01 0.7697+0.01 0.771440.01 0.6101+0.14
PenDigits 0.6625+0.04 0.65731+0.03 0.647240.03 0.63940.03 0.6684+0.03 0.6955+0.02
USPS 0.4735+0.02 0.474440.03 0.4796+0.02 0.4744+0.02 0.477240.02 0.4793+0.02
Letters 0.3246+0.01 0.333640.01 0.328540.01 0.3213+0.01 0.328140.01 0.3417+0.01
Shuttle 0.6712+0.07 0.674710.11 0.67531+0.14 0.6722+0.13 0.682140.06 0.6918+0.07
MNIST 0.5205+0.03 0.532740.03 0.5360+0.03 0.5383+0.02 0.522940.02 0.5409+0.02
TABLE VI
ARI VALUES OF DIFFERENT ALGORITHMS ON THE CATEGORICAL DATASETS
Data KModes KMeans KCC WKCC KRCC-E KRCC-DE
Soybean 0.6615+0.18 0.7316+0.22 0.351540.15 0.4836+0.19 0.7652+0.21 0.837240.18
Zoo 0.6804+0.13 0.6651+0.12 0.583140.15 0.6176+0.15 0.6830+0.11 0.8096+0.08
Voting 0.5126+0.08 0.5549+0.11 0.509440.15 0.3746+0.20 0.5693+0.08 0.578040.01
Breastcancer 0.5546+0.31 0.7642+0.16 0.7679+0.22 0.2261+0.06 0.7818+0.01 0.8688+0.01
Mushroom 0.2589+0.24 0.4123+0.26 0.2846+0.26 0.3507+0.26 0.4271+0.25 0.493740.22
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TABLE VII
NMI VALUES OF DIFFERENT ALGORITHMS ON THE CATEGORICAL DATASETS
Data KModes KMeans KCC WKCC KRCC-E KRCC-DE
Soybean 0.7809+0.13 0.8458+0.13 0.496310.14 0.6179+0.16 0.8679+0.12 0.9076+0.10
Zoo 0.775240.05 0.7689+0.05 0.7049+0.07 0.7554+0.08 0.7855+0.04 0.795340.05
Voting 0.4433+0.07 0.4750+0.1 0.4506+0.12 0.2928+0.14 0.4890+0.07 0.504540.01
Breastcancer 0.4932+0.23 0.6939+0.14 0.69324+0.19 0.2292+0.04 0.7097+0.01 0.783240.01
Mushroom 0.2559+0.22 0.3969+0.22 0.261140.24 0.3476+0.24 0.4136+0.22 0.442340.20
TABLE VIII
COMPARISONS WITH GLOBAL-SEARCH ALGORITHMS
Data ARI NMI
USENC MCLA WCT KRCC+DE USENC MCLA WCT KRCC+DE
ORL 0.4647 0.5018 0.4429 0.5143 0.7873 0.7986 0.7875 0.8060
Isolet 0.5560 0.5611 0.5190 0.5760 0.7728 0.7773 0.8047 0.7818
OpticalDigits 0.6601 0.7430 0.5935 0.7164 0.7457 0.7861 0.7268 0.7785
Statlog 0.5062 0.4296 0.5229 0.6490 0.5941 0.5195 0.6039 0.6694
COIL100 0.5118 0.5001 0.4231 0.4758 0.7923 0.7903 0.7789 0.7700
PenDigits 0.6528 0.7264 0.6036 0.6213 0.7455 0.7768 0.7316 0.7027
USPS 0.3076 0.3055 0.3255 0.3569 0.4660 0.4524 0.4840 0.5034
Letters 0.1361 0.1363 0.1062 0.1445 0.3508 0.3458 0.3325 0.3619
Shuttle 0.6441 0.6734 0.0000 0.6975 0.6924 0.7046 NA 0.8095
MNIST 0.4023 0.3404 0.0000 0.4453 0.5243 0.4729 NA 0.5409
TABLE IX
RUNNING TIME (SECONDS) OF DIFFERENT ALGORITHMS
Data KModes KMeans KCC WKCC USENC MCLA WCT KRCC-E
ORL 0.06 0.11 0.10 0.12 9.13 3.78 39.87 0.23
Isolet 0.09 0.43 0.38 0.27 1.79 2.71 27.59 0.27
OpticalDigits 0.06 0.43 1.25 0.44 0.33 3.01 69.49 0.13
Statlog 0.04 0.28 0.85 0.41 0.15 1.84 75.87 0.08
COIL100 6.17 16.13 18.14 14.58 157.06 50.16 1639.68 12.00
PenDigits 0.06 0.42 1.20 0.32 0.31 2.82 69.58 0.12
USPS 0.17 1.26 5.51 0.96 0.68 5.26 255.75 0.37
Letters 1.38 10.27 21.03 5.60 5.03 18.41 1115.84 4.88
Shuttle 0.07 0.54 2.89 1.62 0.50 6.49 NA 0.13
MNIST 0.74 9.11 45.05 5.68 3.17 22.02 NA 2.02
TABLE X
DIFFERENT INITIALIZATION
Data ARI NMI
Random CU k-means++ Random CU k-means++
ORL 0.4452 0.4562 0.4566 0.7807 0.7829 0.7856
Isolet 0.5541 0.5623 0.5798 0.7673 0.7731 0.7736
OpticalDigits 0.6462 0.7022 0.7022 0.7510 0.7684 0.7684
Statlog 0.5063 0.5263 0.5263 0.5924 0.6124 0.6124
COIL100 0.4648 0.4708 0.4765 0.7715 0.7726 0.7763
PenDigits 0.4989 0.5989 0.5993 0.6940 0.6940 0.6968
USPS 0.3034 0.3348 0.3476 0.4866 0.4825 0.4866
Letters 0.1334 0.1363 0.1386 0.3411 0.3588 0.3571
Shuttle 0.5983 0.6383 0.6383 0.6900 0.7321 0.7478
MNIST 0.4236 0.4294 0.4289 0.5401 0.5426 0.5438

Theorem 1: Let U = U and W = W be fixed. F(0, V, W)

is maximized iff
wi; fin;
exp | —4—

Zfll €xXp (wm,a#)
forl <h<t,1<I<k, 1=<j<k,.

Proof: Let «y 2171:1 |Cl* N Ch‘,»|Ulh,»wlhj —
a|Cf| I;’zl Vin; In v, forl1 <h <tand1 <[ < k. We have
the following equation:

t k k n
FWU.V.W)y=>">"kn—B DD ugw/Inw].

h=1 I=1 =1 i=l

Vi, (13)

Each «;; is independent of each other. Given U and W, |C/|,
|C/ N Cy;l, and w;In w/ are constants. As Ky, is a strictly

convex function, the well-known Karush—Kuhn-Tucker (K-K-
T) necessary optimization condition is also sufficient to ensure
an optimal solution. Consequently, v;, = [vip,, ..., Ui, ] is an
optimal solution if and only if there exists A together with vy,

that satisfies the following system of equations:
k

Run(Vins &) = ke + A D om, — 1
j=1
ki

VVIhIZIh(Vlhv )v) = O, Zvlhf =1. (19)
j=1
We have
oK1 (Vip, A
% = [ N Gy, [win; — | CF|(1 +Invi) + 2.
Ih;

(20)
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From (19) and (20), we obtain the optimal solution

€N,
exp (%J ICI*’A)
Ly exp ("’7—|C|;C|’)

This completes the proof. . . nm
Theorem 2: Let U =U and V =V be fixed. F(U,V, W)

iS maximized iff
Vi fin;
exp ( L /)
wy, =

J k Vi frn s
Zr:l exp (#)

forl <h<t,1<Il<k.

Proof: Let 9h,» = Zf:l |C;< N Chj|vlhj Wi, —
,3|C,*|w,h/. In Win s for ]l <h <tand 1 < j <k, We have the
following equation:

Ulh,- =

21

t kh k

FU,V,W)= 229;1/ —ozzzn:uﬂvllnvf.

h=1 j=1 =1 i=1

Each 6, is independent of each other. Given U and V, |C[],
|C/ N Ch,ls vin;, and vy In VlT are constants. Thus, minimizing
the objective function F is equivalent to minimizing each
Op,. Since O, is a strictly convex function, it follows that
the K-K-T necessary optimization condition is also sufficient.
Therefore, the vector wy,, = [wyp;, ..., wkhj]T is an optimal
solution if and only if there exists a scalar A such that the
following system of equations is satisfied:

k
9~h,(Wh,,l) = 0O, +/1(Zw1hj - 1)

=1

k
Vo, On, (Wi, 2) =0, Dy, = 1. (22)
I=1
We have
30y, (Wp,, A) . .
Tlhi = ‘Cl N Ch/.|v1hj — ﬂ’CI |(1 + lnw;hl.) +A.

(23)

From (22) and (23), we obtain the optimal solution

exp ("L |cinc, )

B c
This completes the proof. . =
Theorem 3: Let V.=V and W = W be fixed. F(U, V, W)
is maximized iff

1, I=argmax bz —av;Inv," — pw, Inw,"
Ujj = . !
0, otherwise

(24)

forl <l <k, 1<i<n.
Proof: Let Yy = bzl —av;Inv,” —Bw,;Inw,” and ¢; =
S Y. For a given V and W, F(U,V,W) = > ¢.
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Since each ¢; is independent of each other. Maximizing F is
equivalent to maximizing each ¢;. When u; = 1, we have
uij=0,1<j<k, j#1and ¢; = ;. It is clear that ¢; is
maximized iff [ = arg max; ¥;;. The result follows. |

Based on [26], we can prove the convergence of the pro-
posed algorithm by Theorem 4 as follows.

Theorem 4: The KRCC-DE algorithm converges in a finite
number of iterations.

Proof: We first observe that there are only a finite number
of possible partitions U. We then demonstrate that each of
these partitions U appears at most once in the sequence
generated by the algorithm. Suppose that U™ = U™, where
71 # 7. Since we know U @, we can compute the minimizer
V@ independently of W™ . We have the maximizers V()
and V® for U™ and U™, respectively. Using U™ and
V@ and U™ and V), according to Theorem 3, we can
compute the maximizers W™ and W™, respectively. Since
W@ = W@ we obtain that

F(U(Tl) y (@ W(Tl)):F(U(Tz) y (@) W(Tz))_

However, we know that the sequence F'(-, -, -) generated by
the algorithm is non-decreasing. Thus, the proof is complete.
|
Based on Theorems 1, 2, and 3, an iterative optimization
algorithm is proposed to maximize the objective function
F with the constraint, which is described in Algorithm 1.
It is called K -relations-based consensus clustering with double
entropy-norm regularizers (KRCC-DE). Based on Theorem 4,
we conclude that the proposed algorithm can converge in a
finite number of iterations.

Algorithm 1 KRCC-DE Algorithm

Input: I, k, o, B

Output: U

Initialize U and W;

Repeat

Fixed U and W, solve Problem P; to compute V by
Theorem 1;

Fixed U and V, solve Problem P, to compute W by
Theorem 2;

Fixed V and W, solve Problem P; to compute U by
Theorem 3;

Until The objective function F is not changed.

Before implementing this algorithm, we need to provide
the initialization of W and U. For initial between-cluster
relation matrix W, we initially set each wip, to 1/k, for
1 <l <k, 1 <h<t and 1 < j < kj. Compared to
W, the proposed algorithm is affected by initial U, which
is a common shortcoming for k-type algorithms. In order to
overcome this shortcoming, we can employ one of the existing
initialization methods of k-type algorithms for U, such as
k-means++ [46], or we can use one of internal clustering
indices, such as category utility (CU) [47] measure, to select
the best base clustering to initialize U.

Besides, we need to input the number of final clusters k,
and the parameters o and B. In general, k is set according
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to prior knowledge of users. We assume « and 8 should be
not less than 0. If « = 0 and B = 0, the regularizers do not
work in the optimization of F. In this case, Z becomes the
most sparse, which leads to the omission of many important
consensus relations. If & > 0 and g = 0, the regularizer of W
do not work and Z is equivalent to V. Similarly, if « = 0 and
B > 0, Z is equivalent to W. In this article, we hope to set
small positive values for V and W to make them sparse. This
setting can reduce many of the uncertain consensus relations.

Similar to other k-type algorithms, the time complexity of
the proposed algorithm is O(nkpt), where t is the number
of iterations. The time complexity is linear with the number
of objects n, base clusters p, or final clusters k. We know
that the computational costs of object-consensus clustering
and cluster-consensus clustering are O(n?) and O (np?) with
respect to n and p, respectively. According to the comparison
of the computational complexities, we can see that if n and
p are very large in a dataset, the k-type clustering is suitable,
compared to other types of consensus clustering. The storage
complexity of the proposed algorithm is O(np + nk + 2pk),
which is necessary to hold the set of 7 base clusterings, the
final partition matrix U, the cluster representation matrices V
and W. Thus, the complexity analysis reveals that the proposed
algorithm inherits the efficiency of k-type algorithms for large-
scale datasets.

IV. RELATION BETWEEN KRCC-DE AND OTHER K -TYPE
CLUSTERING

If we see B as an input data matrix and Z as cluster
prototype matrix, the objective function of k-type clustering
is generally described as follows:

n k
PWU,2) =" uud(b;,z)

i=1 I=1

(25)

where d is a dissimilarity or distance measure to evaluate the
similarity between an object and a cluster prototype. In k-
means, Euclidean distance is used to define d, that is, ||b; —
z;||*. In this case, the objective function becomes

n k
PW,2) =" uullb; =z’

i=1 I=1

n k
= Z ZMﬂ (blz + Z[2 - Zbill)

i=1 [I=1
n k
=kn+ > > uyz; 20U, Z).  (26)
i=1 [=1

If fix U to minimize P(U, Z), by the Lagrangian multiplier
technique to compute

9P n k
—:222”51(21—1)5):0 27

0z
! i=1 1=1
we can obtain zj,; = fis;. In this case, we have

n k
ZZM,-IZIZ = dU, 2).

i=1 I=1

(28)

Thus, we can see the following relation between the objective
function of k-means and & defined in this article:

P(U,Z) =kn — dU, Z). 29)

According to the equation, we can conclude that if we do not
consider the entropy-norm regularizers Q2 (U, Z), the objective
function of KRCC-DE is equal to k-means. Besides, we also
can see the role of the entropy-norm regularizers, which make
Z become sparse, compared to directly computing Z by fi, .

V. EXPERIMENTAL ANALYSIS

A. Datasets

In order to verify the performance of the proposed
algorithm, we  perform  experiments on  several
widely used benchmark datasets, which can be
found from https://cs.nyu.edu/ roweis/data.html and
https://archive.ics.uci.edu/ml. These datasets include a

variety of different types, such as face image (ORL),
spoken letter recognition (Isolet), satellite image (Statlog),
handwritten digits (COIL100, OpticalDigits, USPS and
MNIST), shuttle information data (Shuttle), handwritten
letters (Letters), categorical data (Soybean, Zoo, Voting,
Breastcancer, Mushroom). Details of the tested datasets can
be found in Table I. For each non-categorical datasets, we set
the number of base clusterings + = 100 and use classical
k-means as base clusterer to produce 100 different base
clusterings. For a categorical dataset, each of its features is
seen as a base clustering. The number of clusters k is set to
the number of real clusters on each dataset.

B. Compared Methods

In order to properly examine the performance of the KRCC-
DE algorithm, we compare it with the following k-type-based
consensus clustering algorithms.

1) k-modes algorithm [26] sees multiple base clusterings
as categorical data and uses the k-modes algorithm to
produce the final clustering.

2) k-means algorithm [3] sees multiple base clusterings
as numerical data and uses the k-means algorithm to
produce the final clustering.

3) k-means-based algorithm (KCC) [27] was proposed by
Wu and Liu et al.,, which extends k-means objective
function to build the optimization model for consensus
clustering.

4) Weighted k-means-based algorithm (WKCC) [28] was a
weighted version of KCC.

5) k-relations-based algorithm with single entropy-norm
regularizer (KRCC-E) is equal to KRCC-DE with the
parameter S = 0.

Besides, we also compare the proposed algorithm with the
following global-search consensus clustering algorithms.

1) The USENC algorithm [14] is an approximated spectral
clustering algorithm for consensus clustering.

2) The MCLA algorithm [12] is a kind of graph-based
consensus clustering algorithm.

3) The WCT algorithm [9] is a kind of pairwise
similarity—based consensus clustering algorithm.
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Fig. 4. Effect of parameters on the proposed algorithm. (a) ARI against «. (b) NMI against «. (c) ARI against 8. (d) NMI against S.

The comparisons are conducted on a personal computer (Intel
i7@3.60 GHz) with 16G RAM and MATLAB 2016b.

C. Evaluation Criteria

In the experiments, the clustering indices ARI [48] and
NMI [49] are used to evaluate the clustering result. If a
clustering result is highly similar to the ground truth on a
dataset, it will yield a high ARI and NMI score.

D. Effectiveness Analysis

We first compare the proposed algorithm with other k-type-
based consensus clustering algorithms on all the benchmark
datasets. For the KRCC-DE algorithm, we fix « = 0.01 and
B = 0.01 and for the KRCC-E algorithm, we set « = 0.01 and
B = 0. We run each of these algorithms 50 times to compute
the mean and standard deviation of their ARI and NMI on
each dataset. Tables II and III show the comparison results on
non-categorical datasets, where the number of base clusters
k, for each base clustering is fixed to the number of true
clusters k of each dataset. Tables IV and V show the com-
parison results on non-categorical datasets, where k; in each
base clustering is randomly selected in the interval [k/2, 2k].
Tables VI and VII show the comparison results on categorical
datasets. According to these tables, we can see that the pro-
posed algorithm is significantly better than other k-type-based

consensus clustering algorithms. Moreover, we compared the
proposed algorithm with double entropy-norm regularizers
(KRCC-DE) and single entropy-norm regularizers (KRCC-
E). We found that the double entropy-norm regularizers can
further improve the clustering accuracy.

Next, we compare the proposed algorithm with three
global-search consensus clustering algorithms on non-
categorical datasets, where k;, in each base clustering is
randomly selected in the interval [k/2,2k]. Compared to
k-type algorithms based on local search, the global-search
algorithms need expensive computation costs to get more
robust clustering results. However, the local-search perfor-
mance of k-type algorithms can be improved by an appropriate
selection of the initial value U, which makes the average local
search results to not reach the same level as the global-search
result in clustering accuracy. Therefore, in this comparison,
we try to verify whether the proposed algorithm with a good
initial value can achieve global-search results. Consequently,
we compare the highest ARI and NMI values of the proposed
algorithm with 50 different initial U to those of the global-
search algorithms. Table VIII shows the comparison results
on benchmark datasets. It is noted that while WCT is used
on Shuttle and MNIST datasets, it needs a very large size of
memory. Thus, we cannot get its results on the two datasets.
Thus, in this case, we use “NA” instead of the real values of
ARI and NMI in the tables. According to the table, we can
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conclude that the proposed algorithm with an appropriate
initial value can reach or even exceed the global-search results.

E. Efficiency Analysis

We compare the computation costs of different algorithms
on the benchmark datasets, as shown in Table IX. We can see
from the table that the running time of the k-type algorithms
is less than the global-search algorithms (USENC, MCLA,
and WCT). Among these algorithms, WCT needs the highest
computation costs. We also see that USENC is very efficient,
compared to MCLA and WCT. However, it is not suitable to
deal with datasets with a large number of clusters and base
clusterings, since the time complexity of USENC is O(p?).
As seen in Table IX, USENC is highly time consuming for
the COIL100 dataset. According to the table, we can see
that the proposed algorithm (KRCC-DE) has the excellent
balance between the effectiveness and efficiency of clustering
consensus. In terms of clustering accuracy, the KRCC-DE
algorithm is obviously better than other k-type algorithms.
In terms of clustering efficiency, the KRCC-DE algorithm is
far faster than USENC, MCLA, and WCT. It is worth noting
that the proposed algorithm requires additional computations
for the entropy-norm regularizers, compared to other k-type
algorithms. However, according to the tests, the proposed
algorithm is still scalable. Therefore, according to the exper-
iment analysis, we conclude that the proposed algorithm can
take low computational costs to effectively solve the consensus
clustering problem.

F. Effect of Initialization

The performance of the proposed algorithm is effected by
the initialization of U. To evaluate the effect, we test three
different initialization methods: (1) randomly selecting a base
clustering as initial U; (2) using CU measure [47] to evaluate
base clusterings and select one with the maximum CU value;
(3) employing k-means++ to compute the initial U. The
comparison results are shown in Table X. We can see that
using CU measure and k-means++ are two good initialization
methods for U. They can enhance the performance of the
proposed algorithm, compared to the random selection.

G. Parameter Analysis

Parameters o and B are two important factors that affect
the performance of the proposed algorithm. To evaluate their
effect on the datasets, we fixed one of the parameters to 0.1 and
then tested the other parameter in the interval [0, 0.1] with a
step size of 0.01. The results of this analysis are demonstrated
in Fig. 4. It is evident that the effects of the parameters
vary across datasets, which implies that it is challenging for
the proposed algorithm to select « and S values that are
general and appropriate for each dataset. To further analyze the
impact, we computed the mean ARI and NMI of the proposed
algorithm on all the tested datasets for each « and B in Fig. 4.
According to the mean lines, we can see that the average
performance of the proposed algorithm in the interval [0, 0.1]
is relatively stable. Besides, we can see that setting o and § to

0.01 is a good choice for most datasets. In this setting, we can
learn a sparse Z which can reduce the uncertain consensus
relations and enhance the quality of the final clustering result.

VI. CONCLUSION

In this article, we present a novel k-relations consensus
clustering algorithm developed under the k-type clustering
paradigm. We define a cluster representation using consensus
relations between the final and base clusters. Furthermore,
we propose a new objective function composed of a consensus
function to evaluate the consensus between the final and base
clusterings, and two entropy-norm regularizers to control the
distributions of consensus relations. We design an iterative
optimization approach to minimize the objective function. The
algorithm can rapidly and accurately capture a good final
clustering. To demonstrate the effectiveness and efficiency of
the proposed algorithm, we conducted experiments on bench-
mark datasets and compared it against other k-type-based
and several global-search consensus clustering algorithms. The
comparison results showed the superiority of the proposed
algorithm.
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