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Abstract

Graph-based semi-supervised learning (GSSL) is an important paradigm among semi-
supervised learning approaches and includes the two processes of graph construction and
label inference. In most traditional GSSL methods, the two processes are completed inde-
pendently. Once the graph is constructed, the result of label inference cannot be changed.
Therefore, the quality of the graph directly determines the GSSL’s performance. Most
traditional graph construction methods make certain assumptions about the data distri-
bution, resulting in the quality of the graph heavily depends on the correctness of these
assumptions. Therefore, it is difficult to handle complex and various data distribution for
traditional graph construction methods. To overcome such issues, this paper proposes a
framework named Graph-based Semi-supervised Learning via Improving the Quality of
the Graph Dynamically. In it, the graph construction based on the weighted fusion of mul-
tiple clustering results and the label inference are integrated into a unified framework to
achieve their mutual guidance and dynamic improvement. Moreover, the proposed frame-
work is a general framework, and most existing GSSL methods can be embedded into it
so as to improve their performance. Finally, the working mechanism, the effectiveness
in improving the performance of GSSL methods and the advantage compared with other
GSSL methods based on dynamic graph construction methods of the proposal are verified
through systematic experiments.
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1 Introduction

As the branch that best reflects the intelligence in the field of artificial intelligence, machine
learning has attracted considerable attention in the past few decades (Michalski and Ander-
son 1984). Machine learning has achieved a huge success in a variety of tasks, especially in
supervised learning tasks such as classification and regression. Most successful supervised
learning, such as supervised deep learning (Lecun et al. 2015), requires sufficient labeled
samples.

However. In many practical tasks, it is hard to obtain sufficient labeled samples because
the labeling process is too costly, while a large number of unlabeled samples can be eas-
ily obtained. Although these unlabeled samples are unable to provide clear supervision
information, they contain important information about the data distribution. Therefore, the
unlabeled samples are helpful to improve the performance of the learner. It is the motiva-
tion and the ultimate goal of semi-supervised learning to enhance the generalization abil-
ity of learners by using a large number of inexpensive unlabeled samples. For this reason,
semi-supervised learning has received much attention in the past few decades (Chapelle
et al. 2006; Zhu and Goldberg 2009; Triguero et al. 2015; Van Engelen and Hoos 2020).
Various types of semi-supervised learning methods have been proposed, forming four
important semi-supervised learning paradigms: the generative semi-supervised learning
method (Shahshahani and Landgrebe 1994; Cozman and Cohen 2002), the co-training
style semi-supervised learning method (or the disagreement-based semi-supervised learn-
ing method) (Blum and Mitchell 1998; Wang and Zhou 2010), the semi-supervised SVM
method (Joachims 1999; Chapelle et al. 2008) and the graph-based semi-supervised learn-
ing method (Zhu et al. 2003; Zhou et al. 2003). Meanwhile, semi-supervised learning has
also been extensively studied in other fields such as regression (Zhou and Li 2005), cluster-
ing (Wagstaff et al. 2001; Basu et al. 2002; Zeng and Cheung 2012), dimensionality reduc-
tion (Zhang et al. 2007) and feature selection (Sheikhpour et al. 2017; Sechidis and Brown
2018), etc.

In recent years, deep learning (Lecun et al. 2015) has also made great progress in the
semi-supervised learning field, just as it does in the supervised learning field. On the one
hand, the neural network method has been applied to the three semi-supervised learning
paradigms: the generative method (Kingma et al. 2014; Dai et al. 2017; Li et al. 2017), the
co-training style method (Chen et al. 2018) and the graph-based method (Kipf and Welling
2017; Li et al. 2018; Jiang et al. 2019). On the other hand, the methodology of semi-super-
vised learning, using unlabeled samples to enhance the generalization performance of the
learner, has also been applied to deep learning to train the deep neural networks (Li et al.
2018; Weston et al. 2008; Lee 2013) or design new neural networks (Rasmus et al. 2015;
Park et al. 2018; Berthelot et al. 2019). For more content, we recommend readers with the
recent survey article (Van Engelen and Hoos 2020). These methods not only enrich the
semi-supervised learning field but improve the performance of semi-supervised learning in
the related tasks.

The graph-based semi-supervised learning (GSSL) is an important semi-supervised
learning paradigm, and its core assumption is that similar samples on the graph should
possess the same label. Due to the good flexibility (various relationships between sam-
ples can be captured by constructing a specific graph), the high interpretability and good
generalization performance, many methods in this framework have been proposed and
have some success (Zhu et al. 2003; Zhou et al. 2003; Belkin et al. 2006; Subramanya
and Bilmes 2011). Moreover, it is still an active research area in semi-supervised
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learning (Berton et al. 2017; Rustamov and Klosowski 2018). The study of GSSL meth-
ods can be divided into two aspects:

(1) Label inference

The label inference in GSSL mainly focuses on how to carry out label learning based
on the supervised information provided by labeled samples and the similarities between
samples provided by the graph. There are many successful methods, such as the tradi-
tional semi-supervised learning method using Gaussian fields and harmonic functions
(Zhu et al. 2003), the graph label propagation method (Zhou et al. 2003), the LapSVM
and LapRLS method based on manifold regularization (Belkin et al. 2006) and the class
probability distribution measure propagation on the graph (Subramanya and Bilmes
2011).

(2) Graph construction

For the GSSL method, it is critical and very difficult to construct high-quality graphs
(De Sousa et al. 2013).

Recent research indicates that the key to the success of the GSSL is to construct
high-quality graphs rather than design better label inference algorithms (Jebara et al.
2009; Berton and de Andrade Lopes 2014; Li et al. 2016). The GSSL’s core assumption
is that similar samples on the graph should share the same class label. According to this
criterion, if the similarities between samples on the graph are consistent with their true
class labels, the class labels of the unlabeled samples can be correctly predicted through
the smoothness constraint on the graph. Conversely, if the similarity on the graph are
contrary to the true class labels of the samples, the unlabeled samples will be given the
wrong class labels by the label inference. Related experimental results of such cases are
found in the literature (Belkin and Niyogi 2008; Karlen et al. 2008). In these cases, the
utilization of unlabeled samples will lead to a negative effect: deteriorating the perfor-
mance of the learner, an occurrence known as unsafe phenomena in semi-supervised
learning (Li et al. 2016; Li and Zhou 2015; Wei et al. 2018). Therefore, the quality of
the graph is extremely important for the performance of the GSSL method.

However, it is extremely difficult to construct a high-quality graph in GSSL because
there are no operational metric for evaluating the quality of the graph. The quality of
the graph can only be evaluated indirectly by the classification accuracy of the result
of label inference on the graph, which is a post-mortem verification method and cannot
provide any guidance to the graph construction. This is why the construction of a high-
quality graph is difficult in GSSL. Fortunately, this difficulty provides us with enlighten-
ment: why not let the graph construction and label inference guide each other to achieve
their common improvement? Motivated by this insight. In this paper we integrate graph
construction and label inference into an optimization model.

Before describing the details of the proposed method, we need to briefly review the
existing graph construction methods in GSSL. The basic task of the graph construc-
tion is measuring the similarities between samples. According to how the similarities
between samples are computed, the existing graph construction methods in GSSL can
be roughly divided into two categories:
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(2.1) Distance metric-based methods

The distance metric-based graph construction methods measure the similarities between
samples by computing a certain distance between them, and intuitively, a pair of sample
with a smaller distance should have a higher similarity. Among such methods, the most
commonly used graph construction methods include the kNN graph and the e-ball neigh-
borhood graph (Zhu et al. 2003) based on the Euclidean distance. Meanwhile, the Gaussian
kernel weighting method is also popular for graph construction in GSSL. In some cases on
the kNN graph, the degree of the node varies greatly, which will deteriorate the quality of
the graph. To solve this problem, the »-matching graph, in which the degree of each node
is constrained to be b, was used in GSSL (Jebara et al. 2009).

Instead of using the Euclidean distance, the graph construction method based on the
manifold hypothesis measure the similarities between samples through the geodesic dis-
tance. The key to this kind of method is how to compute the geodesic distances between
samples accurately. The classic method uses the length of the shortest path on the Euclid-
ean distance-based kNN graph to approximate the geodesic distance (Tenenbaum et al.
2000). Nevertheless, this approximation method has the problems named “short circuit”
and “open circuit” over manifolds due to the inherent defects of the kNN graph. For reliev-
ing the “short circuit” problem over manifolds, a method for detecting and correcting the
weight of the “short circuit” edge was proposed in Ghazvininejad et al. (2011) and was
used to better compute the geodesic distances between samples.

In addition, some studies note that the valuable supervision information provided by
the labeled samples should also be used for the graph construction in GSSL. In Berton
and de Andrade Lopes (2014), the graph construction based on informativeness of labeled
instance (GBILI) method was proposed. In which the distances between samples and the
sum of distances between the sample and the all labeled samples are considered jointly to
guide the edge generation on the graph. The GBILI method makes the labeled nodes tend
to connect more edges so that the label information can spread to the unlabeled samples
effectively. To further improve the robustness of the GBILI method, the literature (Berton
et al. 2017) proposed a robust graph construction method considering the label information
and proved that the graph constructed by this method is the optimal graph for modeling the
smoothness hypothesis under certain conditions.

The basic principle of the distance metric-based graph construction methods is that a
pair of sample with a smaller distance should have a higher similarity. In which the dis-
tance metric needs to be chosen in advance. If the distance metric is chosen inappropri-
ately, the corresponding graph will not correctly reflect the similarities between samples,
resulting in performance deterioration of the subsequent GSSL. At the same time, the qual-
ity of the graph is also affected significantly by the choice of parameters (such as the num-
ber of neighbors and the distance threshold), which also affects the performance of the
GSSL. Furthermore, once the distance metric and parameters are selected, the correspond-
ing graph will be fixed, thus it is unable to deal with various data distribution adaptively
and poses difficulties in guaranteeing the performance of the GSSL.

(2.2) Data representation-based methods

The data representation-based graph construction methods measure the similarities
between samples by the representation coefficients between samples that are obtained
by solving a certain data representation model. The literature (Wang and Zhang 2008)
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reconstructed a sample using a convex combination of the sample’s k nearest neighbors,
and designed the linear neighborhood propagation (LNP) algorithm to propagate the label
on the graph. Inspired by the strong discriminating power of sparse representation (Wright
et al. 2009), the £, graph (Yan and Wang 2009) was constructed by using the absolute
value of linear representation coefficients learned by sparse representation to measure the
similarities between samples. After that, the literature (Cheng et al. 2010) added a nonneg-
ative constraint on the sparse representation coefficients to better measure the similarity. In
this literature, the representation coefficient matrix can be regarded as a graph for spectral
clustering, subspace learning and GSSL. Since these above mentioned three methods all
optimize each sample’s representation coefficients individually, the representation coeffi-
cient matrix cannot capture the global information of the data distribution.

Inspired by the low-rank representation of data (Liu et al. 2013), the literature (Zhuang
et al. 2011) proposed a method that implements a sparse and low-rank representation learn-
ing simultaneously. In this method, the £, norm and nuclear norm regularization term are
both applied to the representation coefficient matrix of all samples to capture the local and
global structure simultaneously. When the data representation coefficients are obtained,
the absolute values of the representation coefficients are used to measure the similarities
between samples. Similar to the distance metric-based graph construction methods, the
supervision information is also applied in the data representation-based graph construc-
tion method. In literature (Zhuang et al. 2017), semi-supervised low-rank representation
(SSLRR) was proposed to construct a graph for GSSL. In which the representation coef-
ficients between two labeled samples with different class labels are constrained to 0.

The data representation-based methods can learn the adjacent structure and edge weight of
the graph and have the robustness to the noise data. However, this kind of method will be unable
to reveal the data distribution correctly when the data distribution does not satisfy the subspace
hypothesis, resulting in the inability to guarantee the performance of the subsequent GSSL.

It can be seen from the above analysis that the distance metric-based and the data
representation-based graph construction methods heavily depend on their corresponding
assumptions. If the assumption is incorrect, the two kinds of methods mentioned above will
be unable to correctly capture the similarity that is consistent with the data distribution,
which could result in the deterioration of the performance of the subsequent GSSL. How-
ever, the data distribution is complex and varies from data to data in practice, so it is hard
to measure the true similarities between samples adaptively by using a specific assumption.
Thus, to build a high-quality graph, it is necessary to propose a graph construction method
that can alleviate the issues caused by the complex and various data distribution and can
discover the potential data distribution adaptively.

Considering the above requirements, in this paper, we turn to the domain of the cluster-
ing ensemble to find a solution. In the field of clustering, the clustering ensemble is a popu-
lar way to improve the quality and robustness of the final clustering results. By integrating
multiple clustering results into a final clustering result, the clustering ensemble can obtain
a stronger (Bai et al. 2018) or a more robust clustering result (Zhao et al. 2017). Among a
large number of clustering ensemble methods, the similarity-based method, fusing many
base clusterings to construct a sample similarity matrix (Fred and Jain 2005), is flexible
and effective. The reason why this method is effective is that different types of base clus-
terings can capture different types of data distribution. Furthermore, by fusing multiple
different clustering results, a robust similarity measure can be obtained for the subsequent
clustering, which improves the quality and robustness of the final clustering result.

Inspired by this idea, we propose a graph construction method that measures the simi-
larities between samples by weighted fusion of multiple clustering results. First, different
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clustering algorithms with different settings are run to obtain multiple clustering results, which
can capture complex and various data distribution. Then, the weighted fusion of these cluster-
ing results is used for graph construction and the weights of the multiple clustering results are
adjusted dynamically according to the “must linky and “cannot link” constraints provided
by the labeled samples and the result of label inference on the graph. During the process of
learning, the dynamic graph construction and label inference on the graph are optimized alter-
nately, which achieves the dynamic improvement of the quality. In summary, the contributions
of the proposal in this paper include the following three points:

1. The weighted fusion of multiple clustering results is used to construct the graph in
GSSL. By fusing multiple different clustering results, this method can alleviate the
issues caused by complex and various data distribution effectively.

2. The graph construction and label inference on the graph are integrated into a unified
optimization model, which realizes the mutual guidance between these two processes.
In the optimization model, the supervision information and the iterative intermediate
results are rationally utilized, which dynamically improves the quality of the graph dur-
ing the learning process.

3. The proposed method is a general framework and many existing GSSL methods can be
embedded into this framework to improve their performance.

The rest of this paper is organized as follows. Section 2 introduces some basic notions and
the related works. Including the general framework of GSSL and some representative graph
construction methods. Section 3 provides the description of the GSSL-IQGD framework pro-
posed in this paper. In sect. 4, we explain why the proposal is effective by using three toy
examples on artificial data sets and verify it’s effectiveness by comparing it with other classic
GSSL methods on ten benchmark data sets. The conclusion and further work prospects are
given in Sect. 5.

2 Notations and related works
2.1 Formalization of the problem

For a given semi-supervised classification task, let D, = {(x;, yl-)}gz1 denote the / labeled sam-
ples and D, = {x; J’.’zl + denote the u unlabeled samples, where n =1+ u and x; € R? is the
d dimension description for the ith sample, and y; € {1,2, ---, ¢} is the class label of the ith
labeled sample, and c is the number of categories.

For convenience of discussion, the class label of the sample is described in the form of a

matrix. Let F € {0, 1} be the label matrix, where

fik:{l, if(1<i<hAQ;=h (1)

0, otherwise

and let Z € R™ be the predicting label matrix, where z; represents the membership
degree of the ith sample to the kth category. In the rest of this article, let f; and Z, be the ith
row of the matrix F and Z, respectively. More notations are included in Table 1.

@ Springer



Machine Learning (2021) 110:1345-1388 1351

Table 1 Definition of main Notations Domain  Description

notations

LLuandn N # labeled, unlabeled and total samples

dand ¢ N # features and classes

F {0,1}™¢  Known label matrix, see formula (1)

f; {0,1}%¢  The ith row of matrix F

S {0,1} Entry in the ith row and the kth column of F

Z Rmxe Predicting label matrix

Z, R1xe The ith row of matrix Z

i R Entry in the ith row and the kth column of Z

m N # clustering results

R® {0, 1}y™"  Matrix representation of the rth clustering
result, see formula (18)

ri.t) {0,1}™" " The ith row of matrix R®

rfl_’) {0,1} Entry in the ith row and the jth column of R?”

w R Edge weight matrix of graph

w; R The ith row of matrix W

w; R Entry in the ith row and the jth column of W

tr(-) R Trace of the square matrix

2.2 Graph smoothness term and label inference of GSSL

For a semi-supervised classification task described in Sect. 2.1, the GSSL method first con-
verts the data into a graph G = (V, E, W), where V = {v; }le is the vertices set, and the vertex
v; corresponds to the sample x;. Additionally, E is the edges set. The nonnegative matrix W
represents the weight of each edge in E and w; = 0 means there is no edge between vertex v;
and v;. For an undirected graph, we have W = WT

The graph smoothness term is an important component of the GSSL method. In general,
the smoothness loss term on the graph can be written as:

Smooth(Z) Z Z led(Zl’ Z; ) (2)

i=1 j=1

where d(-, ) is a certain distance or dissimilarity metric, d(Z;, Z;) measures the difference
between the prediction results of sample x; and x;, and w; reﬂects the similarities between
them. The effect of minimizing Eq. (2) can be explalned as follows: the more similar the
samples are on the graph, the closer their prediction labels should be. Based on the smooth-
ness assumption, GSSL learns labels for unlabeled samples.

In general, the GSSL framework (Zhou et al. 2003) can be written as:

mZinL(Z) = yﬁtLﬁt(Z) + ysmootthmooth(Z)’ 3)
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where L (Z) is the fitting loss on the known class labels, and L., (Z) is the smoothness
loss on the graph. y5, and 7,004 are two hyper-parameters' trading off the fitting loss and
smoothness loss, respectively.
Accordingly, the prediction function for the unlabeled sample x; is:

Y= irz%zma? Ljk: 4)
It should be noted that. In essence, the model represented by (3) is the same as the regulari-
zation framework in Zhou et al. (2003). Most classical semi-supervised learning methods,
such as the Harmonic (Zhu et al. 2003), LLGC (Zhou et al. 2003), LapRLS (Belkin et al.
2006), LapSVM (Belkin et al. 2006) and measure propagation (Subramanya and Bilmes
2011), can be described by this framework.

2.3 Semi-supervised classification with graph convolutional networks

Among all deep neural network based semi-supervised learning methods, the SSC-GCN
(semi-supervised classification with graph convolution networks) proposed in 2017 (Kipf
and Welling 2017) and its extensions (Li et al. 2018; Jiang et al. 2019) are closest to the
GSSL. In addition to the input data described in Sect. (2.1), the graph G = (V, E, W) is also
given in advance in the SSC-GCN.

In the method, first, the symmetric and normalized graph Laplacain matrix W is com-
puted as:

W — l—)—l/ZW]—)—l/Z’ (5)

where W=W+1I and D= diag(c_ll, 6_1'2, ,c_ln) is the degree matrix with
c_l,- = EJ’;I Wi i=1,2,---,n. Then, the spatial-based graph convolution is applied to the
output of each layer of the neural network to obtain smooth hidden representations, i.e. the

hidden representations of similar samples on the graph are close. At last, a two layers SSC-
GCN model used in literature (Kipf and Welling 2017) is expressed in the following form:

Z = softmax (w ReLU (WXW<°>)W<‘>), )

T . . .
where X = (x/,x7, ... XZ) € R™ is the matrix arranged by the description vectors of n
samples, W e R and W) € R ¢ are parameters of the graph convolution network, A
is the number of hidden neural units, ReLU (-) = max(-, 0) is the nonlinear activation func-

tion. And

Vu € R, softmax (u) = ( exp(u;) exp(uy) exp(u,) >

D exp) Ti exp(uy)’ 7 X, expluy)
is applied to the final output of the network, so that the ith row of the predicting label

matrix Z corresponds to the membership degrees of the ith sample to all the categories.
After getting the predicting label matrix Z, the fitting loss

! For the convenience of discussion in this article, we added a hyper-parameter for every term of the objec-
tive function. Actually, one hyper-parameter is enough to balance the trade-off between two terms.
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1

Le(Z) ==Y Y fulogz (7

i=1 k=1

is evaluated over / labeled samples, then parameters W® and W' are trained by gradient
descent.

In this paper we focus on how to construct a better graph to improve the performance of
GSSL. In the SSC-GCN method, although the graph is given in advance, it can still be easily
embedded in the proposed framework and its performance can be improved.

2.4 Graph construction method

The study of the GSSL method is mainly divided into two parts: graph construction and label
inference. Recent research shows that the key to the success of the GSSL method is construct-
ing a high-quality graph instead of designing a better label inference algorithm (Berton et al.
2017; De Sousa et al. 2013; Jebara et al. 2009; Zhuang et al. 2017). Therefore, this paper
focuses on the graph construction method. The classical graph construction methods used in
GSSL are briefly reviewed as follows.

2.4.1 Nearest neighbor graph
The “0-1" kNN graph and the weighted kNN graph are the most commonly used methods in

GSSL (Zhu et al. 2003; Zhou et al. 2003). Formally, the entry of the edge weight matrix W is
defined as

_JLxe kNN(Xj)
Wi =) 0, otherwise ®)
or
—IIxi—x; 13
Wij = e 2w X; € kNN(X]) . (9)
0, otherwise

Apart from these forms, there are some other kinds of the nearest neighbor graph that are
also frequently used in GSSL, such as the e-ball nearest neighbor graph, the mutual kNN
graph and so on.

2.4.2 b — matching graph
To avoid the situation where the degree of some vertices in the kNN graph are very large while
others is very small, the b-matching graph was proposed in the literature (Jebara et al. 2009),

where the degree of each vertex is constrained to b. The corresponding optimization problem
is as follows.
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rrvlén Z Zwijd(xi,xj)
i=1 j=1
stowy; €{0,1}, wy=wy, ,j=1,2,-,n (10)

n
D wy=b,owy=0,i=12.n
=

where d(x;, x;) is the distance between sample x; and x;. This optimization problem can be

solved efficiently by the loopy belief propagation algorithm (Huang and Jebara 2007).
2.4.3 Linear neighbor graph

Unlike the method that directly uses the distances between samples to measure the similar-
ity, the literature (Wang and Zhang 2008) proposed a linear representation-based similarity
measure. In detail, for the sample x;, its k nearest neighbors kNN(x;) are computed. And it is
reconstructed by a convex combination of its kNN(X;). The combination coefficients is used as
the weights of the edges connected to node vertex v;:

2

n

min Y- X w
i=1 x_,-EkNN(x,-) 5

stow; 20, 0,j=1,2,-.n (1D

n
Dowy=1,i=1,2,n
J=1

w; =0, i=12,-,n, X; € kNN(X)).

)

2.4.4 ¢,graph

To mine the subspace structure of data. In the literature (Cheng et al. 2010), the #; graph was
used to learn the adjacency structure and the edge weights simultaneously. The similarities
between samples are measured by the absolute value of the linear combination coefficients
learned by the sparse representation. In detail, the ith sample is reconstructed by the remaining
n — 1 samples:

min lall, s (X.I)a=x, (12)

where X; = (Xl,xz, X X, ,Xn) € R™®=D i a matrix of all samples except the
ith sample. In addition, the identity matrix I € R9* is used as the basis for reconstructing
the noise on x;, which can improve the robustness of the model. Actually, the combination
coefficient vector can be split into two segments:

o = <a,;amp > e R(ﬂ—l)+d. (13)

noise

Accordingly, we have x; =X, + 10, = Xi@y, + @055 that is, the segment

Ay € R"~! contains the coefficients for reconstructing the ith sample with the rest of the
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samples. Based on the above analysis, let a* be the optimal solution of problem (12); then,
the weights of the edges connected to vertex v; are calculated by

|a;‘|, j<i
wy=40.  j=i. (14)
|aj_1|, j>i

2.4.5 LRR graph and SSLRR graph

The low-rank representation is a robust subspace structure recovery method proposed in
the literature (Liu et al. 2013). Unlike the sparse representation model that learns each
sample representation coefficients individually. In which the representation coefficients of
all samples lack global constraint, the low-rank representation can better capture the global
structure of the data by applying low-rank regularization to the representation coefficient
matrix. Usually, the nuclear norm|| - ||, is used to approximate the rank of a matrix, and the
low-rank representation model can be written as follows.

After obtaining the optimal representation matrix R*, the weight of the edge between ver-
tex v; and v; can be calculated by the following formula (Zhuang et al. 2011)

74175 y
Wij = T, ( )
where r7; is the element in the ith row and the jth column of the matrix R*

To better use the supervised information to improve the quality of the graph, a semi-
supervised graph construction method based on the LRR graph (SSLRR) is proposed in
literature (Zhuang et al. 2017). In the SSLRR method, the “cannot link” constraint is added
into the low-rank representation model to enforce the representation coefficients between
samples with different class labels to be 0:

min ||R], + A||E
min [IRIl, + 2IE]],

s.t. X=XR+E

= 17
D=1 i=1,2.n a7

Jt
j=1

rg=0, Lj=12-,1 y; #y;.

Similar to the LRR graph, the weight of the edge between vertex v; and v; is calculated by
the formula (16).

It can be seen from the above discussion that the quality of the graph depends heavily
on the assumptions used in these methods, whether it is for graph construction methods
based on the distance metric or data representation (some kind of distance metric for the
former and subspace structure for the latter). If the data distribution does not meet the cor-
responding assumptions, the quality of the graph will be seriously degraded, resulting in
the performance deterioration of the subsequent GSSL. Indeed, the data distribution tends
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to be complex and various, so the graph construction method based on specific assumption
encounters difficulty in adaptively capturing the similarities between samples that is con-
sistent with the data distribution.

Motivated by the above analysis, a graph construction method by fusing multiple clus-
tering results is proposed for the following reasons:

1. Clustering is a classic method to mine the structure of a data distribution, and different
clustering algorithms are good at mining different data distribution structures. Thus we
can use different clustering algorithms to capture various data distribution structures.

2. We can construct a high-quality graph by integrating multiple clustering results reason-
ably.

3 GSSL via improving the quality of the graph dynamically

From the above discussion, we can see that the quality of the graph directly affects the per-
formance of the GSSL method. Traditional methods are based on certain specific assump-
tion, so it is difficult to capture the complex and various data distribution. To address this
problem, the method of fusing multiple clustering results is employed to elevate the quality
of the graph, which can improve the performance of the GSSL method.

3.1 Measuring similarity via the weighted co-association matrix

In practice, the potential data distribution tends to be complex and varies from data to data.
Clustering is a classical unsupervised learning method that aims to discover the data dis-
tribution structure. Many classical clustering algorithms (Jain 2010) have been proposed,
and different algorithms are expert in dealing with different data distribution. Therefore,
different clustering algorithms with different settings (for more implementation details, see
the experimental section) can be used to obtain a candidate set that covers various data
distribution.

Assume that the clustering process produces m clustering results IT = {r,}" |, where =,
is the th clustering result, and let RY € {0, 1}™" be the matrix derived from x,, where

® 1, if x; andx; belong to the same cluster in 7
ry = . i (18)
i 0, otherwise
The co-association matrix (Fred and Jain 2005) is defined as:
1 m
ME = — 3 RO, (19)

m t=1

The element mg.co) of matrix M can be used to measure the similarity between x; and X;.
It is widely accepted that the importance of different clustering result should be different.
Thus the weighted co-association matrix can measure the similarity better:

W= Z ARY 5z A € conv,, (20)

=1
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where A =(4;,4,,:, Am)T is the weights vector of m clustering results, and
conv, = {ale € R", 0,20, r=1,2,---,m, Z;" & =1} is the simplex. Obviously,
w;; € [0, 1], and the larger the value is, the greater the similarity between x; and x; is.

The difference between formula (19) and (20) is that the weight of each clustermg result
in formula (19) is equal, while in formula (20) the weights are obtained by optimization
(which will be shown in the subsequent discussion). From the perspective of the clustering
ensemble, the quality of each clustering result is different. Naturally, they should be given
different weights in the fusion process. However. In unsupervised scenario, how to evaluate
the quality of the clustering result is an open problem. Therefore, the equal weight strategy
adopted by formula (19) is not a bad choice. In this paper, some criteria are used to evalu-
ate the quality of the clustering results. First, the supervision information provided by the
labeled samples can be used to evaluate the quality of each clustering result (see Sect. 3.2),
making higher quality clustering results obtain greater weights. Second, the result of label
inference can be used as the pseudo label to evaluate the quality of each clustering result,
which can dynamically adjust the weights of clustering results (see Sect. 3.3).

3.2 Refining the weights by means of supervision information

Unlike the clustering ensemble, the supervision information provided by the labeled sam-
ples can be used to evaluate the clustering result in semi-supervised learning. We can
directly obtain the “must link” and “cannot link” constraint (Wagstaff et al. 2001; Zeng and
Cheung 2012) through the labeled samples. Let ML and CL be the sets of “must link” sam-
ple pairs and “cannot link” sample pairs, respectively. The definitions of ML and CL are

ML = {(x, %)) 5 = 1,2, L y; = y;} @1
and
CL={(x;,x;)| ij=1,2,.1 y; #;}. (22)

For the sake of the this discussion, their matrix representations are defined as

1 ( ) e ML
nxn = > AT
M e {0, 1}, my { 0, otherwise 9
and
Ceo1)™, ¢ = 1, (xi,xj) € CL 24
. © %7\ 0, otherwise .

If the sample pair( is J) meets the “must link” constraint, then on the graph G their cor-
responding weight w;; should be large. We can use the following optimization problem to
achieve this goal.

m/lin - Z w; s.t. W= Z AR?, 1 € conv,,. (25)
(x,-,xj)GML =1

If the sample pair (xi, x]-) meets the “cannot link” constraint, then on the graph G, their cor-
responding node pair should ideally be disconnected. However, this goal corresponds to a
discrete optimization problem that is very difficult to implement by numerical optimization
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techniques. In this paper, we use the following optimization problem to approximate the
necessary condition for achieving this goal.

m
: T — (1)
min 2 wiw; st W= 2 ARV, A € conv,,. (26)
(xix)eCL =1

From formula (20) we know that the weight w; on the graph G is nonnegative. There-
fore, the inner product of the weight vectors w,w’ is also nonnegative. The inner prod-
uct wiw].T =0 means that the intersection of the set of nodes that directly connect
to the ith node and the set of nodes that directly connect to the jth node is empty, i.e.,
el wy #0, k= 1,2, ,n} ({{w] wy #0, k=1,2,---,n} = ¢, which is a necessary
condition for that the node v; and v; are disconnected on the graph G.

Combining optimization problems (25) and (26), we obtain the following optimization
problem.

: T
min v Y w e Y ww
(x,-,xj)eML (x,-,xj)eCL

m 27)
st. W= ) AR 1€ conv,.
t=1

where the y,, and y, are two nonnegative trade-off hyper-parameters.

3.3 Optimizing the quality of the graph and the class label iteratively

In this section, the most commonly used squared loss is chosen as an example to show how
to integrate the graph construction by fusing multiple clustering results and the label infer-
ence into a unified framework to achieve their mutual guidance and dynamic improvement.
Formally, the squared fitting loss and smoothness terms can be written as follows.

n

Le(Z) = Y\ IIf, = Z,|13, (28)
i=1
1 n n
Lsmooth(Z) = E Z Wijllzi - ZJ”% (29)
1

i=1 j=

It should be noted that the method proposed in this paper is a general framework for
improving the quality of the graph dynamically in GSSL. Other GSSL methods, such as
the Harmonic method (Zhu et al. 2003) (in which the squared loss is used as the fitting
and smoothness loss), LLGC (Zhou et al. 2003) (in which the squared loss is used as the
fitting and smoothness loss), LapSVM (Belkin et al. 2006) (in which the hinge loss is used
as the fitting loss and the squared loss is used as the smoothness loss) and measure propa-
gation (Subramanya and Bilmes 2011) (in which the KL divergence is used as the fitting
and smoothness loss), can be embedded in this framework without modification and their
performance can be improved.

By integrating formula (27), (28) and (29), the final form of the proposed model is given
below.
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) n J/S h n n
min L(Z, 2) = vy Y I = Zil3 + =52 3 3 willZi - Z1;
’ i=1 i=1 j=1

— Yl Z Wi+ 7 Z WinT (30)

(xl,xj)eML (x[,x/)eCL

m
st W= 2 AR?, 1 € conv,,.

t=1

In the rest of this paper, the method corresponding to the above formula is named
SLLI-IQGD (Squared Loss Label Inference via Improving the Quality of the Graph
Dynamically).

In formula (30), label inference and graph construction are integrated into an optimiza-
tion model. In this model, the graph is constructed by fusing multiple clustering results,
and the fusion weights are learned iteratively under the joint guidance of three kinds of
information: “must link”, “cannot link” and the pseudo label generated by label infer-
ence. As a result, the quality of the graph and the result of label inference are improved
dynamically.

3.4 Model solution

The alternating optimization method is used to solve the optimization problem (30), which
contains fixing A and updating Z, and fixing Z and updating A.

3.4.1 Fixing A and updating Z

When 4 is fixed, the optimization problem (30) can be written as follows.

) n }/ n n
min L(Z) = vy 3 I1Z; = G115+ =5 3 3 wyllZ; = Z,13 o
i=1 i=l j=1

= ¥4 tt (Z —F)NZ —F)T) + ygnoom tr (Z'LZ),

where L = D — W is the Laplacian matrix of graph G and D = diag(d,.d,, ---.d,) is the

diagonal matrix with d; = 27: | Wips i=1,2,---,n. The differential of L(Z) w.r.t Z is:

0L(Z)

7 = 27/ﬁtZ - 2j/ﬁtF + 27/sm00thI"Z' (32)

Let the differential be 0, and we can obtain the following formula for updating Z.

Z" = ¥5YsmoomL + 7D ”'F. (33)

Since the matrix L is a positive semidefinite matrix and both y4, and y, .. are greater than
0, the matrix (ygmoomls + 74I) is a invertible matrix.

The optimization problem (31) is actually a label propagation algorithm on the graph
under the regularization framework proposed in Zhou et al. (2003). Different from the liter-
ature (Zhou et al. 2003), the weight matrix W is the weighted fusion of multiple clustering
results. It can be seen from the solving process of the above subproblem that the weighted
co-association matrix obtained by the previous iteration guides the learning of the label of
the unlabeled samples through the smoothness loss term.
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3.4.2 Fixing Z and updating A

When Z is fixed, the optimization problem (30) can be written as follows.

mln L) = ysmomh willZ; - Z,; 1z =y W
ij 2 ml

=1l j= (x;,X;)EML

T
+7a Z WiW; (34)

(x,-,x/»)ECL

st. W= Z ARY, 1 € conv,,.

=1

By substituting the first constraint, the matrix representation of the “must link” constraint
defined in formula (23) and the “cannot link” constraint defined in (24) into the above
objective function, the optimization problem (34) can be converted equivalently into the
following form.

mln L) = Z /1 7smooth (i Z (t)”Z Z. ”2)

m l !
= 2 M rym;
=1 i=1 i=1
(1) I'(.l) T (35)
1 l réz) rj(z)
r. )
+ra 2 e ATl T flAT]
i=1 i=1 (m)
rt l‘(.m)
! J
s.t. A € conv,,
Let
smooth __ smooth _smooth smooth\7T' m
v —(v1 SV 00 e YRR € R™,
36
smooth Z Z (l)”Z 7. ”2’ t=1,2,- (36)
i=1 j=1
le — (vrln]’v;ﬂ, VmI)T c Rm,
|
( (37
=ZZrUmU’ - 527'”9m’
i=1 j=1
Vs
V= smooth ysmooth _ 7mlvml € R", (38)

2

1 1
S=vq4 ), X c;S?, (39)
i=1 j=1
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T

i J
@ (2)
ii r. r.
S — z: j: e R, (40)
r(fm) r(;n)

t J

Obviously, S is a symmetric matrix.
By using formula (36-39), the optimization problem (35) can be equivalently written as the
following form.

min L(4) = ATSA+v!'A s.t. A € conv,, (41)

The optimization problem (41) is a standard quadratic programming problem whose con-
vexity depends on whether the matrix is a positive semidefinite matrix. Because S is a sym-
metric matrix, all of its eigenvalues are real. Let y,,;, be the smallest eigenvalue of S.

If pin = 0O, then S is a positive semidefinite matrix, and the optimization problem (41)
turns out to be a convex quadratic programming (CQP) problem, which can be solved by
using a convex quadratic programming algorithm (Boyd and Vandenberghe 2004).

If pin < 0O, then S is not a positive semidefinite matrix, and the optimization problem (41)
is not a convex quadratic programming problem. In this case, the optimization problem (41)
can be converted into the following equivalent form.

min L(4) = ATS, A+ VA + pATIA 5.2, A € conv,, 42)

where S, =S — ;I is a positive semidefinite matrix, and the first term of the objective
function in problem (42) is convex w.r.t A. The second term v’ 4 is linear w.r.t A. The third
term .., A"IA is concave w.r.t 4 since y,,;, < 0. Therefore, the optimization problem (42)
is concave-convex quadratic programming (CCQP) problem. Such a problem can be solved
by transforming the concave part of the objective function into a series of convex quadratic
programming problems, for details, see the literature (Yuille and Rangarajan 2003).

As seen from subproblem (41), three factors jointly guide the learning of the weights of
clustering results.

1. Through the graph smoothness term, the predicting label matrix Z obtained in the last
iteration provides guidance information that is encoded in vSm°oth,

2. The supervision information expressed by the “must link” constraint provides guidance
information that is encoded in v™.

3. The supervision information expressed by the “cannot link” constraint also provides

guidance information that is encoded in S.

3.5 The framework of the GSSL-IQGD algorithm

In this section, the framework of the GSSL-IQGD algorithm is described in Algorithm 1.
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Algorithm 1 GSSL-IQGD(Graph-based Semi-supervised Learning via Improving
the Quality of the Graph Dynamically)

Input: Semi-supervised data set: D; = {(x;,¥:)}'_;, Du = {z]}g":Hl; The strategy that
produces clustering results; The label inference algorithm A, o] inference; 1he hyper-

parameters: Vg, Ysmooth: Yml a0d i3
Output: The class labels of unlabeled samples: {y;}

J=i1
1: Generate m clustering results {R(t)};ll using the input strategy;

2: Compute v by formula (37), S by formula (39) and it’s smallest eigenvalue fiy;p;
3: Initialize A by A; = 7%, t=1,2,---,m and the graph W = i Yy R®;

4: repeat

5: Update Z by calling A6l inference With W, vg¢ and Ygpooth as input;

6: Update vSMO0th and v by formula (36) and (38) respectively;

7 if ppin > 0 then

8: Update A by CQP [60];

9: else

10: Update A by CCQP [61];

11: end if

12: Update graph by W = 3_7" | AR,

13: until X no longer changes // In practice, set a threshold on | A1) — X(*¥)||5 can be used
for fast convergence.

14: Compute the predicting label of unlabeled sample y; by formula (4), j =14+1,14+2,--- ,n.

3.6 Computational complexity analysis

In this section, we provide the analysis on the computational complexity of the Algo-
rithm 1, which consists of three phases, preparation phase (line 1-3), learning phase (line
4-13) and predicting phase (line 14).

In the preparation phase (line 1-3), assume that the time complexity on the cluster-
ing algorithm is O(Tcluster), then the time complexity on generating m clustering results
is O(mTcluster)z. The time complexity on calculating v™ (see formula (37)) and S (see
formula (39)) are O(’m) and O(I*m’n) respectively. And the time complexity on cal-
culating the smallest eigenvalue p, of S is 0(m3). At last, the time complexity on ini-
tializing the W is O(mnz). To sum up, the time complexity of the preparation phase is
O(mT yyger + Pm + Pmn + m® + mn?). In semi-supervised learning, usually / is a small
number and / << n, so it can be simplified to be O(mT g + m*n + m* + mn?).

In the learning phase (line 4-13), the loop body contains four main steps: updating the
predicting label matrix Z, updating the v, updating the weights of m clustering results and
updating the edge weight matrix W. The time complexity of these four steps is as follows.

1. The time complexity on updating Z is depending on the label inference algorithm
Alabel inference- Assume that it’s time complexity is O(Tlabel inference )

2. When Z is given, the time complexity on updating v (see formula (38)) is O(mnz).

3. When v is given, the time complexity on updating 4 is depending on whether the S is a
positive semi-definite matrix.

(a) Ifthe Sis a positive semi-definite matrix, then updating process of 1 is a convex
quadratic programming and it can be solved by ellipsoid method in polynomial
time. So the time complexity is O(P(m)), where P(-) is a polynomial function.

2 In practice, we can use different clustering methods to generate different clustering results. In this case,
the time complexity of the this stage can be written as O(mI Touster1 + M0 T uster2 + ) .
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Table 2 Basic information of

three artificial data sets Data set # Samples # Features # Classes
Xclara 3000 2 3
Chainlink 1000
Spiralsquare 1500 2 6

(b) If the S is not a positive semi-definite matrix, then 4 is updated through a series
of convex quadratic programming, so the time complexity is O(nqu(m)), where
ngp 1s the number of quadratic programming problems involved in the process.
Usually n,, can be treated as a constant, so we have O(n,,P(m)) = O(P(m)).

As aresult, the time complexity on updating 4 is O(P(m)).
4. When A is given, the time complexity on updating W is O(mn?).

Assuming that the number of iteration is n,,., the time complexity of learning phase
is O(nye (Tiabel inference + mMn* + P(m) + mn?)). In practice, we can specify a maxi-
mum number of iterations as the stopping condition of the algorithm, so n;, can
be treated as a constant, and the time complexity of this phase can be simplified to be
O(Tlabel inference + mn2 + P(m))

In the predicting phase (line 14), the time complexity on calculating the predicting labels
of u unlabeled samples is O(uc). Notice that u < n and ¢ << n, we have O(uc) = O(n).

To sum up, the time complexity of Algorithm 1 is
O(mTC

2 3 2 2
lusier TR+ M +mn ) + O(Tlabel inference T WA~ + P(m)) + O(n)
2 2 :
= O(mTcluster + Tlabel inference + P(m) +mn+mn )

4 Experiments

In this section, systematic experiments are conducted to illustrate the working mechanism
and the effectiveness of the proposed GSSL-IQGD framework.

4.1 Experiments on artificial data sets

To illustrate the working mechanism of the proposed GSSL-IQGD framework, as a spe-

cific algorithm under the framework, the SLLI-IQGD algorithm described in formula (30)
is selected to perform experiments on the 3 artificial data sets.

4.1.1 Artificial data sets

There are 3 artificial data sets used in this experiment. These data sets can be downloaded
from https://github.com/deric/clustering-benchmark. The basic information of the three
artificial data sets is given in Table 2.
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Fig.1 Three artificial data sets and the selected labeled samples in each class (marked in a dark cross)

These three data sets are all 2-dimensional or 3-dimensional data. Thus, we can
observe their distribution via the visualization. Figure 1 shows the distribution of the
three artificial data sets.

As seen from Fig. la, the Xclara data set is a typical mixed Gaussian distribution
containing three components, and each of them corresponds to a class. From Fig. 1b,
we can observe that the Chainlink data set contains two typical manifold structures,
and each of them corresponds to a class. In Fig. Ic, there are two kinds of data distri-
bution on the Spiralsquare data set. Including four mixed Gaussian clusters and two
manifold structures. Therefore, there are in total six classes on the Spiralsquare data
set. We randomly selected two samples in each class as labeled samples for each data
set, which are marked with the dark cross in Fig. 1.

For the first two data sets shown in Fig. la and b, we can construct high-quality
graphs that are consistent with the true data distribution by using the appropriate dis-
tance metric and parameters. For the Xclara data set, the Euclidean distance should be
the best choice, while for the Chainlink data set, the geodesic distance would be better.
However. In practical applications, the true data distribution is usually unknown and
cannot be visualized since the data’s dimension is much larger than three; therefore,
the correct distance metric is unknown. Even if we fortuitously choose the correct dis-
tance metric, there is still a lack of theoretical guidance on how to choose the graph
construction parameters. If the parameters are set improperly, the quality of the graph
will still be poor.

For the third Spiralsquare data set shown in Fig. Ic, the situation will be worse. If
we use the Euclidean distance, the similarities between samples on the four Gaussian
clusters can be calculated correctly, while the similarity on the manifolds will be cal-
culated incorrectly. Moreover, if we switch to the geodesic distance, the situation will
be reversed. In this case, it is difficult to construct a high-quality graph by using only
one particular distance metric.

From the above analysis, the data distribution in practice is usually unknown, com-
plex and varies from data to data. Most traditional graph construction methods make
specific assumptions about the data distribution, so it is difficult to adaptively measure
the similarities between samples and build a high-quality graph. The next section elab-
orates how the SLLI-IQGD algorithm proposed in this paper can adaptively discover
the data distribution via fusing multiple clustering results, and then coping with the
complexity and variety of the unknown data distribution.
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Fig.2 k-means and DBSCAN clustering results on Xclara data set
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Fig.3 k-means and DBSCAN clustering results on Chainlink data set

4.1.2 Experimental setting

For each data set, the k-means (Jain 2010) and DBSCAN (Ester et al. 1996) algo-
rithms are used to obtain different clustering results. For the k-means algorithm,
the number of clusters is fixed to the number of classes ¢, and the initial class cent-
ers are selected randomly. For each data set, the algorithm repeats five times to obtain
five clustering results. For the DBSCAN algorithm, the parameter MinPts is fixed to
be 3 and the parameter Eps is determined by the given different noise ratios of sam-
ples. By setting different noise ratios ({0%,0.01%,0.03%,0.05%,0.07%} for Xclara and
{0%,0.1%,0.3%,0.5%,0.7%} for Chainlink and Spiralsquare), five different cluster-
ing results are obtained for ecah data set. According to the above settings, a total of
54+ 5 = 10 different clustering results are obtained for each data set.

In these three toy examples, the hyper-parameters of the SLLI-IQGD algorithm are
set to be Yfit = Vsmooth — Yml = Yol = 0.5.
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Fig.4 k-means and DBSCAN clustering results on Spiralsquare data set, Note that only the top 6 biggest
clusters of the 72 clusters obtained by DBSCAN algorithm are given in sub-figure b

Table 3 The classification error rate and the weight vector 1* on three artificial data sets

Data set Error rate A*
Xclara 2.34x1073 (0.20, 0.20, 0.20, 0.20, 0.20,
1.45%x 10724, 1.45x 10724,1.24 x 10724, 1.65 x 1072*,1.65 x 107247
Chainlink 0 (1.29 x 10726,1.29 x 10726, 1.29 x 10726, 1.29 x 1072, 1.29 x 1029,
0.50,0.50,2.91 x 10726,2.58 x 10726,2.58 x 107267
Spiralsquare 2.02x 1073 (121 x 107%7,1.21 x 10727,1.62 x 10727, 1.62 x 1077, 1.62 x 10727,

6.06 X 10728, 1.41 x 10727,1.92 x 10727, 1.92 x 10~27, 1)"

4.1.3 Experimental results and analysis

The representative clustering results on the three data sets are given in Figs. 2—4.

As seen from Fig. 2, for the Xclara data set, the k-means algorithm can discover
the data distribution structure correctly, while the DBSCAN algorithm does not work
effectively. For the Chainlink data set, the situation is reversed (see Fig. 3), i.e., the
DBSCAN algorithm can discover the data distribution structure correctly, while the
k-means algorithm does not work well. For the Spiralsquare data set, neither of the two
clustering algorithms can discover the true data distribution structure (see Fig. 4). How-
ever, each clustering algorithm can discover a part of the data distribution structure.

It can be seen from the above results that different clustering algorithms are good
at mining different data distribution. Therefore, different data distribution can be dis-
covered by using different clustering algorithms. By fusing multiple clustering results
reasonably, the similarities between samples can be measured adaptively, and then the
constructed graph will be of high quality.

The classification error rate and the learned weight vector 4* of the clustering results
on three artificial data sets are given in Table 3. In the last column of Table 3, the former
five numerical values are the weights of the clustering results obtained by the k-means
algorithm, and the latter five numerical values are the weights of the clustering results
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Table 4 Classification error rate and change of A after each iteration on three artificial data sets

Number of iterations: i 0 1 2 3 4
Xclara Error rate 234x 1073 234x1073 234x107°  234x1073  234x107
|49 — 26Dy, N/A 3.16x 1071 621x 1077  4.14x10% 0
Chainlink Error rate 347x1071 0 0 0 0
A9 — 26Dy, N/A 6.32x 107" 1.99x 107  3.98x 107" 7.96x 10~1
Spiralsquare  Error rate 470x 1073 269x 1073 2.02x1073  2.02x1073
A9 — 26Dy, N/A 9.49x 107" 229%x107%6 0

obtained by the DBSCAN algorithm. The largest element in the weight vector is marked
in bold.

It can be seen from Table 3 that these clustering results that contain the true data
distribution are given the largest weight on all data sets (marked in bold) in the learned
weight vector 1*. Specifically, on the Xclara data set, the five clustering results obtained
by k-means are given the largest weight 0.20, while the other five clustering results
obtained by DBSCAN are given the weight very close to 0. On the Chainlink data set,
the first two clustering results obtained by DBSCAN are given the largest weight 0.50,
while the five clustering results obtained by k-means and the other three clustering
results obtained by DBSCAN are given weight close to 0. On the Spiralsquare data set,
the largest weight 1 is given to the last clustering result obtained by DBSCAN, while
the other nine clustering results are given the weight close to 0. This result is consist-
ent with the clustering results shown in Figs. 2—4. As a result, the graph constructed by
the weighted fusion of multiple clustering results can measure the similarities between
samples correctly, and the classification error rate of the SLLI-IQGD algorithm is very
low on all three data sets.

To further illustrate that the quality of the graph is gradually improved during the
iterative learning process, Table 4 records the classification error rate of the unlabeled
samples after each iteration of the SLLI-IQGD algorithm and the £, norm of the differ-
ence between the weight vectors A obtained by two successive iterations on three artifi-
cial data sets.

It can be seen from Table 4 that on artificial data sets, after a few iterations, the £, norm
of the difference between the weight vectors obtained by successive iterations is rapidly
reduced to 0 or very close to 0, i.e., the weight vector converges to the final result A*.

As seen from the first row of Table 4, on the Xclara data set, when the weight of each
cluster is initialized to be equal, the classification error rate of the result of label infer-
ence on the corresponding graph is 2.34 x 1073, that is very close to 0. With the increases
of the number of iteration, the weights of the former five clustering results generated by
the k-means algorithm are continuously increased, the weights of the latter five clustering
results generated by the DBSCAN algorithm are continuously reduced. In the process of
iterative learning, the classification error rate does not decrease significantly. This result is
related to the clustering results. The former five clustering results generated by the k-means
algorithm on the Xclara data set can correctly capture the data distribution, while the lat-
ter five clustering results generated by the DBSCAN algorithm assign almost all the sam-
ples into one cluster, which is trivial and cannot capture any data distribution information.
Therefore, the classification error rate does not change significantly during the iteration.
It can be seen from the second row and the third row of Table 4 that as the number of
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Table 5 Basic information of 10 benchmark data sets

ID Data set # Samples # Features # Classes Source

D1 Iris 150 4 3 ucr?

D2 Wine 178 13 3 ucr?

D3 Glass 214 9 7 ucr?

D4 Mammographic Mass 91 5 2 ucr?

D5 Image Segmentation 2310 19 7 ucr?

D6 Waveform 2746 21 3 ucr?

D7 Set = 5(g241c) 1500 241 2 SSL-book benchmarks P
D8 Set = 7(g241n) 1500241 2 SSL-book benchmarks ®
D9 Pubmed 19717 500 3 lings-data®

D10 MNIST 350001 784 10 Yann LeCun’s home page®

# http://archive.ics.uci.edu/ml/index.php

®http://olivier.chapelle.cc/ssl-book/benchmarks.html

“https://lings-data.soe.ucsc.edu/public/

4 There are 70,000 samples in the original data set. In this experiments, 35,000 samples are randomly
selected so as to complete the experiments at affordable time and space costs.

¢ http://yann.lecun.com/exdb/mnist/

iterations increases, the weights of the clustering results is continuously adjusted, and the
classification error gradually decreases to O or very close to 0.

Recall that the error rate of the result of the label inference is the most credible criterion
to evaluate the quality of the graph. Therefore, we can conclude that in the three toy exam-
ples, the quality of the graph is gradually improved during the iterative process.

These three toy examples illustrate the effectiveness of the proposed framework and
explain why it works well. In the next section, we will evaluate three algorithms under the
proposed framework through a large number of comparative experiments on benchmark
data sets.

4.2 Compared with GSSL based on static graph construction methods

In this section, a large amount of comparison experiments are conducted to verify the
effectiveness of the proposal from two perspectives. Specifically, the experiments in this
section are designed based on the following two questions. Compared with the commonly
used static graph construction methods, can the proposed IQGD method construct better
graphs so as to obtain better GSSL results? Whether the proposed GSSL-IQGD framework
is a general framework, i.e. can different GSSL methods be embedded into it to improve
their performances?

4.2.1 Data sets

A total of 10 data sets are used in this experiment. The basic information of them is shown
in Table 5. Among these 10 data sets, the number of samples ranges from several hundred
to thirty-five thousand. The number of features ranges from several to more than seven
hundred. Both binary and multi-class classification tasks are included.
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For the first 8 data sets, 10 different ratios {1%,2%, -+, 10%} of samples are selected as
labeled samples. And for the last 2 data sets, 5 different number {1, 5, 10, 15,20} of sam-
ples are selected randomly from each class as labeled samples. The rest of the samples are
used as the unlabeled samples. It should be pointed out that the number of samples on D9
and D10 is relatively large (an order of magnitude larger than the first 8 data sets). If the
ratio of labeled samples is still set to {1%,2%, ---, 10%}, then the total number of labeled
samples will be relatively large, which is contradictory to the idea of semi-supervised
learning. For every ratio (or number) of labeled samples, the labeled samples are randomly
selected whose class proportion is equal (or approximately equal) to the whole data set.
These experiments are repeated 10 times.

4.2.2 Comparison methods and experimental setting
A. Label inference methods for comparison

The focus of this paper is how to construct a high-quality graph to improve the perfor-
mance of the GSSL method. For this goal, this paper proposes a framework for dynami-
cally improving the quality of the graph for GSSL. In order to verify the effectiveness of
the proposed IQGD methods. In this experiment, three of the most representative label
inference methods in GSSL, the Harmonic (Zhu et al. 2003), LLGC (Zhou et al. 2003) and
SSC-GCN (Kipf and Welling 2017) are selected as the comparison methods. These GSSL
methods are selected for two purposes. First, they are combined with various representa-
tive graph construction methods to serve as comparison methods. Second, they are embed-
ded into the proposed framework to verify whether the proposed framework can construct
higher quality graphs to get better label inference results.

The first two are traditional methods, and the third method is based on graph neural
networks. The Harmonic method can only deal with the binary classification problem. In
this experiment, the “One vs Rest” strategy is employed to extend the Harmonic method
to multi-class classification tasks. For the LLGC method, the hyper-parameter «a is set to
be 0.99 throughout this experiment, which is recommended in the literature (Zhou et al.
2003). For the SSC-GCN method, a two-layer neural network is used in the experiment
which is the same as literature (Kipf and Welling 2017). Unlike the literature (Kipf and
Welling 2017), no validation set is used to assist training, because the number of labeled
samples is limited in semi-supervised learning.

B. Graph construction methods for Comparison

As mentioned above, the focus of this paper is how to construct a high-quality graph. In
order to verify the effectiveness of the proposed IQGD method. In this experiment 4 differ-
ent common used graph construction methods. Including the kNN graph, see formula (8),
the b — matching graph, see formula (10), the ¢, graph, see formula (12, 14) and the LRR
graph, see formula (15, 16) are selected as the comparison methods.

Among the 4 methods, the former 2 methods are both graph construction methods based
on the distance metric. The kNN graph is the simplest but most frequently used graph con-
struction method in GSSL. In addition, the b — matching graph is a regularized neighbor
graph such that every node has the same degree equal to b, which can overcome the adverse
effects of the due to the large differences between node degrees. The latter 2 methods are
based on data representation. They can simultaneously learn the adjacency structure and
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Table 6 The setting of four graph construction methods

Method Hyper-parameter ~ Distance metric Abbreviation

kNN graph k=3 {Euclidean, Manhattan, Cosine} {E3NN, M3NN, C3NN}
b — matching graph b=3 {Euclidean, Manhattan, Cosine} {E3M, M3M, C3M}

¢, graph N/A N/A ¢, -G

LRR graph A=40 N/A LRR -G

# It was recommended in the literature (Liu et al. 2013)

Table 7 The setting of k-means

and DBSCAN Algorithm # Clustering results Setting

k-means 5% 10 =50 k:{c,2c,3c,4c,5¢}? initial
cluster centers: randomly
selected and repeat 10
times

DBSCAN 2x6=12 MinPts: {3,5} Eps:
determined by 6 dif-

ferent noise ratios
{0%,1%, ---, 5%}

? Where c is the number of categories. In unsupervised clustering, it
is hard to determine the correct number of clusters. However. In semi-
supervised learning the c is known in advance

the edge weight matrix of the graph. The £, graph learns the linear representation coeffi-
cients for every sample individually with a sparse regularization term, while the LRR graph
learns the linear representation coefficients for all samples at the same time with a low-rank
regularization term.

The parameter settings for the 4 kinds of graph construction methods are given in
Table 6. As seen from the table, there are a total of 34+ 3 + 14+ 1 = 8§ graph construction
methods. Combined with the 3 label inference methods, we obtain 3 X 8 = 24 comparison
methods in the experiment. For the last two data sets, only 3 kinds of kNN graphs are used
for comparison, because the construction of the remaining 5 kinds of graphs is very time-
consuming, each graph cannot be constructed within 15 days.’

C. The proposed methods

The setting of the proposed method in this paper includes three aspects, i.e., the selec-
tion of the label inference algorithm, the way to generate clustering results and the setting
of the hyper-parameters.

First, for the selection of the label inference algorithm A, inferences 3 1abel inference
algorithms, including the Harmonic (Zhu et al. 2003), LLGC (Zhou et al. 2003), and SSC-
GCN (Kipf and Welling 2017) are selected and embedded in the GSSL-IQGD framework.

3 We run these experiments on a PC with Intel(R) Xeon(R) CPU E5-2620 v4 @ 2.1 GHz and 512 GB
RAM.
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As a result, 3 corresponding methods, Harmonic-IQGD, LLGC-IQGD, SSC-GCN-IQGD
and SLLI-IQGD are obtained. By comparing the Harmonic-IQGD, LLGC-IQGD and
SSC-GCN-IQGD with the Harmonic, LLGC and SSC-GCN respectively, the effectiveness
of IQGD method can be directly observed.

Second, k-means (Jain 2010) and DBSCAN (Ester et al. 1996) are employed for gener-
ating clustering results. And the setting of them is shown in the Table 7. According to the
setting, there are total 50 + 12 = 62 clustering results that are obtained for each data set,
i.e. in Algorithm 1, m = 62. These clustering results are fused for graph construction, and
their fusion weights are dynamically adjusted to improve the quality of the graph.

In practice, if there is more prior knowledge about the data distribution, choosing the
appropriate clustering method can achieve better results. If there is little prior knowledge
of the data distribution, different kinds of clustering algorithms can be used to cover as
many kinds of data distribution as possible. Regardless of how the clustering results are
generated, the proposed method can adaptively fuse them to construct a high-quality graph
for GSSL. In this experiment, only two kinds of classical clustering methods are selected to
discover the potential data distribution, and they are enough to verify the effectiveness of
the proposed GSSL-IQGD framework.

Third, the simplest settings are used for the hyper-parameters throughout this
experiment4. In the Harmonic-IQGD, LLGC-IQGD and SSC-GCN-IQGD methods,
Yemooth = Ym1 = Ya = 0.5 is employed for updating the weight vector A. The relative mag-
nitudes between yg, and ;o in Harmonic-IQGD and LLGC-IQGD methods are set to be
the same as their counterparts, i.e. the Harmonic and LLGC, respectively.

4.2.3 Experimental results and analysis

Tables 8—15 show the classification error rate for the proposed methods and comparison
methods on the first 8 data sets.

In Tables 8-15, there are 10 columns in every table, and each column corresponds to a
labeled samples ratio. Each row in the table corresponds to a method and there are a total
of 27 methods that are used for comparison.

These 27 methods can be divided into 3 groups. In the first group, the 1st-9th rows in
the table, show the methods obtained by combining the Harmonic with different graph con-
struction methods. In the second group, the 10th—18th rows in the table, show the methods
obtained by combining the LLGC with different graph construction methods. In the third
group, the 19th-27th rows in the table, show the method obtained by combining the SSC-
GCN with different graph construction methods.

In the three groups, the Harmonic-IQGD, LLGC-IQGD and SSC-GCN-IQGD are
obtained by embedding the corresponding GSSL methods into the proposed GSSL-IQGD
framework. In each group, the method of graph label inference is the same, and the only
difference is in the method of graph construction. Therefore, it is straightforward to demon-
strate the effectiveness of the proposal by comparing the Harmonic-IQGD, LLGC-IQGD
and SSC-GCN-IQGD with their counterparts, respectively.

4 Generally, some strategies such as cross-validation can be used to tune hyper-parameters. However it is
impractical in semi-supervised learning because the number of labeled samples is limited.
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Table 8 Data set D1 classification error rate (%)

Method  Ratio of labeled samples: I/n (%)

1 2 3 4 5 6 7 8 9 10

Harmonic

E3NN 50.27 52.04 4597 46.74  40.57 36.67 34.86 35.07 3193  29.11
M3NN 4742  48.44  45.00 40.28 35.39 36.03 35.65 34.86 30.96 32.59
C3NN 59.52 60.14 53.68 53.33 49.65 46.31 42.61 4333 39.48 42.59

E3M 32.18 3224 2694 27.71 20.21 18.51 18.26 17.54 17.63 18.44
M3M 28.23 2333 19.03 20.00 17.45 14.75 11.52 12.90 10.59 11.70
C3M 19.18 18.91 12.08% 1597 10.78 11.13 10.00 11.67 7.78 7.412

¢, -G 52.99 5401 5701 5236 5447 4582 4391 43.12 38.00 34.52

LRR—G 60.75 6422 6507 61.11 6043 5376 5036 46.09 48.00 47.33

IQGD 22865 15443 30.14° 16.04°> 1567° 10213 5.00' 10.00%  7.33% 11.19°
LLGC

E3NN 3299 3592 2847 2646 27.02 2489 2159 1891 14.00 17.41

M3NN 3354 3510 3403 3083 2035 2348 20.65 23.04 1452 19.63

C3NN 4218 4844  36.04  29.17 3461 2624 2319 2094 2474 2333

E3M 31.16  31.70  25.63 25.56  23.62 19.15 18.19  18.62 18.15 17.93
M3M 28.84 2476  20.07 20.63 19.93 17.31 13.19 16.88 12.89 13.85
C3M 15.993  19.80 14.10 14.443  10.07* 10.64 9.06 11.38 10.22  10.67

¢, -G 49.25 5551 60.35 5493  60.07 61.70 6297 5833  55.04 5548

LRR—-G 6122 6422 64.65 6097 6645 6440 58770 57.83  64.89 63.04

1QGD 12.24* 10.612 10.56> 13.47%> 10.072 8.30% 5513 9572 5.85% 8.07°
SSC-GCN

E3NN 46.33  41.84 4424 4326  41.84 3440 47775 4449 3541 3844

M3NN 4293 4197 3847 48.06  41.14 3830 3536 39.20 34.15 40.00

C3NN 31.63  53.67 38.13 45.14  35.60 51.06  48.70 44.57 4422 5444

E3M 4476 4599  46.25 4333 4255 4050  50.15 4522  50.74 48.82
M3M 5993 3776  46.18 43.75  30.57 4922 4145 3486 3519 31.26
C3M 46.87  33.61 52.64 34.51 32,13 47.87 47.10 4536 2844 39.11

¢, -G 55.31 51.09 5097 3340 5922 52777 5993 4833 53770 4630
LRR—-G 5490 5898 5299 51.67 4830 58.16 5580 50.73  54.44 5393
IQGD 7.821 6.871 7.151 5.07 7.801 5.821 5.000  6.091 4221 348!

In each table, the ranks of the 3 methods under the proposed GSSL-IQGD framework
and the top 3 methods are marked with digital superscripts. The rank of each method is
used to compare the performance of each method directly.

Table 8 records the classification error rate of the 27 methods on D1 data set. The fol-
lowing results can be drawn from this table directly.

1. At labeled ratios of 2%, 6%, 7%, 8% and 9%, the Harmonic-IQGD method defeats its
counterparts with 8 different graph construction methods; At labeled ratios of 1%, 4%,
5% and 10%, the Harmonic-IQGD defeats its 7 counterparts and is defeated by the Har-
monic method with the C3M graph; At the labeled ratio of 3%, the Harmonic-IQGD
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defeats its 5 counterparts and is defeated by the Harmonic method with the b — matching
graph using 3 different distance metrics. To sum up, when the label inference method is
fixed to Harmonic, the Harmonic-IQGD method obtained by embedding the Harmonic
into the proposed GSSL-IQGD framework can achieve better performance compared
with the Harmonic method using 8 different graphs in most cases. These results show
that the proposed IQGD method can indeed construct a higher-quality graph compared
with 8 different graph construction methods.

The LLGC-IQGD method defeats its counterparts with 8 different graph construction
methods at 10 different labeled ratios. These results indicate that when the label infer-
ence method is fixed to LLGC, compared with the 8 different graph construction meth-
ods, the IQGD method can construct a better graph and then the better label inference
performance can be achieved.

At 10 different labeled ratio, the SSC-GCN-IQGD defeats its 8 counterparts with sig-
nificant advantage. These results indicate that when the label inference method is fixed
to SSC-GCN, compared with the 8 different graph construction methods, the proposed
1IQGD method can also construct a better graph, and then the better label inference per-
formance can be achieved. It can also be seen from these results that as one of the most
advanced methods at present, the performance of SSC-GCN also heavily depends on the
quality of the graph. And by embedding it into the proposed framework, its performance
can also be improved significantly.

The Harmonic-IQGD, LLGC-IQGD and SSC-GCN-IQGD methods take the top 3 places
among the 27 methods at labeled ratios of 2%, 6%, 7%, 8% and 9%, and in the remain-
ing 5 labeled ratios, two of them ranked in the top 3 places. These results show that by
embedding the Harmonic, LLGC and SSC-GCN into the proposed GSSL-IQGD frame-
work respectively, the performance of all three methods can be improved significantly.
That is to say, the proposed method is a general framework.

The comparison results on D2, D3, D4 and D5 data sets, as shown in Tables 9, 10, 11

and 12, are similar to the result on D1 data set and are summarized as follows. The results
on each data set are no longer described separately.

1.

When the label inference method is fixed to Harmonic, the Harmonic-IQGD method
obtained by embedding the Harmonic into the proposed GSSL-IQGD framework can
achieve better performance compared with the Harmonic method using 8 different
graphs in most cases. The results on LLGC and SSC-GCN methods are virtually the
same as on the Harmonic. These results show that, compared with the 8 representative
graph construction methods, the proposed IQGD method is an effective graph construc-
tion method.

The Harmonic-IQGD, LLGC-IQGD and SSC-GCN-IQGD methods take the top 3 places
or two of them ranked in the top 3 places among the 27 methods in almost all cases.
These results show the proposed method is a general framework since different GSSL
methods can improve their performance by embedding them into it.

For the D6, D7 and D8 data sets, as shown in Tables 13, 14 and 15, the comparison

results are summarized as follows.
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Table 9 Data set D2 classification error rate (%)

Method  Ratio of labeled samples: [/n (%)

1 2 3 4 5 6 7 8 9 10

Harmonic

E3NN 61.77 60.81 56.08 56.47 53.39 53.13 5232 4724 4850 47.30
M3NN 62.74  61.50 53.74 5547 4946  51.81 50.98 47.61 46.69 47.67
C3NN 61.77 58.84 5275  55.12 50.83  51.69 47.99 4589 46.63 44.84

E3M 4731 4734 3754 4235 4024 38.19 36.16 32.82 3513 3736
M3M 50.69 4728 3830  38.65 37.68 37.83 3482 32763 33.813 36.10
C3M 4446  40.40% 37.78 37.24% 36.01 36.08 34332 3485 3513 34.28

¢, -G 6434  60.06 53.04 48.65 48.87 49.64 4262 4135 38.19 4642
LRR—-G 6371 6636 5895 67.06 62.02 5843 67.07 66.87 6531 50.88
IQGD 4897 56.07'% 36.022 42.59'0 35893 44.94"" 34393 3472% 3556° 35.797
LLGC

E3NN 59.37 5832 5023 52.18 4893 48.86 4695 42776 46.75 42.08
M3NN 5891 5827 4936 52.00 45.18 49.76 4799 4393 44.63 41.51
C3NN 5543 4936 36778 41.76 4095 4259 40.79 36.56 37.81  38.05

E3M 4737 4647  38.19 43.18 3935 36.81 36.59 32.82 3531 35.66
M3M 4897 4480 36370 39.12 3696 35.60° 3518 3344 3444 3503
C3M 46.06  41.85 3825 38.18 3851 39.64 3640 33.01 3694 33523

¢, -G 6194 61.04 5982 56.88 5940 59.04 5750 5644 59.63  60.38
LRR—-G 6354 67.05 6023 67.06 6143 5596 67.07 62.88 6031 57.86
1IQGD 46408  41.10* 36.78% 34241 3440 36.39° 36.22°% 31.90% 3244% 33212
SSC-GCN

E3NN 5238 4844  46.11 50.56 5213  50.14 4920 63.12 57.63 4444
M3NN 50.88 5837 5625 57.08  48.09 52091 5544 5145 5044 4933
C3NN 44.08  54.01 4236  63.19  49.01 4858 5623 4732 4511 59.56

E3M 43953 4320 49.72 5146  52.84 5575 5493 53.12 5748 50.44
M3M 49.12 5211 4431 5757 6553 4731 6696 62.83 5637 72.89
C3M 5640 6476 4576 4896 5348 7333 6355 49.71 63770 48.22

‘-G 37.28' 38782 3736 3979 3801 33.19' 36.09 4275 44359  40.07
LRR—-G 42182 4476 51.88 4653  47.73 5128 50.65 5428 4993  43.78
1IQGD 44.34°  37.69' 35731 38.003 34.35' 33922 3433! 3098' 31.06' 3245!

1. The Harmonic-IQGD, LLGC-IQGD and SSC-GNC-IQGD methods defeat their coun-
terparts the Harmonic, LLGC and SSC-GCN with 8 different graphs at 10 different
ratios of labeled samples, respectively. These results show that compared with the 8
representative graph construction methods, the proposed IQGD method can construct
a better graph, as a result, the performance of the corresponding GSSL is improved.

2. The 3 methods, Harmonic-IQGD, LLGC-IQGD and SSC-GCN-IQGD under the GSSL-
1IQGD framework take the top 3 places among the 27 methods at 10 different ratios of
labeled samples. These results show that the proposed framework can be applied to both
the three GSSL methods and the expected performance gains are achieved.
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Table 10 Data set D3 classification error rate (%)

Method  Ratio of labeled samples: //n (%)

1 2 3 4 5 6 7 8 9 10

Harmonic

E3NN 66.92 6403 6529 5936 5846 6253 5949 53.78 56.41 55.97
M3NN 61.682 60.68 59.46 5569 55.07 59.19 5423 51.04 52.03 53.51
C3NN 64.81 6233 6343 5738 5483 60.15 5551 52.28 54.01 53.25

E3M 7327 6199 59.07 5564 5259 57.02 53.01 48.19 4938  47.02
M3M 67.16 60.10 60.10 5520 5438 57.12 5041 5041 49.06  48.95
C3M 67.69 58.88 56.42 5525 49.803 53.64 48323 4938  46.09 4524

¢, -G 72.07 6495 5946 5347 5244 5338 49.03 49.74  49.69 4827
LRR—-G 80.00 6393 63.77 6436 6348 6323 6429 6332 6198  64.29
1IQGD 62.69* 53.50% 52352 49512 48.41' 50.152 45.31% 43.73%2 4589 42.09?
LLGC

E3NN 70.58 6393 6843 5678 5577 63.28 56.12 5430 5422  53.87
M3NN 66.59 5811 6127 51243 5234 5874 4939 5057 4839  50.89
C3NN 70.72  60.05 62.70 5495 53.73 59.60 5321 5036 50.63  50.21

E3M 7207 6481 5990 5777 55777 56.57 5245 5290  50.00 @ 49.95
M3M 6841 6228 60.00 5421 56,57 57.88 5148 5440 5042  52.20
C3M 65.77 5621 5578 53.86 5040 52773 4878 47203 44.58% 44.193

¢, -G 78.89 6388 6299 60.74 6154 6227 6087 6047 62.08 63.14
LRR—-G 8409 6422 6490 6436 6373 64.65 6429 6425 63.54 6440
1QGD 58.89' 53.06% 53.63% 4550' 48562 48941 44.641 42.80' 42.14! 39.63!
SSC-GCN

E3NN 68.85 7029 69.17 6644 6095 6990 6536 63.06 6146 57.70
M3NN 67.50 66.70 65.83 59.55 62.19 66.67 6490 6632 6135 61.36
C3NN 7034  66.17 63.87 6480 61.69 6626 6153 61.71 63.07  62.72
E3M 7341 68.69 66.67 6084 59.65 6798 6061 5513 6542  60.84
M3M 7255 6485 6476 5990 5731 60.61 63.88 6425 6026  60.58
C3M 7221  69.56  58.09 6257 5876  60.00 59.44 59.69  61.51 57.33
¢, -G 7375 6549 6338 59.80 6323 60.56 6490 5990 63.13 57.75
LRR—-G 7981 69.85 6672 6792 6338 6485 64.69 6021 6229  63.35
1IQGD 62.12% 5277' 51.76! 53.61° 51.74° 50.813 51.73° 53.06" 52.60'% 50.42°

Tables 16 and 17 show the classification error rate for the proposed methods and com-
parison methods on the last 2 data sets. Each table contains 5 columns and 12 rows. Each
column corresponds to a labeled number and each row corresponds to a method. Similar to
Tables 815, these 12 methods can also be divided into 3 groups.

Table 16 shows the classification error rate of the 12 methods on D9 data set. The fol-
lowing conclusions can be drawn from the table.
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Table 11 Data set D4 classification error rate (%)

Method  Ratio of labeled samples: //n (%)

1 2 3 4 5 6 7 8 9 10

Harmonic

E3NN 52.32 50.98 50.10 49.20 4796 4746 46.67 46.01 4551 44.61
M3NN 52.34 51.01 50.12 49.26  48.09 47.60 46.82 46.18 4566  44.85
C3NN 52.40 51.35 5041 4971 4873  48.06 4730 4657 4585 4531

E3M 48.71 46.88  44.86 44.13 42,07 4218 4049 3921 3790 37.77
M3M 50.88 4834 4589 44.65 43,53 4310 4220 41.60 40.79  39.79
C3M 46.64  46.14 4474 4356 4224 4186 4150 40.60 3948  38.96

¢,—G 4308 4743 4002 3937 39.07 3615 33373 30.09' 27.93' 27.13!
LRR—-G 4632 4707 4481 4204 3887 3879 3975 4052 38.60 38.94
IQGD 43842 42932 36.68% 38.157 36.77* 34.84% 34.93% 3547° 33.79* 33.61*
LLGC

E3NN 4396 4371 4168 4033 3839 37.64 3720 3681 3525 34.70
M3NN ~ 43.88 4374  41.64 4022 3826 37.60 3724 3678 3491 3431
C3NN 44.16  43.66 4250 4150 39.78  39.15 3853 37.94 37.07 3693

E3M 3998  40.63 3805 3739  36.03% 3491 3441 3532 3435 3433
M3M 41.86  40.49 38.17 3798 37.02 36,58 37.00 37.61 3622 3641
C3M 46.58  46.66 43,51 4267 41.11 40.76 3999 39.64 3857 3831

¢,—G 4769 4681 4399 4030 4326 3815 39.07 3875 3698 4122
LRR—G 4632 4633 4629 4631 4627 4629 4630 4632 4628 4630
IQGD 37733 36.113  34.14' 34.032 33502 33.482 33332 33.18% 33533 33313
SSC-GCN

E3NN 44.08 4225 4850 4002 4053 4275 3683 3869 39.70  41.00
M3NN 34731 33.05! 4265 3740 47.17 4686 4771 41.88 4172 4434
C3NN 4585 4152 4685 4042 3867 4571 4001 4404 4931 4197

E3M 4177 4357 4143 34.15% 4425 40.16 4853 3539 4690 3534
M3M 39.56 3775 4046  43.74 40.04 47.14 4122 3997 3953  40.80
C3M 43.53 39.00 3940 4491 3794 37.02 40.09 4129 4258 4142

¢, -G 40.92  38.43 40.63 4054 40.67 4696 3825 39.75 4298  40.67
LRR—-G 4090 4131 4452 4205 3849 40.18 4392 43.18 3733  40.68
IQGD 36.082  34.652 34.50* 33.31' 33221 3324! 33231 33263 33262 33.242

1. At 5 different numbers of labeled samples, the Harmonic-IQGD, LLGC-IQGD and
SSC-GCN-IQGD under the GSSL-IQGD framework take the top 3 places among the
12 methods.

2. As adirect result, the Harmonic-IQGD, LLGC-IQGD and SSC-GNC-IQGD methods
defeat the Harmonic, LLGC and SSC-GCN using the other three graph construction
methods, respectively. These results show that compared with the three kNN graphs,
the proposed IQGD method can construct a better graph so as to obtain a better GSSL
result.
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Table 12 Data set D5 classification error rate (%)

Method  Ratio of labeled samples: //n (%)

1 2 3 4 5 6 7 8 9 10

Harmonic

E3NN 7750 7337 68.02 6388 6126 5791 5529 5299 51.20 49.34
M3NN 7897 74.03 68.77 6459 6043 5882 5558 5403 51.68 48.22
C3NN 7776  71.63 6723 62.03 59.07 56.12 53.81 50.97  48.73 47.44

E3M 4470 39.92 3328 28.63 27.62 2690 2205 2190 20.74  20.13
M3M 4248 3492  27.09% 25.853 23.07° 22.06% 19.14% 18242 17331 16.33!
C3M 4239 3641 30.83 2645 2482 2310 1948 1934 17372 17.73

¢,—G  81.67 6839 5817 4675 49.00 3571 37.19 3056 2928  26.96
LRR—G 8448 8536 8495 8358 8242 8472 8131 79.07 76.03  78.90
IQGD 46.03° 31.86% 23232 19.79% 21.022 19.76% 18.94* 18413 18.64* 17.232
LLGC

E3NN 64.53 54.18 4558 4245 3723 33.63 3088 29.87 28.06 27.30
M3NN 6534 5629 4840 4161 3634 3626 3121 30.14 2731 2547
C3NN 66.03 5571 4933 4233 3806 3534 3094 29.66 2785  26.73

E3M 4432 4035 3230 2971 2850 28.08 2535 23,57 23.88 24.16
M3M 39913 3464 2975 2617 2608 2425 2331 2332 2257 2204
C3M 4092  37.18 30.06 2619 2552 2587 2029 21.03 19.17 2043

¢, -G 75.84 6420 6433 6431 6697 5878 6135 5875 5521 54.02
LRR—-G 8364 8477 8571 8566 8492 8571 8570 85.69 85.69 85.71
IQGD 20.38! 23.38' 20.24! 19.67' 19.52' 19.29' 1837' 18.03' 17.58% 17.283
SSC-GCN

E3NN 7936 76.13  78.00 81.76 7632 7697 7737 7932  78.01 76.77
M3NN 77.02 7587 7551 7557 7675 7653  80.69 7858  76.73 75.50
C3NN 7594 7921 7920 7874 7828 78.60 7725 7945 76.53 75.66

E3M 7895 7949 7873  75.69  79.52 7848 7853 8223 7520  73.03
M3M 771.85 7887 77.69 8042 76.62 7695 7735 7551 74.04 7544
C3M 76.00 76.41 7715 77.88 7550 7842 69.83 8539 7466 77.41

¢, -G 8255 77.09 8034 8352 7408 80.02 8255 7899 76.13 80.20
LRR—-G 8062 7748 7924 8047 7974 79.65 80.05 78.13  83.68 82.59
IQGD 3446% 33.12% 31397 30.19° 27.047 28.77° 28.09° 29.45° 27.590 28.16"3

Table 17 shows the classification error rate of the 12 methods on D10 data set. The fol-
lowing conclusions can be drawn from the table.

1. For the Harmonic-IQGD, although it ranks in the top 3 only once among the 12 meth-
ods, it ranks first in its group and is significantly better than other methods in the same
group. These results show that when the label inference method is fixed to Harmonic,
the proposed IQGD method can construct a better graph compared with the three kNN
graph construction methods.

2. The methods in the second group have a good performance on this data set. When
the number of labeled samples is 10 and 50, the LLGC-IQGD method ranks first in
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Table 13 Data set D6 classification error rate (%)

Method  Ratio of labeled samples: I/n (%)

1 2 3 4 5 6 7 8 9 10

Harmonic

E3NN 56.18  49.11 4924 47778 46,58 4599  44.11 4429 4407 4472
M3NN 5479 47777 4843 4490 4467 4321 44.01 42.57 4271 41.87
C3NN 50.51 46.80 47.12 4525 4502 4423 4340 4378 43.17 43.23

E3M 27,79 25.65 2524 2363 2333 2335 2271 22,63 2274 2240
M3M 29.76 2721 25.06 2419 2399 2353 2373 23.03 2322 2313
C3M 28.33 2624 25.14 2294 23.09 23.14 2270 2283 2289 2242

¢,—G 6554 6486 6231 60.88 59.89 5619 5494 5572 5419  51.80
LRR—G 6485 6517 6481 6414 6492 6510 6512 6499 6516 65.03
IQGD 24.37* 21.48% 20.03' 19.622 19.10> 18.83% 18452 18.30% 18.60' 18.322
LLGC

E3NN 42.15 37.84 4021 3328 3524 3279 3091 33.68 3022 3129
M3NN 4354 3621 3775 3534 3545 3441 3429 3552 3282 3334
C3NN 4267 4074 4724 4284 3994 4026 3888 3978  39.06  40.83

E3M 26.74  25.14 2493 2338 23,53 2312 2242 2250 2294 2241
M3M 28.08 2644 2510 23.69 2376 2338 23.10 2326 2260 2240
C3M 26.66  25.87 2459 2247 2281 2257 21.69 2236 2235 2185

¢, -G 65.37 6327 63.60 6427 6341 6385 63.16 6263 6497 62.80
LRR—-G 6516 6517 6515 6516 6515 6516 6514 6515 6516 65.14
1IQGD 22.19'  20.10' 20.10* 19.26' 18.36! 18.70' 18.34! 18.11' 18.73% 18.30!
SSC-GCN

E3NN 30.18 2643 2523 2596  25.18 2330 2526 2372 2375 23.15
M3NN 3193 29.18 2679 2457 2549 2455 2378 2421 2355 2433
C3NN 2946 3035 2656 2735 2531 23778 2442 2505 24.08 2496
E3M 3261 2652 2573  25.14 2481 2464 2241 2199 22,66 23.03
M3M 3209 2752 2644 2554 2461 2355 2282 2278 23.06 2290
C3M 32.68 2720 2587 2531 2485 2380 2381 2288 2354 23.10
¢, -G 37.67 3332 3642 2921 30.71 2842 2849 2773 2574 29.23
LRR—-G 4201 41.09 4495 38.66 38.76 41.68 41.17 3599 3749 36.30
1IQGD 25.61% 23353 24.36% 20.743 22.06% 20433 19.92% 20243 19.78% 19.663

this group. And for the remaining number of labeled samples, the LLGC method with
three different kNN graphs performs better. These results show that when the number
of labeled samples is smaller, the proposed IQGD method outperforms the other three
graph construction methods for GSSL.

3. For the SSC-GCN-IQGD method, it ranks first in its group at first 4 different numbers
of labeled samples and ranks second in the last case. These results show that when the
label inference method is fixed to SSC-GCN, the proposed IQGD method can construct
a better graph so as to improve the performance of the SSC-GCN method.
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Table 14 Data set D7 classification error rate (%)

Method  Ratio of labeled samples: I/n (%)

1 2 3 4 5 6 7 8 9 10

Harmonic

E3NN 4834 48.64 48.06 4846 4796  48.17 47.83 47.67 4740 47.10
M3NN 50.05 4983 4946 4938 4945 49.16 49.00 49.24 4892 4821
C3NN 48.58  48.12 4742 4641 46.14 4446 4471 4330 43.06 42.69

E3M 4982 47777 4634 4494 4463 42,60 4324 4275 41.67 4221
M3M 4925  47.12 4637 4573 4629 4474 4458 4430 43778  43.04
C3M 4941 4690 44.64 4440 4428 4295 43.13 4230 4137 42.01

¢,—G 4993 5030 5013 5012 5004 5030 49.55 49.94  50.04  50.90
LRR—G 5005 5025 5020 5043 5022 5043 4991 5036 50.68 51.01
IQGD 27.583 24.123 25883 24.06% 24.70> 23393 23.69% 23.86% 24.022 23.643
LLGC

E3NN 49.99 4999 49.17 4876  49.12 4948 50.00 49.65 4895  49.09
M3NN  50.07 4990 49.65 49.79 49.82 49.18 49.69 49.62 4892  47.70
C3NN 4888  48.68 4739 46778 4586 4455 4479  46.17 4476 4435

E3M 4995 4699 4593 4442 4448 4252 4322 4288 4144  42.04
M3M 4932 46.66 4642 4549 4630 4526 4439 4444 4394 4330
C3M 49.16  46.64 4437 4429 4422 4281 4345 42,09 4122 4144

¢, -G 50.26  50.29  50.17 5034 4997 50.18 4925 50.16 50.04  50.29
LRR—-G 5046 5030 5039 50.13 50.12 4999 4976 5038 5034  50.27
1IQGD 23.57* 23.152 2501% 24403 24713 23.26% 23.69% 23.86% 24.022 23.342
SSC-GCN

E3NN 4935  47.06 4574 4543 4256  42.60 4427 4222 4195 40.64
M3NN 50.04 47.37 4525 4424 4487 4150 4220 4036 4050  39.70
C3NN 48.74  48.12 4547  43.12  43.01 41.84 4227 3997 40.67 40.76
E3M 48.58 45.06 4572 44.68 43.62 4485 4121 4196 4144 4050
M3M 4590 4538 4472 4477 4320 4219 4248 3995 4175 40.10
C3M 4892 4539 4532 4499 4414 4326 41.84 4286 4042  40.50
¢, -G 46.89  44.83 4355 4322 41.16 4145 4033 4032 40.73  39.18
LRR—-G 45.11 4085 3726 35.68 3337 3291 31.89 3043 3029 29.82
IQGD 15531 13951 13.65' 13.15' 13.13' 1291' 13.04' 12.93! 12.92' 13.02!

To more intuitively exhibit the performance of each method, Fig. 5 shows the mean and
standard deviation of the rankings of the 27 methods in the whole experiment. The mean and
standard deviation of the ranking of each method are computed through 8 X 10 = 80 rank-
ingp results (the first 8 data sets and 10 different labeled ratios on each data set). In Fig. 5,
each method corresponds to a line segment, the midpoint of the line segment represents the
mean of this method’s rank, the length of the line segment represents twice the standard devi-
ation. And the methods in the 3 groups are marked with 3 different colors and shapes.

As seen from Fig. 5, among all the 27 methods, the LLGC-IQGD, SSC-GCN-1IQGD
and Harmonic-IQGD are the top 3 methods, and are significantly better than the rank
in the 4th method LLGC-C3M. On the other hand, the Harmonic-IQGD, LLGC-IQGD
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Table 15 Data set D8 classification error rate (%)

Method  Ratio of labeled samples: I/n (%)

1 2 3 4 5 6 7 8 9 10

Harmonic

E3NN 50.44  50.18 4995 49.73  49.21 4948 4934 4891 4933 4884
M3NN 49.18 4896 4843  48.12 48.05 4759 4753 47.13  47.18  46.50
C3NN 4579 4536 43.60 4343 4246 4190 40.76  40.52 4095 39.56

E3M 4759 4594 4387 4236 4149 41.68 4035 4046 39.17  38.87
M3M 47.68 4528  43.87 43.69 4337 4326 4149 4123 4124 4057
C3M 48.79  47.13 4478 4379 4221 43.02 4144 41.19 3992  39.62

£,—G  49.63  50.03  49.61 49.34 49.07 49.17 49.12  49.60 49.41  49.18
LRR—G 4998 4990 49.88 4992 4922 4959 4933  49.18 49.84  49.66
IQGD 15273 11.22% 13.03% 11.603 11.24> 11.492 11.51% 11.93% 11.072 11.70%
LLGC

E3NN 4941 49.69 50.03 4899 49.08 4882 4971 4929 4985 4880
M3NN 4990 4971 4941 4938 4959 4890 4955 49.03 4847 4885
C3NN 4858 4928 4893 4956 49.28 4896 4887 49.78  49.52 4975

E3M 4754 4637 4429 4290 4129 4181 40.64 41.04 3938  39.56
M3M 4695 4491 4380 43.84 4327 43.07 4136 4130 4095 4093
C3M 48.19 4724 44.66  43.77 4223  43.13 4179 4154 40.06  39.79

¢, -G 49.65 4990 49.68 49.89 49.73 4981 5027 4979 4948 4997
LRR—-G 4978 4990 49.72 4990 49.69 4989 4999 4989 49.73  49.89
1IQGD 10422 11.99%3 12422 11.32%2 11253 1149% 1151% 11.65* 11333 11.70?
SSC-GCN

E3NN 4773 4596 4570 44.17 4480 4340 42.09 4238 39.10 39.81
M3NN 48.52 49.16 4435 4441 43776 4454  42.02 4197 4057  40.08
C3NN 48.38  47.60 4443 4422 4299 4226 3992 3994  40.11 38.61
E3M 48.81 45.68 4546 41.86 43.15 4136 39.14 40.65 4041  39.56
M3M 4739 4639 4592 4336 4296 4154 3786 40.15 3975  39.30
C3M 4737 47.02 4435 4265 4261 4204 3926 4045 3925 37.78
¢, -G 47.18 4545 43.07 4124 40.77 4080 39.59 4021 3897 3754
LRR—-G 4257 3957 38.11 3553 3376 32.63 30.86 31.01 2941 28.62
IQGD 5.121 5021 4791 507" 475" 488! 4411 442! 450" 470!

and SSC-GCN-IQGD methods are the best methods and are significantly better than the
rank in the 2nd methods in the three groups respectively.

Based on the above experimental results, it can be concluded that compared with the
common used graph construction methods, the proposed IQGD method can construct a
better graph for GSSL. At the same time, the proposed GSSL-IQGD is a general frame-
work and the performance of different GSSL methods can be improved by embedding
them into it.
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Table 16 Data set D9

Method # Labeled les: [
classification error rate (%) ctho abeled sampies

1x3 5%3 10x3 15%3 20%3
Harmonic

E3NN 78.86 77.89 76.88 75.57 74.47
M3NN 74.07 74.36 72.77 72.27 70.37
C3NN 74.37 74.74 74.94 74.20 72.86
IQGD 61.273 50.973 45.733 45113 43273
LLGC

E3NN 77.15 73.66 63.99 62.02 55.68
M3NN 67.87 60.44 55.14 51.28 50.05
C3NN 68.50 62.10 64.09 63.88 56.87
1QGD 52.66% 47.502 45.352 44.75% 42.822
SSC-GCN

E3NN 79.20 79.20 79.22 79.23 79.24
M3NN 79.20 79.20 79.22 79.24 79.24
C3NN 79.20 79.18 79.14 79.29 79.17

IQGD 34.121 25.541 28.78! 39.991 22.45!

Table 17 Data set D10

Method # Labeled s les: [
classification error rate (%) ctho abeled samples

1x10 5x10 10x 10 15x 10 20x 10

Harmonic

E3NN 81.08 58.87 50.43 45.62 42.17
M3NN 77.53 56.55 50.88 45.90 44.80
C3NN 81.15 60.15 57.11 52.14 49.59
IQGD 71922 47.92° 26.74% 25.24° 23.48°
LLGC

E3NN 74.92 37.893 23.091 17.882 15.482
M3NN 74.813 4170 27.38 21.173 22.47

C3NN 79.46 37.842 23.722 16.39! 12.39!
IQGD 50.901 28.491 25.843 24.694 22.093

SSC-GCN

E3NN 82.66 61.10 51.10 43.33 38.35
M3NN 82.20 60.43 50.80 43.14 39.69
C3NN 81.03 61.79 47.35 40.73 36.83

1QGD 76.963 53.746 44.97° 38.60° 37.187

4.3 Compared with GSSL based on dynamic graph construction methods
4.3.1 Date sets
In this section, the first 8 data sets® shown in Table 5 are used in the experiment. The ratio

of the labeled samples and the division of labeled and unlabeled samples are the same as
the experiment in Sect. 4.2.

5 Because of the high time complexity of the comparison method. In this section, we did not carry out the
comparison experiment on the last two data sets.
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Fig.5 Mean and standard deviation of rankings of 27 methods on the first 8 data sets

4.3.2 Comparison methods and experimental setting

In this experiment, 3 different GSSL methods based on dynamic graph construction meth-
ods are selected for comparison. The 3 methods and their settings are described as follows.

The STSSL-S3R (Semi-Supervised Sparse Representation) and the STSSL-S?’LRR
(Semi-Supervised Low Rank Representation) are two specific methods based on the frame-
work proposed in literature (Li et al. 2015). In the STSSL-S?R (STSSL-S?LRR) method,
the semi-supervised sparse (low rank) representation based graph construction and the
Harmonic likewise label inference are integrated into a unified optimization framework.
The alternating minimization algorithm is used to solve the optimization problem. In the
process of model solving, the graph constructed by semi-supervised sparse (low rank) rep-
resentation is updated dynamically. In this experiment, the model hyper-parameters [y and
4, see formula (13) in literature (Li et al. 2015)] and the optimization hyper-parameters
[e and p, see Algorithm 1 in the literature (Li et al. 2015)] are set to the default values in
author’s code®.

The MGR-GGMC (Multiple Graph Regularized graph transduction via Greedy Gra-
dient Max-Cut) method was proposed in literature (Xiu et al. 2018). In this method, the
weighted sum of multiple graph smoothness terms and multiple greedy gradient max-cut
based label inference are integrated into a unified optimization framework. In the process
of model solving, the weights of multiple graph smoothness terms and the multiple label
inference results are updated alternatively. In this method, the graph construction process
essentially is a dynamic weighted fusion of multiple base graphs. And these base graphs
are constructed by common used methods, for example the kNN graph. In this experiment,
the hyper-parameters are set to the recommended values in the article, i.e. gy = 0.99 and
B = 0.1[see Sect. 3.2 in the literature (Xiu et al. 2018)]. At the same time, the multiple base

® http://www.pris.net.cn/introduction/teacher/lichunguang
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Table 18 Data sets D1- D4 classification error rate (%)

Method Ratio of labeled samples: I/n (%)

1 2 3 4 5 6 7 8 9 10

D1

STSSL-S°R 4272 4231 4146 37.01 4241 3794 3232 3022 28.74 29.85
STSSL-S?’LRR 3748 36.60 30.83 3556 31.99 29.50 30.80 2841 2941 30.59
MG-GGMC 45.03 40.75 43.13 3854 40.71 41.13 35.80 3623 43.85 42.89
SLLI-IQGD 898 10.34 9.03 10.14 9.79 8.65 5.00 9.42 5.70 5.26
D2

STSSL-SR 55.03 4948 4222 3694 4202 4253 3024 23.01 27.56 30.69
STSSL-S?’LRR 5846 5439 4526 48.18 40.89 40.84 48.11 3571 4475 37.80
MG-GGMC 6229 6393 5942 59.18 5548 62.11 5628 56.07 5794 59.31
SLLI-IQGD 40.11 38.73 3444 36.18 32.80 3542 34.09 31.72 32.19 33.02
D3

STSSL-S’R 66.88 62.67 5549 4936 48.61 52.12 49.08 4596 48.07 44.55
STSSL-S’LRR  58.56 65.63 6495 6436 63.78 6253 6429 6425 64.64 64.40
MG-GGMC 7173 75.68 7343 71.63 7144 7182 71.84 7171 73.65 72.57
SLLI-IQGD 60.29 5519 5324 4728 49.01 4692 4337 4311 4292 39.69
D4

STSSL-S°R 46.32 4633 46.29 4631 4627 4629 4630 4632 4628 46.30
STSSL-S?’LRR  40.28 4454 4258 37.74 37.72 3526 3520 3498 34.81 32.11
MG-GGMC 4527 47.09 47.83 48774 47779 48.01 47.60 50.19 49.27 49.85
SLLI-IQGD 37.73 3611 34.14 34.03 3350 3348 3333 3318 33.53 3331

graphs used in MGR-GGMC method are same as the 8 different graphs used in Sect. 4.2,
see Table 6 for details.

At last, the SLLI-IQGD method described in formula (30), one of the simplest methods
in the proposed framework, is used for comparison. In this experiment, the hyper-parame-
ters of SLLI-IQGD method are set to Y5, = Yomooth = Ym1 = Ya = 0.5, which is the same as
the setting in Sect. 4.1. At the same time, the multiple clustering results used in the SLLI-
IQGD method are those used in the Harmonic-IQGD method in section 4.2 (see Table 7).

4.3.3 Experimental results and analysis

Tables 18 and 19 show the classification error of the 3 comparison methods and the pro-
posed SLLI-IQGD method on the D1-D4 data sets and the D5-D§ data sets respectively.
For each comparison experiment (given a data set and a labeled ratio), the bold marks rep-
resent the best results of the four methods.

The following conclusions can be drawn from Tables 18 and 19.

1. On the 6 data sets (D1 and D4-DS8), the performance of the proposed SLLI-IQGD

method significantly outperforms that of the other 3 comparison methods at 10 different
ratios of labeled sample.
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Table 19 Data sets D5-DS8 classification error rate (%)

Method Ratio of labeled samples: I/n (%)

1 2 3 4 5 6 7 8 9 10
D5
STSSL-S°R 3635 30.78 2771 2351 2462 2255 2149 1927 18.68 19.39

STSSL-S?’LRR  79.88 69.42 61.15 5420 53.14 4829 4972 4339 4424 38.56
MG-GGMC 63.81 5025 5247 42.00 4826 48.56 4859 49.00 46.64 55.60
SLLI-IQGD 31.04 24.67 2146 2029 20.63 19.36 18.59 18.68 18.11 17.53
D6

STSSL-SR 63.55 62.19 5896 57.60 5623 5297 5197 5220 5123 4943
STSSL-S?’LRR  62.55 65.17 6374 63.52 63.18 6501 6508 6373 6515 64.97
MG-GGMC 47.14 5159 50.88 54.47 5533 5479 5480 56.06 61.58 54.87
SLLI-IQGD 21.87 1999 1981 1959 1847 1884 1834 1812 18.70 18.24
D7

STSSL-S°R 50.15 5037 50.16 49.83 50.18 5031 50.03 4985 4993 50.25
STSSL-S’LRR  49.96 50.00 4990 50.06 49.89 50.02 50.02 49.99 50.03 50.22
MG-GGMC 49.89 4971 48.67 48.43 49.63 4952 4951 5045 5026 50.77
SLLI-IQGD 26.00 2355 2548 2527 25.02 23.64 23.67 2375 24.02 23.34
D8

STSSL-S°R 49.57 50.01 4954 4925 4928 4923 4927 4949 4955 49.08
STSSL-S?’LRR  49.72 4990 4991 4995 50.79 49.86 50.28 49.50 50.07 49.84
MG-GGMC 4991 4997 48.19 48776 47.77 49.00 48.80 50.07 49.50 49.73
SLLI-IQGD 1220 11.74 1270 1215 11.09 1149 1151 1191 1129 11.71

2. On the D2 data set, the performance of the proposed SLLI-IQGD method outperforms
that of the other 3 comparison methods at the first 6 labeled ratios and its performance
is better than the STSSL-S?LRR and MGR-GGMC methods at the last 4 labeled ratios.

3. On the D3 data set, the performance of the proposed SLLI-IQGD method outperforms
that of the other 3 comparison methods at the 8 different labeled ratios (except for 1%
and 5%). At labeled ratio 1%, the STSSL-S?’LRR method obtains a better result than the
proposed SLLI-IQGD method. And at labeled ratio 5%, the performance of the STSSL-
S3R method is better than the proposed SLLI-IQGD method.

4. To sum up, the proposed SLLI-IQGD method is significantly superior to the 3 compari-
son methods in most cases. The advantages of the proposed SLLI-IQGD method are
more significant when the labeled ratio is small.

Although the STSSL-S?R (STSSL-S?LRR) method realizes the mutual guidance
between sparse (low rank) representation based graph construction and graph based
label inference. But they still make a strong assumption about the data distribution, that
is, assuming that the data distribution satisfies the subspace structure. These two methods
alternately optimize the label inference result and sparse (low-rank) representation coef-
ficient matrix. When the assumption is not satisfied, it makes the model go further and
further in the wrong direction. Therefore. In this experiment, these two methods are diffi-
cult to achieve a good result. Different from them, the SLLI-IQGD uses different clustering
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methods to mine a variety of possible data distribution structures, which weakens the
dependence on data distribution assumptions. At the same time, by designing a reasonable
learning scheme of the weights of multiple clustering results, the dynamic improvement of
the graph quality is achieved, so a better result can be obtained.

The MGR-GGMC method integrates the smoothing terms on multiple base graphs and
multiple greedy gradient max-cut based label inference into a unified optimization prob-
lem. Compared with the proposed SLLI-IQGD method, there are three differences. First,
the base graphs used in MGR-GGMC are obtained by conventional graph construction
methods, while the base graphs in the proposal are obtained by different clustering meth-
ods. Compared with the conventional graph construction methods, the clustering method
can mine the potential data distribution structure more effectively. Second. In the MGR-
GGMC method, label inference is performed on every base graph. In the proposed method,
it is carried out on the fused graph. In this way, the graph obtained by fusion of multiple
clustering results can guide graph-based label propagation more effectively. Third. In the
MGR-GGMC method, the the learning process of weights of multiple base graph is only
guild by the intermediate label inference result. In the proposed method, the the learning
process of weights of multiple clustering results is jointly guild by three factors: the inter-
mediate label inference result, the “must link” supervision information and the “cannot
link” supervision information. So the proposed method can learn better weights so as to
construct a better graph. Therefore, compared with the MGR-GGMC method, the method
in this paper can achieve a better result.

Through the experiments in this section, the following conclusions can be drawn. Com-
pared with the existing GSSL methods. Including adopting the dynamic graph construction
method based on data representation and multiple graphs fusion, the method proposed in
this paper can construct a better graph so as to obtain a better performance.

5 Conclusions and future work

This paper proposes a general framework named GSSL-IQGD for improving the quality
of the graph in GSSL and the performance of existing GSSL methods. In this framework,
the two processes, graph construction based on the weighted fusion of multiple clustering
results and label inference are integrated into a unified optimization problem. In the model
solving, these two processes are alternately executed and guided by each other, which real-
izes the dynamic improvement of the quality of the graph and the result of label infer-
ence. In the experiment, firstly, three toy examples illustrate the working mechanism of the
method. Then, a large number of comparative experiments verify the effectiveness of the
proposed IQGD for improving the quality of the graph in GSSL. Meanwhile, these experi-
mental results also indicate that the proposed GSSL-IQGD method is a general method,
i.e. it can be used to improve the performance of existing different GSSL methods. Finally,
the advantage of the proposed GSSL-IQGD method compared with other existing GSSL
methods based on dynamic graph construction is verified through a large number of com-
parative experiments.

The method proposed in this paper is a general framework. In the experiment, three
classic GSSL methods were chosen to be embedded into the framework and the desired
performance gains were achieved. In the future, embedding other classic GSSL methods
into the framework proposed in this paper to improve the performance of these methods
is a worthwhile research work. In addition, similar to most GSSL methods, the method
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proposed in this paper belongs to the transductive learning method. How to extend it to
inductive learning is also a meaningful research direction.
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