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The Impact of Cluster Representatives on the
Convergence of the K-Modes Type Clustering
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Abstract—As a leading partitional clustering technique, k-modes is one of the most computationally efficient clustering methods for
categorical data. In the k-modes, a cluster is represented by a “mode,” which is composed of the attribute value that occurs most
frequently in each attribute domain of the cluster, whereas, in real applications, using only one attribute value in each attribute to
represent a cluster may not be adequate as it could in turn affect the accuracy of data analysis. To get rid of this deficiency, several
modified clustering algorithms were developed by assigning appropriate weights to several attribute values in each attribute. Although
these modified algorithms are quite effective, their convergence proofs are lacking. In this paper, we analyze their convergence
property and prove that they cannot guarantee to converge under their optimization frameworks unless they degrade to the original
k-modes type algorithms. Furthermore, we propose two different modified algorithms with weighted cluster prototypes to overcome the
shortcomings of these existing algorithms. We rigorously derive updating formulas for the proposed algorithms and prove the
convergence of the proposed algorithms. The experimental studies show that the proposed algorithms are effective and efficient for

large categorical datasets.

Index Terms—Clustering, K-modes type clustering algorithms, categorical data, weighted cluster prototype, convergence

1 INTRODUCTION

CLUSTERING is an unsupervised classification technique
that aims at grouping a set of unlabeled objects into
meaningful clusters so that the objects in the same cluster
have high similarity but are very dissimilar to objects in
other clusters. Many types of clustering techniques have
been studied in the literature (e.g., [1] and references
therein), which has extensive applications in various
domains. Recently, increasing attention has been paid to
clustering categorical data, where records are made up of
nonnumerical data, since this task is of great practical
relevance in several fields ranging from statistics to
psychology [21, [3], [4], [5], [6].

Several algorithms for categorical data have been
reported [7], [8], [9], [10], [11], 12], [13], [14], [15], [16],
[17]. Among them, the k-modes type (nonfuzzy or fuzzy)
clustering algorithms [16], [17], [19] are very popular
techniques for solving categorical data clustering problems
in different application domains, which have removed the
numeric-only limitation of the k-means type algorithms
[18] and enable the k-means clustering process to

e L. Bai is with the School of Computer and Information Technology, Shanxi
University, Taiyuan 030006, Shanxi, China, and the Department of
Systems Engineering and Engineering Management, City University of
Hong Kong. E-mail: sxbailiang@126.com.

e |. Liang and F. Cao are with the School of Computer and Information
Technology, Shanxi University, Taiyuan 030006, Shanxi, China.

E-mail: {ljy, cfyl@sxu.edu.cn.

o C. Dang is with the Department of Systems Engineering and Engineering
Management, City University of Hong Kong, Kowloon, Hong Kong.
E-mail: mecdang@cityu.edu.hk.

Manuscript received 1 Apr. 2011; revised 22 May 2012; accepted 22 Sept.
2012; published online 12 Oct. 2012.

Recommended for acceptance by M. Meila.

For information on obtaining reprints of this article, please send e-mail to:
tpami@computer.org, and reference IEEECS Log Number
TPAMI-2011-04-0194.

Digital Object Identifier no. 10.1109/TPAMI.2012.228.

0162-8828/13/$31.00 © 2013 IEEE

effectively cluster large categorical datasets from real-
world databases.

In the k-modes, the prototype of a cluster is composed of
the attribute value that occurs most frequently in each
attribute domain of the cluster. Although this cluster
representative is simple, using only one attribute value in
each attribute domain to represent a cluster is questionable,
as it often ignores the representability of other attribute
values whose frequencies in the cluster may be close to the
largest one. To get rid of this deficiency, several modified
algorithms were developed in [20], [21], [22], [23], [24], [25],
[26], where a prototype in a cluster is a list of several
categorical values in the attribute with their frequencies in
the cluster as the weights. The higher the weight of a
categorical value in the cluster is, the more representability
the categorical value has in the cluster. Although these
modified algorithms are quite effective in enhancing the
performance of the original k-modes type algorithms, the
convergence proofs of these algorithms are lacking. How-
ever, in real applications, the main concerns for an iterative
algorithm are whether it “stops” (successive iterations
stabilize at an apparent fixed point of the process up to
some margin of error) and, even more importantly, when it
does stop, is the terminal iterate an (at least local) optimal
solution of its objective function? Therefore, we need to
address the following two problems:

1. Can these modified algorithms converge to the local
optimal solutions of their objective functions in a
finite number of iterations?

2. When the convergence of these modified algorithms
cannot be guaranteed, how do we design the
k-modes type algorithms with frequency-based
prototypes which can guarantee the convergence?

On the basis of the above motivations, the major

contributions in this paper are as follows: We first analyze
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the convergence of the existing modified k-modes type
algorithms [20], [21], [22], [23], [24], [25] and prove that the
iterative sequences generated by these algorithms can
converge to the local minimal solutions under their
optimization frameworks only if they degrade to the
original k-modes type algorithms. Furthermore, we propose
two new k-modes type algorithms with frequency-based
cluster prototypes, called MKM_NOF and MKM_NDM,
respectively, which overcome, in different ways, the short-
comings of the existing modified algorithms as follows:

. In the MKM_NOF algorithm, while keeping the
formats of the dissimilarity measures in these
algorithms, we modify their objective functions by
adding the weight entropy term.

2. In the MKM_NDM algorithm, while keeping the
formats of the objective functions in these algo-
rithms, we modify the dissimilarity measures by
adding an uncertainty measure.

These approaches can simultaneously minimize the
within cluster dispersions and use the frequency of each
categorical value in a cluster to reflect the representability of
the categorical value in the cluster. We rigorously derive
updating formulas of the MKM_NOF and MKM_NDM
algorithms, respectively. It is proven that the clustering
process with these updating formulas converges under the
optimization framework. Finally, the experimental studies
on several real datasets from UCI show that the proposed
algorithms are effective and suitable for large categorical
datasets thanks to its linear time complexity with respect to
the number of data objects, attributes, or clusters.

The outline of this paper is as follows: In Section 2, we
review the k-modes type algorithms. In Section 3, we
introduce several modified k-modes type algorithms with
frequency-based prototypes and analyze the reasons of the
non convergence of these algorithms. In Section 4, we
present a new objective function and the MKM_NOF
algorithm. In Section 5, we propose a new dissimilarity
measure and the MKM_NDM algorithm. In Section 6, we
analyze the convergence of the two proposed algorithms.
In Section 7, the experimental analysis is given to illustrate
the convergence, effectiveness, and efficiency of the
proposed algorithms. Finally, a concluding remark is given
in Section 8.

2 THE K-MobpES TYPE ALGORITHMS

Let U = {x1,x%2,...,%,} be a set of n objects, A = {ay,as,

., G, } be a set of m attributes, and D,, be the domain of
attribute a; for 1 < j <m. Here, we only consider two
general data types, numeric and categorical, and assume
other types used in database systems can be mapped to
one of these two types. A numeric domain consists of real
numbers. A domain D, is deflned as categorlcal if it is finite
and unordered, i.e., Dy, = {a/ , 52>,..., a; } where n; is
the number of categorles of attribute a; for 1 < j< < m For
any 1<p<gq<n,j either a(p) a(Q) or a ) £ a . For
1 <i<n, object x; € U is represented as [$11,$L2, ey Tim],
where z;; € D,,, for 1 <j<m. If each attribute in A is
categorical, U is called a categorical dataset.

The k-modes type algorithms use the k-means type

paradigm to cluster categorical datasets. The objective of
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clustering a set of n categorical objects into & clusters is to
find W and Z that minimize [17]

k

Zﬁﬁhmx W

=1

subject to
wy €[0,1,1 <1<k 1<i<n,
k
> wi=11<i<n,
=1 (2)
n
0<Y wi<n1<I<k
i=1
where

e n is the number of objects in U, k(< n) is a known
number of clusters;

e «ac[l,+o0) is the fuzzy index; a =1 gives the
k-modes algorithm;

o W =[wy] is a k-by-n real matrix, w; indicates
whether x; belongs to the /th cluster for the k-modes
algorithm, wy;; = 1 if x; belongs to the /th cluster and
0 otherwise, and for the fuzzy k-modes algorithm,
wy; is the membership degree of x; to the Ilth cluster;

o 7Z={z,29,...,2;} C R, where R=D, x D, X

X D, and z; = [z11, 212, - .., 21mm] is the lth cluster
prototype with categorical attributes ay, as, ..., an;

o d(z,x;) is the simple matching dissimilarity mea-
sure between object x; and the prototype z; of the
lth cluster which is defined as

d(zy,%;) Zé 21, Tij)s (3)
where
1, 2z # x4,
bap) = { g BT 0

Minimization of F in (1) with the constraints in (2) forms
a class of constrained nonlinear optimization problems
whose solutions are unknown. The usual method toward
optimization of F' in (1) is to use partial optimization for Z
and W. In this method, we first fix Z and find necessary
conditions on W to minimize F. Then, we fix W and
minimize F with respect to Z. The above optimization
problem can be solved by iteratively solving the following
two minimization problems:

1. Problem P,. Fix Z = Z, solve the reduced problem
F(W,2Z).

2. Problem P. Fix W = W, solve the reduced problem
F(W,Z).

For the k-modes algorithm (o = 1), Problem P, is solved by

()

b — 1, if d(z,x;) <d(zn,%x;),1 < h <k
YE=0, otherwise,

for 1 <i<mn, 1 <1<k For the fuzzy k-modes algorithm
(a > 1), Problem P, is solved by
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Fig. 1. An example of an attribute distribution in the cluster, where each
bar corresponds to each categorical value.

17 Zf d(ihxi) = 07
if d(zn,x) = 0,h #1,

(a—1)
/Z{ ik ] . if d(znx) #£0,1<h <k,
Z}”X,

(6)

for1<i<n, 1<I[<Ek

Problem P, is solved by
2l = a ) € Du,7 (7)
where
Z wi = max wy, (8)
q=1
T,lfa(r x, €U zi= (q),x,eU

i

for 1 <j<m. Here, D, = {aj1 ,a (/2 7...,a,;"’)}, n; is the

number of categories of attribute a; for 1 < j < m.

This process is formalized in the k-modes type algo-
rithms as follows [17]:

Step 1. Choose an initial point set Z() C R. Determine
W such that F(W, Z(") is minimized. Set ¢ = 1.

Step 2. Determine Z(!*!) such that F(W® Z(+D) is
minimized. If F(W®, z+)) = p(W®, z"), then stop;
otherwise, go to Step 3.

Step 3. Determine W+ such that F(WH), Z(+1) s
minimized. If F(WD, Z+D) = p(W® | Z+D), then stop;
otherwise, set t =t + 1 and go to Step 2.

We remark that Z is determined based on the frequencies
of attribute values in the cluster. The most frequent attribute
value in each attribute domain in a cluster is selected to
represent the cluster, which minimizes the within-cluster
dissimilarity. However, this approach often ignores the
representability of other attribute values whose frequencies

in the cluster may be close to the largest one.
Let us consider the following example to demonstrate

the problem: We suppose that there is a categorical
attribute a; which has four categorical values: “A,” “B,”
“C,” and “D,” and a cluster ¢; which contains 40 “A,”
35 “B,” 20 “C,” and 5 “D” in attribute a;. Fig. 1 shows the
categorical attribute distribution in cluster ¢;. Although “A”
is the most frequent categorical value in cluster ¢, the
frequency of “B” is close to “A” in cluster ¢;. When we select
“A” from the attribute domain to represent cluster ¢;, other
60 percent categorical values will be ignored.
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3 THE CONVERGENCE PROPERTY OF SEVERAL
MobIFIED K-MODES TYPE ALGORITHMS

To get rid of this deficiency, several modified algorithms
were developed in [20], [21], [22], [23], [24], [25] by
assigning appropriate weights to several attribute values
in each attribute. San et al. [20] introduced frequency-based
cluster prototypes to represent clusters, which are applied
to the k-modes clustering algorithm. A prototype in a
cluster is a list of all the categorical values in the attribute
with their frequencies in the cluster as the weights. The
higher the frequency of a categorical value in the cluster is,
the more representability the categorical value has in the
cluster. Kim et al. [21] presented a fuzzy k-modes algorithm
with frequency-based prototypes. He et al. [22] and Ng et al.
[23], [24] used the relative attribute frequencies in a cluster
as weights to reflect the representability of cluster mode in
the cluster and applied them to measure the similarity
between objects and cluster prototypes. This modification
can help the k-modes clustering process to recognize a
cluster with weak intrasimilarity. Lee and Pedrycz in [25]
introduced a generalization of the k-modes type clustering
algorithms with fuzzy p-mode prototypes. The above
modified algorithms can be seen as the special cases of
the generalized k-modes type algorithm.

In the generalized algorithm, a generalization, called
fuzzy p-mode prototype, of frequency-based prototypes is
defined. A cluster prototype at a categorical attribute is
expressed as a list of p categories that have larger
frequencies than others in the cluster.

The definition of the [th cluster prototype z; = [z,
Zjs -« -5 2}y is formalized as
2 =1{(a}", fisg)|a{? € DI 1 < g <y}, (9)

where D((fj“> C D, is a set of py; (1 < pyj < ny) categorical
values of a; that have larger frequencies than others in the
Ith cluster for 1 < j < m.

When given the cluster prototypes Z' = {z!,z,,...,z,},
the dissimilarity measure d'(z}, x;) is defined as follows:

m

d(z,%;) Zé’ 2 i), (10)
where
. (1)
J 1, otherwise.

Here, fj;, is the relative frequency of the categorical value
a;” in the Ith cluster, i.e.,

|cijql
lei|

where |¢;4] = Z:‘:L%:am wi and || = >0 wik.

Based on the p—mocie prototypes instead of the modes
and the dissimilarity measure d' instead of the simple
matching dissimilarity measure d, Lee and Pedrycz pre-
sented a generalization of the k-modes type algorithms.

More precisely, they use the iterative method to minimize

f’jq = (12)
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o~

n

F'(W,Z') :Z

=1 i=1

wid (z},%;), (13)

subject to the same conditions as those in (2).
When p;; = 1 for each attribute a;, 1 < j < m, Z' is equal
to Z of the original k-modes type algorithms and ¢’ becomes

_f. 1F o — o
Sy = {1 T M

, otherwise.

Then, the generalized k-modes type algorithm becomes He
et al. and Ng et al.’s algorithms [22], [23], [24].

When p;; = n; for each attribute a;, 1 < j < m, a proto-
type in a cluster is a list of all the categories in the attribute,
with their frequencies in the cluster as the weights, i.e.,

Zl;_{( ' ’fl/<1) EDavl<q<”J} (15)
and
5/(2';]" zij) = Zfqu 351]
n; (16)
= Z friq =1~ fijr,
=1 #a”

Wherexufa and1 <r#qg<n;forl1 <j<m,1<I<E
1<i<n. In’ this case, the generalized k-modes type
algorithm becomes San et al. and Kim et al.’s algorithms
[20], [21].

To analyze the convergence of these modified algo-
rithms, we rewrite the objective function (13) as

k

V)=Y" zn: wiidy(vi,%;),

=1 i=1

(17)

subject to (2) and

vjg € [0,1,1 <1<k 1<j<m,1<q<n,

n;
0<Y wy<LI<I<k1<j<m,
q=1
: 18
vjg =0, zfa €D, — D(m’>1<q<n], (18)

fl]l]— ma; )flj97 Zfaq)ED(p”) 1<qs<n]7

MED D(mj

where

e py; is the number of elements in D(u]j“)

n; for 1 <j<m.
b V:[V17V27"'7V1€}l

and 1 <p;; <

and v; = [vi11, V2, - - - Ullng s Vi1,
V122, Vg -« o Vil s Vlm2s - - -, Olmm,,| 1S @ list of
weights of all categorical values which is used to
summarize and characterize the Ith cluster. The
larger wvj;, is, the more representability the catego-
rical value a§ has in the [th cluster. Here, v; is seen
as the /th cluster prototype.

e  ds(v,x;) is a dissimilarity measure between object x;
and the prototype v; of the ith cluster which is
defined as

m

Zwaj V],X7

(19)

V]7X7
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where

Yo, (Vi, X)) =1 — v;,«,zfa:1_a()1<r<n 20
’ j j e

Similarly to solving (1), the optimization problem needs
to be solved by iteratively solving the following two
minimization problems:

1. Problem P,. Fix V =V, solve the reduced problem
Fy(W, V).

2. Problem P,. Fix W = W, solve the reduced problem
Fy(W, V).

When a =1, Problem P, is solved in [20] by

17 Zf df(‘/\,laxi) < df(‘/\fh7xi)7 1 < h < k7

Wi = {0, otherwise, (21)

for 1 <i<mn,1<I1<k When a > 1, Problem P; is solved
in [21] by

1

Wi = a 1)’ (22)
dy(v
b [fes]
for1<:<n, 1<I[<k
Problem P, is solved in [20], [21] b
(1) Pz
0, otheTwzse

for 1 <1<k 1<j<m,1<qg<n;
Theorem 1. Let W = W be fixed. F;(W,V) is minimized iff

nj
_ la flj'r :maxfqua

Vijr = ¢=1
0, otherwise,

for1<i<k 1<j<m,1<r<mn,;
Proof. Let

(24)

n
Ui = Z wiitha, (Vi, %),
=1

for1 <i<kand 1< j<m. Then,

k k n m

E ’whqyba Vi, X7

=1 =1 i=1 j=1

o~

m n m

k
whzﬁ,,j Vi, X;) E 14

=1 j=1 i=1 =1 j=1

For1 <l<kand 1 <j<m,each,;is nonnegative and
independent. Thus, minimizing the objective function is
equivalent to minimizing each ¥; ;. Note that

n; n

1917]' = ngwa‘, (Vlaxi) = Z Z wg"ﬁaj (Vlaxi)
=1

a=1 ;= 1,2; 701(:1)

n; n n;

Z wl,w]q |ei| = |Cl|zvqufqu'
q=1
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When W is given, |¢]| is fixed. It is clear that ©J;; is
minimized iff Y77, vy fij, is maximal for 1 < ¢ <nj.
Because of
n;j
0< Zvqu <1 and v, =0,

=1
if a

we know that

e D, \D<p’J 1<q<nj,

nj

E Vijqfijq =
g=1

7lj
E vijs fijs < max fiiq-
pa

( eD“”

Therefore,

nj
1 i = Max fi;
v = ) fle‘ =1 fquv
0,

maximizes Y7, vyjy fijy for 1 <1<k, 1<j<m, 1<r<
n;j. The result follows. a

otherwise,

According to Theorem 1, we can see that while solving
Problem 2 for each attribute, only one categorical value with
the relatively maximum frequency has the representability
in the cluster. This means that Theorem 1 is equivalent to
the updating formula for cluster prototypes in the original
k-modes type algorithms. While Theorem 1 is used to
compute V, the distance function d; also becomes the
simple matching dissimilarity measure, i.e.,

1, x5 = al?
Ya, (vi,x;) = N g’l)
07 Tij = aj

and v = 0, (25)
and v = 1.

The analysis tells us that the cluster process can converge to
a local minimal solution under the optimization framework
only if the modified algorithms are degenerate to the
original k-modes type algorithms.

To overcome the deficiencies of these existing modified
algorithms, in the next sections we will propose two new
modified k-modes type clustering algorithms, called
MKM_NOF and MKM_NDM, respectively. They will apply
different techniques to simultaneously guarantee the con-
vergence of the clustering process and implement the
representation of a cluster by using several categorical
values in each attribute with appropriate weights.

4 THE MKM_NOF ALGORITHM

To avoid the problem of identifying clusters by a single
categorical value from each attribute, a weight entropy term
is added to the objective function (17). This term is inspired
by the principle of maximum entropy, which provides an
unbiased probability assignment for ill-defined problems
on the basis of the given information. The principle was first
expounded by Jaynes [27] in 1957 and currently has been
applied to fuzzy clustering and subspace clustering [28],
[29]. Here, we will use the weight entropy term to help us
simultaneously minimize the within-cluster dispersion and
stimulate more categorical values from each attribute to
contribute to the identification of clusters.

1513

The new objective function and optimization problem
can be written as follows:

k n m N
ZZ |:wl7df Vi, X +’)/ZZ’U1NIOg’U1N:|,

=1 i=1 7=1 ¢=1
(26)
subject to the same conditions as in those in (2) and
vque [071]71 §l§k71§3§m71§(I§n;,
- (27)

Sy =11<1<k1<j<m.
q=1

In the objective function, the first term is the sum of the
within-cluster dispersions that we want to minimize and
the second term is the negative weight entropy that we
want to maximize. Due to the second term, a cluster will be
represented by several categorical values with nonzero
weights in an attribute instead of one, which makes a
significant difference between the proposed approach and
the existing ones. For any attribute a; (1 < j < m), when
vyj¢ is close to one for some ¢* and vy, is close to zero for all
q # ¢*, the value of negative entropy — ZZLI vgjq log vy 1s
close to zero. In this case, the ith cluster will certainly be
represented by the single ¢*th categorical value of a;, and
the corresponding entropy value is small. However, when
some of vy, are about the same and greater than zero and
the others are close to zero, the negative entropy will
become more positive, i.e.,, much larger than zero. In this
situation, the lth cluster will be represented by several
categorical values of a;. Therefore, with the weight entropy
term, the clustering process attempts to simultaneously
minimize the within-cluster dispersions and maximize the
negative weight entropy, which can stimulate more
categorical values to contribute to the description of
clusters. In the minimization process of (26), the value of
parameter 7 determines which term will play a more
important role. The larger the value of v is, the more
the second term contributes in the optimization process and
the “smoother” or fuzzier the resulting V' are. However, the
value of 7 should not be too large. The reason is that when
is very large for each cluster, v, is close to 1/n;, which
makes the descriptions of all the clusters become identical.

Similarly to solving (17), we minimize (26) by iteratively
solving Problems 1 and 2. When V is fixed, W is updated by
(21) and (22). Now, the key issue is to rigorously derive the
updating formula of V' for solving Problem 2 when W is
fixed. Theorem 2 below presents the updating formula of V.

Theorem 2. Let W = W be fixed. F,(W,V) is minimized iff

expc‘lﬂ‘)
an L exp(‘%q‘>

—

for1<i<k 1<j<m,1<r<n,;
Proof. Let

Vijr = (28)

5

Rlj = thwa, VZ:XL +7 § 'Ul]ql()gvl]q:

=1 q=1
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for1 <i<kand 1< j<m. Then,

Zk: g

=117

Il
—

VLj
[whd/ v, X;) + 72 va logvqu]

Jj=1 ¢=1

S

I

Il
—
Il

|:wlzwaj (Vh Xl + Y Z Ul/q 10g vl/q:|

i=1 j=1 =1

.

S

-

[wh Y, (v, i) + Z Vljq log vqu]

i=1 q=1

3

M,? I M,r
—
~
I
_
.

&

T
L

1 j=

For1 <l <kand 1 < j<m,each x;; is nonnegative and
independent. Thus, minimizing the objective function is
equivalent to minimizing each x; ;. Note that

g

Rij = Zwlﬂ/)a} Vth + VZUl]q IOgUIjq

n;
= E E wlﬂ/)uj Vi, X;) + 1y § Uljq log Uljq
g=1 =1, T[/—(Jj
n; n;
= Z Z wlz — ujg) + Z vijq log vyjq
i=1 Lufu q=1

nj

= |al - Z Z WiVl + ’YZUIM log vijq

q=1;_ 1T,J7(I(

nj

= lal - Z |cLjglvijq + 'YZ Vljq 108 Vijq,

where |¢| and |cjy| (1 < ¢ < nj) are constants for fixed
W. This means that minimizing &;; is equivalent to
minimizing

nj nj

= leyglvig + 7Y vigg log vijy-
q=1 q=1

(29)

Since k;; is a strictly convex function, the well-known
K-K-T necessary optimization condition is also sufficient.
Therefore, ¥;; is an optimal solution if and only if there
exists A together with ¥;; satisfying the following system
of equations:

vv,lﬁl,]'(vlj, )\) = 07

nj ( 30)

Z Vijqg = 1a

q=1
where Vi = {'Uljlv Vij2y - - 7Uljnj} and

nj nj

Z |cjqlvijg + Z vjq log vy
7Lj
+ A Z Vg — 1 |-
q=1

K'l] Vlj7
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We have
ORj(Vij, A
9y (vij, ) = —|eir| + (1 +logu) + A1 < g<mnj. (32)
avgj,v
From (30) and (32), we obtain the optimal solution
()
Yljr = T |ctiq]
Srew ()
This completes the proof. O

Due to |cijr| = fijr|ai], vijr is proportional to f;;.. Therefore,
the larger fi;,, the larger v;;,, the more representability the
categorical value ajq> has in the ith cluster.

Let us consider the example in Section 2 again. Without
loss of generality, assume v = 10. According to (28), we
can compute the representability of the categorical values
“A,” “B,” “C,” and “D” in the cluster ¢; as follows: v;;; =
0.5643, vyjo = 0.3423, vyj3 = 0.0764, and vy, = 0.0170. We see
that the proposed representation method can sufficiently
reflect the representability of all the categorical values in
the cluster compared to the original k-modes type algo-
rithms. And the larger the frequency of a categorical value
in ¢ is, the higher its representability of ¢ is.

Based on Theorem 2, an algorithm is proposed to
minimize (26), which is as follows:

Algorithm-MKM_NOF

Input: The number of clusters k and the parameters a and
. Randomly choose a set of k objects X = {x;,xs,..., Xz} C
U to initialize VY, i.e., set v, = 1 if z;; = a( 0therw1se
vl]-q:O,forlglgkz,lglygmandlgqgnj

REPEAT

Update the partition matrix W by (21) or (22);

Update the weights of cluster prototypes V' by Theorem 2;

UNTIL the value of the objective function F, does not

change.

If the clustering process needs ¢ iterations to converge, the
total computational complexity of the MKM_NOF algo-
rithm is O(mnkt) which is as much as the original k-modes
type algorithms (O(mnkt)). This shows that the computa-
tional complexity increases linearly as either the number of
objects, attributes or clusters increases. As for the storage,
we need O(mn + nk + 237", njk) space to hold the set of n
objects, the partition matrix W, the cluster prototypes V,
and the frequencies of all the categorical values in each
cluster. The storage space is very close to that of the original
k-modes type algorithms. (O(mn + nk +mk + 31" | n;k)).

5 THE MKM_NDM ALGORITHM

In this section, we introduce a new dissimilarity measure
into the objective function (17). More precisely, we will
minimize

k

§ § wll n VlaXz

1=

F,(W,V) (33)

subject to the same conditions as those in (2) and (27), where
the dissimilarity measure d,(v;,x;) is defined as follows:
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Z ¢(LJ VI7 XL

n Vl ) Xz (34)
with

nj

g Uqu, zfxl]fa ,1<r<n]
q=1,q#r

¢a] (Vl,Xi) = (1 - Ulj'!

(35)

According to (35), ¢y, (v1,x;) depends on two factors, i.e.,
vy and Z”’ 1ghr v}, The first factor vy, is the represent-
ability of agr in the ith cluster. The larger vy is, the more
representablhty am has in the ith cluster, the smaller the
dissimilarity between vl and x; in the attribute a;. When
the representability of a ) is one, ¢4, (vy,X;) = 0 and thus the
corresponding functlon value is the same as that in the
simple matching dissimilarity measure d in the original
k-modes type algorithms. The second factor ZZJ Lar %Jq is
an uncertainty measure on the representability of other
categories of a; in the Ith cluster. Since Z;”;Lq 4 v, s a
strictly convex function, the K-K-T necessary optimality
condition is also sufficient. Thus, vj; = {v4|l <q<n;,q#
7} 1s an optimal solution of min Y/" V7, subject to

q:l vjg— 1+ v =0 if and only if there is some A
together with vj; satisfying the following system of
equations:

V%@(V;j, )‘) =0,
(36)

1—- § Vijq = Uljr,
q=1

where
@(V;j, A) = Z Uqu + A(Z vg — 1+ Uljr). (37)
q=1,g#r q=1
Note that
0P (Vi A
Mszl/q—&—/\,lgqgn;,q#r. (38)
duijq ’ ’
From (36) and (38), we obtain that
N 1- Uljr
Vg = — 1 <qg<njqg#r. (39)
j

The above analysis shows that, when v, 1 < g <nj;, g#r,
are equal, Z:’:l b v}, achieves its minimum value given by

(- Uljr)Q
n;—1
We also know that
n; n; 2
> U< < > ”l.m> = (1= )"
q=1,q#r q=1,q#r

. . L U 2
Hence, if only one of v, 1 < ¢ < nj, is nonzero, 3 ", . vj;,
achieves its maximum value given by

(1- Ulj’r‘)Q-
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The value of ZZ]:l o Uy reﬂecjcs an uncertai(lr;)ty degree on
the representability of categorical values a;” (1 <¢<mn,,
q < r) in the lth cluster. The larger Z;;l o v}, is, the smaller
the uncertainty degree is, the larger the dissimilarity

between v; and x; in the attribute a; is.

Property 1 (Maximum). The maximum value of ¢q,(vi, ;) is 2.
This value is achieved onl zf there exists some q < n; such
that v, = 1 and z;; # a

Property 2 (Minimum). The minimum value of ¢q, (v, ;) is 0.
This value is achieved only if x;; = a(q for some q and vy = 1.

Property 3. ¢, (vi,xi) = 2tq,(Vi,Xi) + 200, v, —
Ya;(V1,X;) can be found in Section 3.

1, where

Similarly to the way for solving (17), we will minimize
(33) by iteratively solving Problems 1 and 2.
When a =1, Problem P, is solved by

R {1,
wy; = 0

forl1 <i<n,1<1<k Whena > 1,Problem P, is solved by

Zf dn({’hxi) < dn({’hvxi)vl < h < /C,

otherwise, (40)

1
nlea
Zh 1| dn(Vrxi)
for1<:<n, 1<I[<k

Theorem 3 below rigorously shows the updating formula
of V' to solve Problem 2 when W is fixed.

Theorem 3. Let W = W be fixed. F,(W,V) is minimized iff

wy = (41)

}1/@ )

Vijr = f Ljrs (42)

for1<i<k 1<ij<m, 1<r<n;
Proof. Let

n
gl,j - Z wﬁqsuj' (Vh Xi)7
i=1

for1 <l<kand1<j<m. Then,

k n k
§ E wh n Vlvxt = §

—1 =1 =1 i=1 j=

n m

W?Z(,baj (Vh Xi)

For1 <! <kand 1 < j<m,each 6, is nonnegative and
independent. Thus, minimizing the objective function is
equivalent to minimizing each 6; ;. Note that

n
05 = Z Wi, (Vi, Xi)

nj

—Z S il (vix)
i=1,2;; —am
2
:Z |etjql (1 = vijg)” + (lea] = |eujgl)vif,]

n;

= (‘cl |Uqu
q=1

2|cqu\vqu) + les
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where |¢| and || (1 < g < nj) are constants for fixed
W. This means that minimizing 6;; is equivalent to
minimizing

nj

Z (‘Clh’i‘q - 2|cqu\vqu).

g=1

(43)

Since 6;; is a strictly convex function, the well-known
K-K-T necessary optimization condition is also sufficient.
Therefore, ¥;; is an optimal solution if and only if there
exists \ together with ¥;; satisfying the following system
of equations:

vVuélJ(Vlh /\) =0,

(44)
>t =1,
q=1
where vi; = {vij1, vijo, . . ., Vijn, } and
5 nj ]
05 (vij; ) = (lealvpy, — 2leijqlvq) + /\( > v - 1)- (45)
q=1 q=1
We have
00, (vii, A
g, 2) _ 2ler| = 2l lvgr + A1 < g < nj. (46)
gy
From (44) and (46), we obtain the optimal solution
~ ‘cljr|
V1 =
Ljr ‘Cl|
This completes the proof. 0

Here, the relative frequency of each categorical value in a
cluster is used to reflect its representability in the cluster. It
is obvious that the larger the frequency of a categorical
value in a cluster is, the larger its representability in the
cluster is. Let us consider the example in Section 2 again.
According to (42), we can compute the representability of
the categorical values “A,” “B,” “C,” and “D” in cluster ¢; as
follows: Vi1 = 04, Vij2 = 035, Vi3 = 0.2, and Vija = 0.05.

Based on Theorem 3, an algorithm is proposed to
minimize (33), which is as follows:

Algorithm-MKM_NDM

Input: The number of clusters k and the parameter «;
Randomly choose a set of k objects X = {x1,Xa,...,x;} CU
to initialize VU, ie., set v, =1 if z; = ajq , otherwise,
v =0,for 1 <I<k 1<j<mand1<q<n;

REPEAT

Update the partition matrix W by (40) or (41);

Update the weights of cluster prototypes V by Theorem 3;

UNTIL the value of the objective function F), does not
change.

The total time and space complexities of the MKM_NDM
algorithm are as much as the MKM_NOF algorithm.

6 CONVERGENCE ANALYSIS

When o =1, the convergence of the MKM_NOF and
MKM_NDM algorithms can be obtained as in Theorems 4
and 5 below.
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Theorem 4. When o = 1, the MKM_NOF algorithm converges
to a local minimal solution in a finite number of iterations.

Proof. We first note that there are only a finite number of
possible partitions V. We then show that each possible
partition W appears at most once by the algorithm.
Assume that W) = W) where t; # t,. We note that,
given W, we can compute the minimizer V) according
to Theorem 2. For W and W®), we have the
minimizers V(") and V%), respectively. It is clear that
V) = y(t2) gince W) = W), Therefore, we obtain

F (Wt vy = F(w®) vy = F (wi) yi),

However, the sequence F.(-,-) generated by the
MKM_NOF algorithm is strictly decreasing. Hence, the
result follows. o

Theorem 5. When o = 1, the MKM_NDM algorithm converges
to a local minimal solution in a finite number of iterations.

Proof. Similar to Theorem 4. O

Next, we will analyze the convergence of the MKM_NOF
and MKM_NDM algorithms when « > 1. For convenience,
we define:

k
My, = {W e Ry, € {0,1} and Zw” = l,Vl,z}‘

=1
o My, ={We R - wy; satisfies (2),V1,4}.

Hhv =

{V S Rks - Vljq € {07 1} and Zvqu = LWJJJ}v
=1

q=

where s = 377" n;.
o H;={Ve R - vljq satis fies (27),V1, j, q}.
o G :Hp— Mpy, Ga(V) =W = [wy], where the en-
tries of W are calculated via (22).
o Guo: My, — Hyp,, Geo(W)=V =]v;], where the
entries of V are calculated via Theorem 2.
[} JC : (Mwava)_’ (Mwava)/ JCZGCQOGCL
o G, :Hp — My, Gu(V)=W =[w;], where the
entries of W are calculated via (41).
o Gn: My, — Hpy, Gpa(W) =V =u,], where the
entries of V are calculated via Theorem 3.
[ ) J,L : (Mfw X va) e (]wa X va), Jn = G,LQ o Gnl'
Similar to the approach by which Bezdek analyzed the
convergence of the fuzzy k-means algorithm [30], [31], our
strategy will be to apply Zangwill’s theorem [32] to discuss
the convergence of the MKM_NOF and MKM_NDM

algorithms (o > 1).

Theorem 6 [32]. Let f: Dy CIR™ - R: S={2*€D;:
flz*) < f(y)Vy € B°(z*,r)} , where B(z*,r) = {y € R™
lz* —yll <r,| - || any norm on IR™}, A: Dy — Dy be an
iterative algorithm, w41 = A(zy), and g be attached to
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sequences of iterates generated by A to monitor the progress of
A in seeking a solution x* € S. If the following conditions
hold, g is a descent function for {A,S}, A is continuous on
D¢\S, and the iterate sequences {A(xy) : k=1,2,...;2;1 €
Dy} C K are contained in a compact set K C Dy for arbitrary
x1 € Dy, then for each iterative sequence {x;} generated by A,
we have either {x;} terminates at a solution z* € S or 3 a
subsequence {xy,} C {x}} so that {x},} — x* € S.

Theorem 6 and its generalizations can be used to obtain
convergence proofs for almost all of the classical iterative
optimization algorithms, e.g., steepest descent, Newton’s
method, etc., by using this approach as an alternative to
more conventional arguments.

According to Theorems 2 and 3, we know the sequences
F.(-,-) and F,(-,-) generated by the MKM_NOF and
MKM_NDM algorithms, respectively, are strictly decreas-
ing. This indicates the MKM_NOF and MKM_NDM
algorithms satisfy the first requirement of Theorem 6.

The second requirement of Theorem 6 is that algorithms
J. and J, be continuous on the domains of F.\ S and
F, \ S, respectively. J. and J, are in fact continuous on all
of My, x Hy,, as we show in the following.

Theorem 7. J, is continuous on (Mp, x Hy,).

Proof. Since J. = G2 0 G.1, and the composition of the
continuous functions is again continuous, it suffices to
show that G.; and G, are each continuous. To see that
G.1 is continuous in the (kn) variables {wy; }, note that G4
is a vector field, with the resolution by (ks) scalar field
where s =3, nj, say

G = [G(ill) G(112 G(llﬂ o G(];mn'”)} - IRF s RKs

where G, er) :IR"™ — IR is defined via Theorem 2 as

exp (l(]ﬂ‘)

Z”J | exp (‘(’l/q‘)

Now, {w;; — wi} is continuous, {|c;;| — exp(|eirl/7)}
is continuous, and the sum of continuous functions is
continuous; thus, G\"(WW) is the quotient of two
continuous scalar fields forall 1 <<k, 1<j<m, 1<
r <n;. In view of constramt (6) the denominator of
GEIIJT)(W) never vanishes, so G >(W) is also continuous
Vi, j,r. Therefore, G. is contlnuous on their entire
domains. Next, we show that G.» is a continuous
function of the (ks) variables {vy,}. Geo is a vector field
with the resolution by (kn) scalar fields:

Gf(,lljr> (W) = = vlﬂ'? Vl7 j7 r.

a1

€2 1t

Gy = [G(H) G(12)

(kn ks kn
a g G RE R,

:IR* — TR is defined via (18) as

z;) Z dy(vi,xi) Y(e=1)

ds(Vi,X;) '
According to (19), we know that {v; — d;(v;,x;)} is
continuous. Since the sum of continuous functions is

continuous, ngi)(V) is the quotient of two continuous
scalar fields for all 1 <1<k,1 <4 <n. In view of our

where G (612‘)

1517

TABLE 1
The Five Datasets from UCI
Data set Objects  Attributes  Clusters
Soybean 47 35 4
Heart disease 303 8 2
Breast cancer 699 9 2
Mushroom 8124 22 2
Connect-4 67557 45 3

general hypothesis that d(v;,x;) > 0 VL, 3, Gg) is con-
tinuous for all /,i. Therefore, G.» is continuous on their
entire domains. Thus, J = G o G, is continuous on
(]wa X va). O

Theorem 8. J, is continuous on (Mp, x Hy,).

Proof. Similar to Theorem 7. O

The final condition needed for Theorem 6 is compactness
of (My, x Hy,), which contains all of the possible iterate
sequences generated by J. and J,.

Theorem 9. My, x Hy, is a compact set.

Proof. Since Hjy, is the k-fold Cartesian product of the
convex hull of Hj, and Hj, is a finite set, Hy, is closed
and bound in IR**. Therefore, H v is compact. Similarly,
since My, is the k-fold Cartesian product of the convex
hull of My, and My, is a finite set, My, is closed and
bound in IR*". Therefore, M 1w is compact. Thus, My, x
Hy, is compact. 0

We now assemble the hypotheses and results of the
above theorems into a formal statement for convergence of
the MKM_NOF and MKM_NDM algorithms.

Theorem 10. The MKM_NOF algorithm (o> 1) either
terminates at a point (W*,V*) in the solution set Q or a
subsequence exists convergent to a point in € where

Q={(W*",V*) € My, x Hp|Fo (W, V*)
< F(W,V*) and F,(W*, V)
< F,(W*,V) forall V e Hy,}.

Theorem 11. The MKM_NDM algorithm (a > 1) either
terminates at a point (W*,V*) in the solution set Q or a
subsequence exists convergent to a point in §) where

Q= {(W*,V*) S Mfw X va|F,L(W*,V*)
< F,,(W V*) and F,(W*, V")
< F,(W*, V) forall V € Hy,}.

7 EXPERIMENTAL RESULTS

The main aim of this section is to illustrate the convergence
results and evaluate the clustering performance and
efficiency of the MKM_NOF and MKM_NDM algorithms.
We used five datasets obtained from the UCI Machine
Learning Repository [33] to test the proposed algorithms.
These datasets are shown in Table 1.
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Fig. 2. (a) The objective function values F’ against the iterations with different initial guesses when p;; =1for1 <l <k, 1<j<m,and a = 1. (b)
The objective function values F’ against the iterations with different initial guesses when p; =1 for 1 <1<k, 1 <j<m, and a =1.5. (c) The
objective function values F’ against the iterations with different initial guesses when p;; = n;for 1 <1<k, 1 < j <m, and a = 1. (d) The objective
function values F’ against the iterations with different initial guesses when p;; =n; for1 <1<k, 1< j<m, and a = 1.5.

7.1 Convergence Results

For the existing modified k-modes [20], [21], [22], [23], [24],
MKM_NOF and MKM_NDM algorithms, we tested the
convergence of their hard and fuzzy clustering processes,
ie, a =1 and o = 1.5, respectively. In the testing proce-
dure, we carried out 100 runs of these algorithms on the
breast cancer dataset, respectively. In each run, different
initial cluster prototypes were used in these algorithms. The
convergence behaviors are shown in Figs. 2 and 3. In each
subfigure, we show the 100 curves, where each curve refers
to the objective function values with the iterations of an
algorithm in each run.

Fig. 2 shows the convergence behaviors of the objective
function F’ with random initializations and different
parameters. When the parameters p; =1 for 1 <1<k,
1<j<m, and o =1, the objective function F’ represents
the algorithm proposed by He and Ng et al. [22], [23].
When the parameters p;; =1 for 1 <1<k, 1 <j<m, and
a > 1, the objective function F” represents the algorithm
proposed by Ng et al. [24]. When the parameters p;; = n;
for 1 <<k 1<j<m, and a =1, the objective function
F' represents the algorithm proposed by San et al. [20].
When the parameters p;; = n; for 1 <1<k, 1 < j<m, and
a > 1, the objective function F” represents the algorithm
proposed by Kim et al. [21]. According to Fig. 2, we see
that some of the sequences of the objective function values
generated by these algorithms are not decreasing in
iterative processes. This indicates that they cannot guar-
antee to obtain the local minimum solutions of their
objective functions in the clustering processes.

Fig. 3 illustrates the convergence behaviors of the
MKM_NOF and MKM_NDM algorithms on the breast

cancer dataset. It is clear from Fig. 3 that the objective
function values are decreasing in each curve. We also see in
these subfigures that the MKM_NOF and MKM_NDM
algorithms stop after a finite number of iterations, i.e., the
objective function values do not decrease any more. This is
exactly the results we showed in Section 6. Therefore, the
MKM_NOF and MKM_NDM algorithms can be used safely.

7.2 Performance Results

To evaluate the performance of clustering algorithms, we
considered three widely used evaluation methods.

The category utility (CU) function: The category utility
function [35] is an internal criterion which attempts to
maximize both the probability that two data objects in
the same cluster obtain the same attribute values and the
probability that data points from different clusters have
different attributes. CU is defined as follows:

> [Plaflar - Py,

where

~ xilwy = 0 xi € @l

 P(al?)

_ il = o x; € U}

n

|ci]

and ¢ is a set of objects in the [th cluster.

The adjusted rand index: The adjusted rand index is an
external criterion which attempts to measure the similarity
between two partitions of objects in the same dataset.
Given a set U of n data objects and two groupings (e.g.,

E R S R R T
Iteration

s s
Iteration

(@) (b)

I R
Iteration Iteration

(©) (d)

Fig. 3. (a) The objective function values F, against the iterations with different initial guesses when « = 1. (b) The objective function values F, against
the iterations with different initial guesses when « = 1.5. (c) The objective function values F;, against the iterations with different initial guesses when
a = 1. (d) The objective function values F;, against the iterations with different initial guesses when a = 1.5.
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TABLE 2
Notation for the Contingency Table
for Comparing Two Partitions

C\P Pl P2 Py Sums
1 nip N ny by
&3 nmy nyp oy by
Ck nkl R e by

Sums dy d> dk/

clusterings) of these objects, namely, C = {ci,co,..., ¢}
and P = {p1,p,...,pr}, the overlappings between C and
P can be summarized in a contingency table where n;;
denotes the number of common objects of groups ¢; and

pi;t nij = |ci N pyj|l. The adjusted rand index is defined as
AdjustedIndex = Mi’;?;;gﬁ*ﬁ;ifgi Zﬁzm, more specifically,
ARI — Zq(néj)_[27(%)21((3)]/(;)
5[50 (5) + 525 (9)] = [ (5) 2 (9)1/(5)

where n;j,b;,d; are values from the contingency table
(Table 2). Since these given datasets contain the clustering
label on each data object, we will evaluate the clustering
results by using ARI to compare them with the original
clustering labels. If the clustering result is close to the true
class distribution, then the value of ARI is high.

The set matching technique: This category of methods is
based on measuring the shared set cardinality between two
clusterings. Similar to the adjusted rand index, the set
matching technique is also an external criterion in which
external information-class labels need be used. It computes
the best matches between clusters (in terms of shared
points) from each of the two clusterings and returns a value
equal to the total number of points shared between pairs of
matched clusters. The simplest form of the set matching
technique is called the set matching accuracy (AC) [37],
which is defined as

ACZ

where n;;, k, k' are values from Table 2. If the clustering
result is close to the true class distribution, then the value of
AC is high.

Based on the above evaluation measures, we compared
the proposed algorithms with the existing k-modes type

max] 1”1;
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algorithms [16], [19], [20], [21], [22], [23], [24], [25] on four
real datasets: the soybean data, the heart disease data, the
breast cancer data, and the mushroom data, respectively. To
ensure that the comparisons were in a uniform environ-
mental condition, we first set the number of clusters is equal
to the “true” number of classes for each of the given
datasets. Next, due to the fact that the performance of these
algorithms depends on initial cluster centers, we randomly
selected 100 initial cluster prototypes for each of the given
datasets. Furthermore, we selected 10 values of o that were
from 1 to 1.9 with step length of 0.1. For each value of o, we
carried out 100 runs of each algorithm on each dataset and
computed the average values of its 100 clustering results for
ARI, CU, and AC. When « > 1, these algorithms produced
a fuzzy partition matrix W. We obtained the cluster
memberships from W as follows. The object x; was assigned
to the lth cluster if w;; = max;<p<jwy,. If the maximum was
not unique, then x; was assigned to the cluster of first
achieving the maximum. Since the convergence of these
existing k-modes type algorithms cannot be guaranteed, we
set the maximum number of their iterations in each run as
30. For the MKM_NOF algorithm, we set v = 0.03 * n in the
experimental analysis (we tried several values of v and
found that the value of v/n in the interval [0.01,0.05] can
provide the better clustering results on most real datasets),
where n is the number of objects.

Figs. 4, 5, 6, and 7 show the comparison results of the
these algorithms with different o values. In these figures,
“Original KM,” “MKM_1,” and “MKM_1" stand for the
original k-modes type algorithm, the generalized k-modes
type algorithm with pj; =1 for 1<i<k and 1<j<m
(nbsp;equivalent to He et al. and Ng et al.’s algorithms) and
the generalized k-modes type algorithm with p; = n; for
1<l<kand1<j<m (equivalent to San et al. and Kim
et al.’s algorithms), respectively.

According to Figs. 4, 5, 6, and 7, we see that MKM_NOF
and MKM_NDM algorithms can effectively enhance the
performance of the original k-modes type algorithms and are
superior to the MKM_1 algorithm for ARI, CU, and AC.
Moreover, we also see that the performance of the
MKM_NDM algorithm is slightly better than the MKM_2
algorithm. Compared to the MKM_NDM algorithm, the
clustering results of the MKM_NOF algorithm are sensitive
to the change of « values. This indicates that the MKM_NDM
algorithm has much better robustness than the MKM_NOF
algorithm. We found that the performance of the MKM_NOF
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‘ BB 2 sl SR Rl - B SEEIEK .
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— ™ ' pe 45 “o. . * 3 3 - . .. .
3 v - .
2““- ... Tk = --.-\;8‘--.-‘.. - = o8 '--.‘-‘...“.;(‘-‘..‘- .-
g o . . g - * 3§ o7 B
209 L S = : S *
_||'-@ Original KM % asf| @ Original KM ™ 0711 -@= Original KM \
g e * it o
041 ¢ MKM_NOF ‘% *ll % MKM_NOF H - osl| ¥ MKM_NOF B \*‘_—
¢ MKM_NDM e e MKM_NDM L L I - MKM_NDM e ]
p 0

11 12 13 14 15 18 17 18 19 1

oo

(a)

12 13 14 15 16 17 18 19
oo

(b)

T 11 12 13

(©)

Fig. 4. (a) Means of ARI with respect to different values of a on the soybean data. (b) Means of CU with respect to different values of o on the
soybean data. (c) Means of AC with respect to different values of a on the soybean data.
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Fig. 5. (a) Means of ARI with respect to different values of « on the heart disease data. (b) Means of CU with respect to different values of « on the
heart disease data. (c) Means of AC with respect to different values of « on the heart disease data.
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Fig. 6. (a) Means of ARI with respect to different values of « on the breast cancer data. (b) Means of CU with respect to different values of « on the
breast cancer data. (c) Means of AC with respect to different values of o on the breast cancer data.
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Fig. 7. (a) Means of ARI with respect to different values of o on the mushroom data. (b) Means of CU with respect to different values of « on the
mushroom data. (c) Means of AC with respect to different values of o on the mushroom data.

algorithm with the « value in the interval [1,1.5) is close to
that of the MKM_NDM and MKM_2 algorithms.

Therefore, the above experimental results tell us that the
proposed algorithms can not only guarantee to be con-
vergent but can also obtain the better clustering results.

7.3 Scalability Results

In the scalability analysis, we tested the original k-modes
type algorithm, the MKM_NOF algorithm, and the
MKM_NDM algorithm on the connect-4 dataset from UCI
[33]. The computational results were performed by using a
machine with an Intel Q9400 and 2 G RAM. The computa-
tional times of algorithms were plotted with respect to the
number of objects, attributes, and clusters, while the other
corresponding parameters were fixed. All of the experi-
ments were repeated five times and the average computa-
tional times were depicted. For each of the three algorithms,
we tested the computational times of the hard and fuzzy
clustering processes, i.e.,, a = 1 and a = 1.5, respectively.

Figs. 8a and 9a show the computational times against the
number of objects while the number of attributes is 42 and
the number of clusters is 3. Figs. 8b and 9b show the
computational times against the number of attributes while
the number of clusters is 3 and the number of objects is
680,000. Figs. 8c and 9c show the computational times
against the number of clusters while the number of
attributes is 42 and the number of objects is 680,000.
According to the figures, we see that all three algorithms are
scalable, i.e., the computational times increase linearly with
respect to either the number of objects, attributes, or
clusters. The MKM_NOF and MKM_NDM algorithms
require more computational times than the original k-mode
type algorithms. It is an expected outcome since the
proposed algorithms require some additional arithmetic
operations for the weight calculation of cluster prototypes
and iterations for searching a local minimal solution
compared to the original k-mode type algorithms. How-
ever, according to the tests, the MKM_NOF and
MKM_NDM algorithms are still scalable, i.e., they can
cluster categorical objects efficiently. In addition, we also
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Fig. 8. The runtimes of three algorithms on the connect-4 data with « = 1. (a) Computational times for different numbers of objects. (b)
Computational times for different numbers of attributes. (c) Computational times for different numbers of clusters.
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Fig. 9. The runtimes of three algorithms on the connect-4 data with o = 1.5. (a) Computational times for different numbers of objects. (b)
Computational times for different numbers of attributes. (c) Computational times for different numbers of clusters.

see that the computational times of the MKM_NOF
algorithm are more than the MKM_NDM algorithm
because the MKM_NOF algorithm requires more iterations
than the MKM_NDM algorithm in clustering process.

8 CONCLUSION

In this paper, we have analyzed the convergence of several
modified k-modes algorithms using the frequency-based
cluster prototypes. It is proven that these modified
algorithms cannot converge to the local minimum solutions
of their objective functions unless they degrade to the
original k-modes type algorithms. To remedy this short-
coming, we have proposed two new modified algorithms,
called MKM_NOF and MKM_NDM, respectively, which
apply different techniques to represent a cluster by
weighted cluster prototypes. We rigorously derive the
updating formulas of the two algorithms and prove their
convergence under their optimization frameworks. Experi-
mental results have shown that the MKM_NOF and
MKM_NDM algorithms are efficient and effective in
clustering categorical datasets.
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