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In this paper, a nonlinear competitive system with two parameters is considered. By
constructing a curve D, we divide the parameters space P ¼ fða;bÞjða;bÞ [
R2
þnð0; 0Þ} into two disjoint subsets L1 and L2. Furthermore, we obtain the sufficient

conditions on the existence of the positive periodic solutions in L1;L2 and on D by
using the method of upper and lower solutions and the degree theory. More specifically,
for the competitive system, there are at least two positive periodic solutions for
ða;bÞ [ L1, at least one positive periodic solution for ða;bÞ [ D, and no positive
periodic solution for ða;bÞ [ L2.

Keywords: competitive system; positive periodic solution; fixed point; topological
degree

PACS: 87.23.Cc; 45.70.Qj; 89.75.Kd

1. Introduction

In many populations there are recruitment cycles in which the population size at each stage

is a function of the population size at the previous stage, and the function is determined by

birth and death process. We suppose that the population size changes only through birth

and death which occur in the intervals between stages. Denote xðnÞ as the number of

population at stage n, then xðnþ 1Þ2 xðnÞ is the number of births minus the number of

deaths over the time interval from stage n to stage nþ 1. Suppose further that the birth and

death rates are constants b and d, respectively. Then we have

xðnþ 1Þ2 xðnÞ ¼ ðb2 dÞxðnÞ: ð1Þ

In general, equation (1) can be rewritten in the following form:

xðnþ 1Þ ¼ ð1þ b2 dÞxðnÞ ¼ rxðnÞ; n ¼ 1; 2 . . . ; ð2Þ

where r ¼ 1þ b2 d is the intrinsic rate of the population growth.

The case above is the situation with the most insects but is not with many other

animals. For example, in some populations, there is a substantial maturation time to sexual
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maturity. In such cases, the delay effect must be included in the model. We can get the

model as follows:

xðnþ 1Þ ¼ rðnÞxðnÞ þ bðnÞxðn2 tðnÞÞ; ð3Þ
where bðnÞ is a periodic term and tðnÞ is a delay term.

However, there are uncertainty and complexity in the nature world. As a result, we

obtain the following model:

xðnþ 1Þ ¼ aðnÞxðnÞ þ hðnÞf ðn; xðn2 tðnÞÞÞ; ð4Þ
where aðnÞ, hðnÞ and tðnÞ are T-periodic and T is an integer with T $ 1. aðnÞ, hðnÞ and f ðxÞ
are non-negative with 0 , aðnÞ , 1 for all n [ f0; 1; . . . ; T 2 1}. This delay difference

equation has been studied extensively by numerous scholars in recent years. Some

researchers investigated the existence of positive periodic solutions for the nonlinear delay

difference equation and almost all of the equations which they studied can be contained in

the above form [1,4,10,12,19–21].

Especially, Raffoul [14] and Li et al. [11] considered positive periodic solutions of the

difference equations with one parameter:

xðnþ 1Þ ¼ aðnÞxðnÞ þ lhðnÞf ðxðn2 tðnÞÞÞ; ð5Þ
where aðnÞ, hðnÞ, tðnÞ, f ðxÞ are the same as in (4) and l is non-negative.

Subsequently, Zhang et al. [20] studied a more general equation of the form

xðnþ 1Þ ¼ aðnÞxðnÞ þ hðnÞf 1ðn; xðn2 tðnÞÞÞ2 hðnÞ^ f 2ðn; xðn2 tðnÞÞÞ; ð6Þ
where n [ Z, fhðnÞ}n[Z and fdhðnÞ}n[Z are 4-positive sequences, ftðnÞ}n[Z is an integer-

valued 4-periodic sequence, f 1; f 2 : Z £ R! R are continuous functions, and f 1ðnþ
4; uÞ ¼ f 1ðn; uÞ; f 2ðnþ4; uÞ ¼ f 2ðn; uÞ for any u [ R; n [ Z. Based on the fixed-point

index theory for a Banach space, positive periodic solutions are found for this system. By

using such results, the existence of non-trivial periodic solutions for delay difference

equations with positive and negative terms is also considered.

In this paper, in order to well describe the system of two interacting species, we will

consider the following system:

xðnþ 1Þ ¼ aðnÞxðnÞ þ ahðnÞf ðxðn2 t1ðnÞÞ; yðn2 s1ðnÞÞÞ;
yðnþ 1Þ ¼ bðnÞyðnÞ þ bkðnÞgðxðn2 t2ðnÞÞ; yðn2 s2ðnÞÞÞ:

(
ð7Þ

In the real world, there are interactions between two species including prey and

predator, competition, mutual interaction and so on. System (7) can describe many

phenomena in the applied mathematical sciences [3,5,6,13,16]. In this paper, we consider

the periodic phenomenon in this model and assume that aðnÞ, bðnÞ, hðnÞ, kðnÞ, tiðnÞ,
siðnÞ ði ¼ 1; 2Þ are T-periodic. Delay effects widely exist in the real world [17]. For

system (7), tiðnÞ and siðnÞ ði ¼ 1; 2Þ represent delay.
Wemainly consider the competitive system in this paper, and without loss of generality

we assume that T is a positive integer with T $ 1. f ðxðnÞ; yðnÞÞ, gðxðnÞ; yðnÞÞ are positive

functions for all n [ N½0; T 2 1�, where N denotes natural numbers, and given a , b,

N½a; b� ¼ fa; aþ 1; . . . ; b}. The functions f : R2
þ ! R2

þ and g : R2
þ ! R2

þ are continuous.

aðnÞ; bðnÞ : N½0; T 2 1�! Rþ; hðnÞ; kðnÞ : N½0; T 2 1�! R2, where R2 denotes the

L. Li et al.342
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negative real numbers. tiðnÞ;siðnÞ : N½0; T 2 1�! Z ði ¼ 1; 2Þ, where Z denotes the

integers. a and bwill be assumed to be non-negative and treated as interaction parameters.

To ensure the system to be coupled, a and b are considered in the set

fða;bÞjða;bÞ [ R2
þnð0; 0Þ}.

This paper is organized as follows. In Section 2, in order to get the existence of

periodic positive solutions for a competitive system with two parameters, we give some

preparations. In Section 3, we construct a special curve D, which divides the parameter

space into two disjoint subsets L1;L2, then by using some lemmas and the degree theory,

we prove that there are at least two T-periodic solutions in L1, at least one T-periodic

solution in D, and no periodic solution in L2. In Section 4, we present conclusion and

discussion.

2. Some preparation

In fact, system (7) has a T-periodic solution if and only if the following form

xðnÞ ¼ a
XnþT21

i¼n

Mðn; iÞhðiÞf ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ;

yðnÞ ¼ b
XnþT21

j¼n

Nðn; jÞkðjÞgðxðj2 t2ðjÞÞ; yðj2 s2ðjÞÞÞ

8>>>>>><>>>>>>:
ð8Þ

has a T-periodic solution [14], where

Mðn; iÞ ¼
QnþT21

s¼iþ1 aðsÞ
12

QnþT21
s¼n aðsÞ ; i [ ½n; nþ T 2 1�; Nðn; jÞ ¼

QnþT21
s¼jþ1 bðsÞ

12
QnþT21

s¼n bðsÞ ;

j [ ½n; nþ T 2 1�:

In order to ensure the system has positive solutions, the following conditions are

essential:

Mðn; iÞhðnÞ . 0 and Nðn; jÞkðnÞ . 0:

Then, we have the following four cases:

(i) When Mðn; iÞ . 0;Nðn; jÞ . 0, that is 0 ,
QnþT21

s¼n aðsÞ , 1, 0 ,
QnþT21

s¼n bðsÞ , 1,

then hðnÞ . 0, kðnÞ . 0.

(ii) When Mðn; iÞ , 0;Nðn; jÞ , 0, that is
QnþT21

s¼n aðsÞ . 1,
QnþT21

s¼n bðsÞ . 1, then

hðnÞ , 0, kðnÞ , 0.

(iii) When Mðn; iÞ . 0;Nðn; jÞ , 0, that is 0 ,
QnþT21

s¼n aðsÞ , 1,
QnþT21

s¼n bðsÞ . 1, then

hðnÞ . 0, kðnÞ , 0.

(iv) When Mðn; iÞ , 0;Nðn; jÞ . 0, that is
QnþT21

s¼n aðsÞ . 1, 0 ,
QnþT21

s¼n bðsÞ , 1, then

hðnÞ , 0, kðnÞ . 0.

Throughout this paper, we always assume that
QnþT21

s¼n aðsÞ . 1,
QnþT21

s¼n bðsÞ . 1,

hðnÞ , 0, kðnÞ , 0, n [ N½0; T 2 1�, which means that the system we will study is a

competitive system [2,8,9,15].

Journal of Difference Equations and Applications 343
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Definition 1. A real function G is non-decreasing on R2
þ, if Gðx1; y1Þ # Gðx2; y2Þ for

ðx1; y1Þ # ðx2; y2Þ.
From the biological point of view, we will need the following assumptions.

(H1): f ðx; yÞ and gðx; yÞ are non-decreasing and f ð0; 0Þ . 0 and gð0; 0Þ . 0.

(H2): limx;y!1 ððf ðx; yÞÞ=ðxþ yÞÞ ¼ 1 and limx;y!1 ððgðx; yÞÞ=xþ yÞ ¼ 1

Definition 2. A solution of system (7) corresponding to ða; bÞ implies that when

a ¼ a;b ¼ b, a vector function of the form ðxðnÞ; yðnÞÞ satisfies system (7).

Recall that system (7) has a T-periodic solution ðxðnÞ; yðnÞÞ if and only if ðxðnÞ; yðnÞÞ is
a T-periodic solution of system (8). Therefore, we can transform our existence problem

into a fixed point problem. Denote that

M1 ¼ min
i[½n;nþT21�

Mðn; iÞhðiÞ # Mðn; iÞhðiÞ # max
i[½n;nþT21�

Mðn; iÞhðiÞ ¼ M2;

N1 ¼ min
j[½n;nþT21�

Nðn; jÞkðjÞ # Nðn; jÞkðjÞ # max
j[½n;nþT21�

Nðn; jÞkðjÞ ¼ N2

and

M1

M2

#
Mðn; iÞhðiÞ

maxi[½n;nþT21� Mðn; iÞhðiÞ # 1;
N1

N2

#
Nðn; jÞkðjÞ

maxj[½n;nþT21� Nðn; jÞkðjÞ # 1:

Let X be the set of all real T-periodic sequences, which is endowed with the norm

kuk ¼ max
n[N½0;T21�

juðnÞj:

Then X 2 is also a Banach space with the norm kðx; yÞk ¼ kxk þ kyk.
Define two cones in X 2, respectively, by

f1 ¼ fðx; yÞ [ X 2 : xðnÞ; yðnÞ $ 0; n [ N½0; T 2 1�};
f2 ¼ fðx; yÞ [ f1 : xðnÞ þ yðnÞ $ g ðx; yÞk k; n [ N½0; T 2 1�};

where

g ¼ min
M1

M2

;
N1

N2

� �
:

Meanwhile, we define an operator P : f1 ! f2 and for each ðx; yÞ [ X 2,

Pa;bðx; yÞðnÞ ¼ ðEaðx; yÞðnÞ;Fbðx; yÞðnÞÞ;

L. Li et al.344
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where

Eaðx; yÞðnÞ ¼ a
XnþT21

i¼n

Mðn; iÞhðiÞf ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ;

Fbðx; yÞðnÞ ¼ b
XnþT21

j¼n

Nðn; jÞkðjÞgðxðj2 t2ðjÞÞ; yðj2 s2ðjÞÞÞ:

In the following, we will verify Pa;bf1 is contained in f2. It is easy to see that Pa;b

is completely continuous and for ðx; yÞ [ f1,

Eaðx; yÞðnÞ ¼ a
XnþT21

i¼n

Mðn; iÞhðiÞf ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ

# aM2

XnþT21

i¼n

f ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ ¼ aM2

XT21

i¼0

f ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ

equals to

Eaðx; yÞk k
M2

# a
XT21

i¼0

f ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ:

And

Eaðx; yÞðnÞ ¼ a
XnþT21

i¼n

Mðn; iÞhðiÞf ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ

$ aM1

XnþT21

i¼n

f ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ ¼ aM1

XT21

i¼0

f ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ

$ g Eaðx; yÞk k:
By the same method, we can obtain

Fbðx; yÞðnÞ $ g Fbðx; yÞ
�� ��:

Then

Eaðx; yÞðnÞ þ Fbðx; yÞðnÞ $ g Eaðx; yÞk k þ Fbðx; yÞ
�� ��� � ¼ g ðEaðx; yÞ;Fbðx; yÞÞ

�� ��;
which verifies that Pa;bf1 is contained in f2.

Lemma 1. Assume that (H2) holds. For any compact subset C of R2
þnfð0; 0Þ}, any positive

T-periodic solution of system (7) corresponding to ða;bÞ [ C is bounded, that is there

exists a constant bC such that ðx; yÞk k , bC.

Proof. Suppose on the contrary that there exists a sequence fðxm; ymÞ}m[N of positive T-

periodic solutions of system (7) about ðam;bmÞ such that ðam;bmÞ [ C for all m and
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ðxm; ymÞk k!þ1 as m!þ1. Note that ðxm; ymÞ satisfies system (8), so that

ðxm; ymÞ [ f2. That is, xm þ ym $ g ðxm; ymÞk k, where m $ 1.

Now we assume that am . 0 and bm $ 0 for sufficiently large m, and by ðH2Þ, we may

choose Qf . 0, h and m0 . 1, such that f ðx; yÞ $ hðxþ yÞ for all non-negative x, y which
satisfy xþ y $ Qf , xm0

þ ym0
$ Qf and ghM1am0

. 1.

As a result, we can get

xm0

�� �� $ xm0
ðnÞ ¼ am0

XnþT21

i¼n

Mðn; iÞhðiÞf ðxm0
ði2 t1ðiÞÞ; ym0

ði2 s1ðiÞÞÞ

$ ghM1am0
xm0

�� ��þ ym0

�� ��� �
. xm0

�� ��;
which is impossible.

Similarly, when am $ 0 and bm . 0 for sufficiently large m, by using g1 ¼ 1, the

lemma can also be easily proved.

The proof is completed. A

Lemma 2. Assume (H1) holds, then system (7) has a positive T-periodic solution

corresponding to some ða*;b*Þ satisfying a*;b* . 0.

Proof. Let

uðnÞ ¼
XnþT21

i¼n

Mðn; iÞhðiÞ; vðnÞ ¼
XnþT21

j¼n

Nðn; jÞkðjÞ

and

Mf ¼ max
n[N½0;T21�

f ðxði2 t1ðiÞÞ; yði2 s1ðiÞÞÞ . 0;

Mg ¼ max
n[N½0;T21�

gðxðj2 t2ðiÞÞ; yðj2 s2ðjÞÞÞ . 0:

Let a*;b* ¼ ðð1=Mf Þ; ð1=MgÞÞ . ð0; 0Þ, then we have

uðnÞ ¼
XnþT21

i¼n

Mðn; iÞhðiÞ $ a*

XnþT21

i¼n

Mðn; iÞhðiÞf ðuði2 t1ðiÞÞ; vði2 s1ðiÞÞÞ

and

vðnÞ ¼
XnþT21

j¼n

Nðn; jÞkðjÞ $ b*

XnþT21

j¼n

Nðn; jÞhðjÞf ðuðj2 t2ð jÞÞ; vðj2 s2ð jÞÞÞ:

Let

ð�x0ðnÞ; �y0ðnÞÞ ¼ ðuðnÞ; vðnÞÞ; ð�xmþ1ðnÞ; �ymþ1ðnÞÞ ¼ Pa*;b*
ð�xm; �ymÞðnÞ; m ¼ 0; 1; 2; . . .
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and

ðx0ðnÞ; y0ðnÞÞ ¼ ð0; 0Þ; ðxmþ1ðnÞ; ymþ1
ðnÞÞ ¼ Pa*;b*

ðxm; ymÞðnÞ; m ¼ 0; 1; 2; . . .

Clearly, we have

ð�x0ðnÞ; �y0ðnÞÞ $ ð�x1ðnÞ; �y1ðnÞÞ $ · · · $ ð�xmðnÞ; �ymðnÞðnÞÞ $ ðxmðnÞ; ymðnÞÞ

$ · · · $ ðx1ðnÞ; y1ðnÞÞ . ðx0ðnÞ; y0ðnÞÞ ¼ ð0; 0Þ:

Let ðxðnÞ; yðnÞÞ ¼ limm!1 ð�xmðnÞ; �ymðnÞÞ. Then we see that ðxðnÞ; yðnÞÞ is a

non-negative T-periodic solution of system (7), and we have ðxðnÞ; yðnÞÞ . ðx1ðnÞ; y1ðnÞÞ
. ðx0ðnÞ; y0ðnÞÞ ¼ ð0; 0Þ.

The proof is completed. A

Lemma 3. Assume (H1) holds. If system (7) has a positive T-periodic solution

corresponding to ð �a; �bÞ . ð0; 0Þ, then for any ða;bÞ [ R2
þnfð0; 0Þ} which satisfies

ða;bÞ # ð �a; �bÞ, system (7) also has a positive T-periodic solution corresponding to ða;bÞ.

Proof. Let ð�x; �yÞ be a positive T-periodic solution of system (7) corresponding to ð �a; �bÞ.
From (8) and (H1), we have

�xðnÞ ¼ �a
XnþT21

i¼n

Mðn; iÞhðiÞf ð�xði2 t1ðiÞÞ; �yði2 s1ðiÞÞÞ

$ a
XnþT21

i¼n

Mðn; iÞhðiÞf ð�xði2 t1ðiÞÞ; �yði2 s1ðiÞÞÞ

and

�yðnÞ $ b
XnþT21

j¼n

Nðn; jÞkð jÞgð�xð j2 t2ð jÞÞ; �yð j2 s2ð jÞÞÞ:

Let ð�x0ðnÞ; �y0ðnÞÞ ¼ ð�xðnÞ; �yðnÞÞ, then
ð�xmþ1ðnÞ; �ymþ1ðnÞÞ ¼ Pa;bð�xm; �ymÞðnÞ; m ¼ 0; 1; 2; . . .

And ðx0ðnÞ; y0ðnÞÞ ¼ ð0; 0Þ, then
ðxmþ1ðnÞ; ymþ1

ðnÞÞ ¼ Pa;bðxm; ymÞðnÞ; m ¼ 0; 1; 2; . . .

From the above analysis, we have

ð�x0ðnÞ; �y0ðnÞÞ $ ð�x1ðnÞ; �y1ðnÞÞ $ · · · $ ð�xmðnÞ; �ymðnÞÞ $ ðxmðnÞ; ymðnÞÞ

$ · · · $ ðx1ðnÞ; y1ðnÞ . ðx0ðnÞ; y0ðnÞÞ ¼ ð0; 0Þ:

Let ðxðnÞ; yðnÞÞ ¼ limm!1 ð�xmðnÞ; �ymðnÞÞ, then ðxðnÞ; yðnÞÞ is a non-negative T-periodic
solution of (7), and thus we have ðxðnÞ; yðnÞÞ . ðx1ðnÞ; y1ðnÞÞ . ðx0ðnÞ; y0ðnÞÞ ¼ ð0; 0Þ.

Journal of Difference Equations and Applications 347

D
ow

nl
oa

de
d 

by
 [

L
i L

i]
 a

t 0
7:

16
 0

7 
Fe

br
ua

ry
 2

01
4 



The proof is completed. A

Let P ¼ fða;bÞjða;bÞ [ R2
þnð0; 0Þ} be the region such that system (7) has a positive

T-periodic solution corresponding to ða;bÞ. And by Lemma 2, P contains the solution of

system (7) corresponding to ða*;b*Þ. So by Lemma 3, it contains the subset

P* ¼ fða;bÞjða;bÞ . ð0; 0Þ;a # a*;b # b*}:

Then under conditions (H1) and (H2), we can show that P is bounded.

Lemma 4. Assume (H1) and (H2) hold, then P is bounded above.

Proof. Suppose on the contrary that there exists a sequence ðxm; ymÞ of positive T-periodic
solutions of system (7) corresponding to ðan;bnÞ such that limn!1 an ¼ 1 or

limn!1 bn ¼ 1. If limn!1 an ¼ 1, then either there exists a subsequence ðxmj
; ymj

Þ
such that ðxmj

; ymj
Þ!þ1 as j!1 or there is a �G . 0 such that ðxm; ymÞk k # �G for all m.

Since ðxm; ymÞ [ f2, then we have

xmðnÞ þ ymðnÞ $ g ðxm; ymÞk k:

By (H2), there exists Qf . 0 and some h1 . 0 such that f ðx; yÞ $ h1ðxþ yÞ for all
xþ y $ Qf . From (H1), we can get that there exists a h2 . 0 such that f ð0; 0Þ $ h2G. Let

h ¼ minfh1;h2}. On the other hand, there exists a sequence nj , ½0; T 2 1� such that

xj
�� �� ¼ xðnjÞ. Thus, we can obtain that

aðnjÞ xj
�� �� ¼ aðnjÞxðnjÞ ¼ xjðnj þ 1Þ2 ajhðnjÞf ðxðnj 2 t1ðnjÞÞ; yðnj 2 s1ðnjÞÞÞ

$ xjðnj þ 1Þ2 hajhðnjÞðxðnj 2 t1ðnjÞÞ þ yðnj 2 s1ðnjÞÞÞ
$ xj

�� ��2 hajhðnjÞgn ðxj; yjÞ
�� �� $ xj

�� ��2 hajhðnjÞg xj
�� �� ¼ xj

�� ��ð12 hajhðnjÞgÞ:

We have aj # ðð12 aðnjÞÞ=ðhhðnjÞgÞÞ which is in contradiction with limn!1 an ¼ 1.

Similarly, when limn!1 bn ¼ 1, we can also get the result.

The proof is completed.

3. Main results

For the main results, we refer to the following classical works.

Lemma 5. [7]. Let X be a Banach space with cone K. Let V be a bounded and open subset

in X. Let 0 [ V and I : K > �V! K be condensing. Suppose that Ix – nx for all x [
K > ›V and all n $ 1. Then iðI;K >V;KÞ ¼ 1.

Lemma 6. [7]. Let X be a Banach space and K a cone in X. For r . 0, define

Kr ¼ fx [ K : x , rk k , r}. Assume that I : Kr ! K is a compact map such that Ix – x

for x [ ›Kr. If xk k # Ixk k for x [ ›Kr, then iðI;Kr;KÞ ¼ 0.
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Then, for each u [ ½0;p=2�, denote

Lu ¼ fða;bÞjða;bÞ [ R2
þnð0; 0Þ} ¼ dðsin u; cos uÞ; d . 0:

The points near one end of this ray belong to P* and the points near the other end are

outside P, which implies that the set fd . 0jdð sin u; cos uÞ} [ P is non-empty and

bounded. Thus we can define

d*u ¼ supfd . 0jdðsin u; cos uÞ} [ P

for each u [ ½0;p=2�.
We can easily get ða*

u;b
*
uÞ [ P, where ða*

u;b
*
uÞ ¼ d*uðsin u; cos uÞ. Let fðam;bmÞ}1m¼1

be an increasing sequence for m $ 1 and converges to ða*
u;b

*
uÞ. For each m, let ðxm; ymÞ be

a positive T-periodic solution of system (7) corresponding to ðam;bmÞ. By Lemma 1,

we can get that the set ðxm; ymÞ is uniformly bounded in X 2, which implies that the

sequence ðxm; ymÞ has a subsequence converging to ðx; yÞ [ X 2. So we can obtain that

ðx; yÞ is a positive T-periodic solution of system (7) at ða*
u;b

*
uÞ.

Define r as rðuÞ ¼ fða*
uÞ2 þ ðb*

uÞ2}1=2 ¼ d*u:Without loss of generality, we assume that

w [ ð0;p=2Þ and B is an open neighbourhood containing ða*
w;b

*
wÞ and contained in the

interior of R2
þ. For any half-ray Lu that passes through B, it is clear that there will be some

points ð ~a; ~bÞ in Lu such that ð ~a; ~bÞ # ða*
w;b

*
wÞ. From Lemma 3, there will be a positive

T-periodic solution ð~x; ~yÞ of system (7) corresponding to ð ~a; ~bÞ. If we pick the

neighbourhood B such that in polar coordinates:

fðr; uÞjrðwÞ2 1 , r , rðwÞ þ 1;w2 d , u , wþ d};

where 1 and d are sufficiently small positive numbers, then we can obtain that

rðuÞ . rðwÞ2 1. By symmetric arguments, we can also show that rðuÞ , rðwÞ þ 1. These
arguments show that when u and w are sufficiently close, so is rðuÞ and rðwÞ.

Generalizing the above considerations as follows: under the conditions (H1) and (H2),

there exists a continuous curve D (defined by r) joining some points ðrð0Þ; 0Þ on the

positive a-axis and some points ð0; rðp=2ÞÞ on the positive b-axis and separating

R2
þnð0; 0Þ into two disjoint subsets L1 and L2 such that ð0; 0Þ is a boundary point of L1 and

system (7) has at least one positive T-periodic solution for ða;bÞ [ L1 < D and no

positive T-periodic solution for ða;bÞ [ L2.

In the following, we will show that there are at least two periodic solutions for each

ða;bÞ [ L1. Thus, we suppose that condition (H1) holds and system (7) has a positive

T-periodic solution ð�x; �yÞ corresponding to ð �a; �bÞ . ð0; 0Þ. Then by Lemma 3, system (7)

also has a positive T-periodic solution ðx; yÞ , ð�x; �yÞ corresponding to ða;bÞ [ R2
þnð0; 0Þ

and ða;bÞ , ð �a; �bÞ.
Letðx*; y*Þ be a positive T-periodic solution of system (7) when ða*;b*Þ [ D. Then

for ða;bÞ , ða*;b*Þ and ða;bÞ [ R2
þnð0; 0Þ, there exists a 10 . 0 such that

f ðx*ði2 t1ðiÞÞ þ 1; y*ði2 s1ðiÞÞ þ 1Þ2 f ðx*ði2 t1ðiÞÞ; y*ði2 s1ðiÞÞÞ

,
f ð0; 0Þða* 2 aÞ

a
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and

gðx*ð j2 t2ð jÞÞ þ 1; y*ð j2 s2ð jÞÞ þ 1Þ2 gðx*ð j2 t2ð jÞÞ; y*ð j2 s2ð jÞÞÞ

,
gð0; 0Þða* 2 aÞ

a

for n [ N½0; T 2 1� and 0 , 1 , 10.
As a result, we have

a
XnþT21

i¼n

Mðn; iÞhðiÞf ðx*ði2 t1ðiÞÞ þ 1; y*ði2 s1ðiÞÞ þ 1Þ

2 a*
XnþT21

i¼n

Mðn; iÞhðiÞf ðx*ði2 t1ðiÞÞ; y*ði2 s1ðiÞÞÞ

¼ a
XnþT21

i¼n

Mðn; iÞhðiÞ½f ðx *ði2 t1ðiÞÞ þ 1; y*ði2 s1ðiÞÞ þ 1Þ

2 f ðx*ði2 t1ðiÞÞ; y*ði2 s1ðiÞÞÞ�

2 ða* 2 aÞ
XnþT21

i¼n

Mðn; iÞhðiÞf ðx *ði2 t1ðiÞÞ; y*ði2 s1ðiÞÞÞ

, f ð0; 0Þða* 2 aÞ
XnþT21

i¼n

Mðn; iÞhðiÞ

2 ða* 2 aÞ
XnþT21

i¼n

Mðn; iÞhðiÞf ðx *ði2 t1ðiÞÞ; y*ði2 s1ðiÞÞÞ

¼ ða* 2 aÞ
XnþT21

i¼n

Mðn; iÞhðiÞ½f ð0; 0Þ2 f ðx*ði2 t1ðiÞÞ; y *ði2 s1ðiÞÞ� # 0

and

a
XnþT21

i¼n

Mðn; iÞhðiÞf ðx*ði2 t1ðiÞÞ þ 1; y*ði2 s1ðiÞÞ þ 1Þ

# a*
XnþT21

i¼n

Mðn; iÞhðiÞf ðx *ði2 t1ðiÞÞ; y*ði2 s1ðiÞÞÞ ¼ x*ðnÞ , x*ðnÞ þ 1:

Similarly, we have

b
XnþT21

j¼n

Nðn; jÞhðjÞf ðx *ðj2 t2ðjÞÞ þ 1; y*ðj2 s2ðjÞÞ þ 1Þ

# b*
XnþT21

j¼n

Nðn; jÞhðjÞf ðx *ðj2 t2ðjÞÞ; y*ðj2 s2ðjÞÞÞ ¼ y*ðnÞ , y*ðnÞ þ 1:
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Let

x*1ðnÞ ¼ x*ðnÞ þ 1; y*1ðnÞ ¼ y*ðnÞ þ 1

and

C ¼ fðx; yÞ [ X 2 : 21 , xðnÞ , x*ðnÞ þ 1;21 , yðnÞ , y*ðnÞ þ 1; n [ ½0; T 2 1�}:
We can see that C is bounded and open in X, 0 [ C and I : f2 > �C! f2 is

condensing (since it is completely continuous). Let ðx; yÞ [ f2 > ›C. Then there exists n0
such that xðn0Þ ¼ x*1ðn0Þ or yðn0Þ ¼ y*1ðn0Þ. Suppose that yðn0Þ ¼ y*1ðn0Þ, then by ðH1Þ, we
have that

Fbðx; yÞðn0Þ ¼ b
Xn0þT21

j¼n0
Nðn0; jÞkðjÞgðxðj2 t2ðjÞÞ; yðj2 s2ð jÞÞÞ

# b
Xn0þT21

j¼n0
Nðn0; jÞkðjÞgðx*1ð j2 t2ðjÞÞ; y*1ð j2 s2ð jÞÞÞ , y*1ðn0Þ ¼ yðn0Þ # nyðn0Þ

for all n $ 1. Similarly, if xðn0Þ ¼ x*1ðn0Þ, we can also get Eaðx; yÞðn0Þ , nxðn0Þ for all

n $ 1. Thus Ia;bðx; yÞ – nðx; yÞ for ðx; yÞ [ f2 > ›C and n $ 1. In view of Lemma 5, we

have iðI;C> f2;f2Þ ¼ 1. By (H2), there exists Qf . 0 such that f ðx; yÞ $ hðxþ yÞ for all
xþ y $ Qf , where h satisfies gbhN1 . 1.

Let R ¼ max fbC;Qf =g; ðx*1; y*1Þ
�� ��}, where C is a closed rectangle in R2

þnfð0; 0Þ}
containing ða;bÞ. Let fR ¼ fðx; yÞ [ f2 : ðx; yÞk k , R}. Then by Lemma 6, ðx; yÞ –
Ia;bðx; yÞ for all ðx; yÞ [ ›fR. Furthermore, if ðx; yÞ [ ›fR, then

xðnÞ þ yðnÞ $ g ðx; yÞk k $ Qf . Thus, we have

Fbðx; yÞðnÞ ¼ b
XnþT21

j¼n

Nðn; jÞkðjÞgðxð j2 t2ð jÞÞ; yðj2 s2ð jÞÞÞ

$ gbhN1 ðx; yÞk k . ðx; yÞk k:

Therefore, from Ia;bðx; yÞ
�� �� $ Faðx; yÞk k . ðx; yÞk k and Lemma 6, we obtain that

iðIa;b;fR;f2Þ ¼ 0. By the additivity of the topological degree, we have

0 ¼ iðIa;b;fR;f2Þ ¼ iðIa;b;f2 >C;f2Þ þ iðIa;b;fRnf2 >C;f2Þ:
For iðIa;b;f2 >C;f2Þ ¼ 1, we get that iðIa;b;fRnf2 >C;f2Þ ¼ 21. As a result, Ia;b

has a fixed point on f2 >C and other points on fRnf2 >C.

Then, we can get the main theorem.

Theorem 1. Assume (H1) and (H2) hold, then there exist two disjoint subsets L1 and L2

which are obtained from separating fða;bÞjða;bÞ [ R2
þnð0; 0Þ} by a continuous curve D

joining some points on the positive a-axis and some points on the positive b-axis, such that
system (7) has at least two positive T-periodic solutions for ða;bÞ [ L1, at least one

positive T-periodic solution for ða;bÞ [ D, and no positive T-periodic solution for

ða;bÞ [ L2.
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4. Conclusion and discussion

In this paper, we investigated a nonlinear competitive system with two parameters. By

constructing a curve D, we divide the parameter space P ¼ fða;bÞjða;bÞ [ R2
þnð0; 0Þ}

into two disjoint subsets L1 and L2. Moreover, by using the method of upper and lower

solutions and the degree theory, we obtained that there are at least two positive periodic

solutions for ða;bÞ [ L1, at least one positive periodic solution for ða;bÞ [ D and no

positive periodic solution for ða;bÞ [ L2.

In Ref. [18], Wu and Liu considered neutral difference systems depending on two

parameters and studied the existence, multiplicity and non-existence of periodic solutions.

Compared with their work, our paper has three main differences. First, we construct a

special curve D, which joins some point ðrð0Þ; 0Þ on the positive a-axis and some point

ð0; rðp=2ÞÞ on the positive b-axis, and which exactly divides the parameter space into two

disjoint domains L1 and L2. Domain L1 consists of boundary, but does not consist of

ð0; 0Þ. However, in their paper, the continuous curve G is defined as

G ¼ flðuÞ;mðuÞ : u [ ð0;p=2Þ}, the domain they investigated does not include the

boundary. Second, our results are still valid when a ¼ 0;b – 0 or b ¼ 0;a – 0.

However, in their paper, the results do not hold for the two particular cases. Finally, we

obtain the existence of multiple solutions only by the assumptions (H1) and (H2), while

they got the existence of multiple solutions by adding another assumption.

From the discussion above, it can be concluded that there are multiple positive periodic

solutions in the competitive system which is consistent with the findings in the real world.

Moreover, the obtained results can also be extended to mutual systems and predator–prey

systems.
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