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In this paper, a nonlinear competitive system with two parameters is considered. By
constructing a curve A, we divide the parameters space IT = {(a, B)l(a,B) €
Ri\(O, 0)} into two disjoint subsets A; and A,. Furthermore, we obtain the sufficient
conditions on the existence of the positive periodic solutions in Ay, A, and on A by
using the method of upper and lower solutions and the degree theory. More specifically,
for the competitive system, there are at least two positive periodic solutions for
(a, B) € Ay, at least one positive periodic solution for («, 8) € A, and no positive
periodic solution for («, B) € A,.

Keywords: competitive system; positive periodic solution; fixed point; topological
degree

PACS: 87.23.Cc; 45.70.Qj; 89.75.Kd

1. Introduction

In many populations there are recruitment cycles in which the population size at each stage
is a function of the population size at the previous stage, and the function is determined by
birth and death process. We suppose that the population size changes only through birth
and death which occur in the intervals between stages. Denote x(n) as the number of
population at stage n, then x(n 4+ 1) — x(n) is the number of births minus the number of
deaths over the time interval from stage n to stage n + 1. Suppose further that the birth and
death rates are constants b and d, respectively. Then we have

x(n+ 1) — x(n) = (b — d)x(n). @))]
In general, equation (1) can be rewritten in the following form:
xn+1)=04+b—dx(n)=rx(n), n=1,2..., 2)

where r = 1 + b — d is the intrinsic rate of the population growth.
The case above is the situation with the most insects but is not with many other
animals. For example, in some populations, there is a substantial maturation time to sexual
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maturity. In such cases, the delay effect must be included in the model. We can get the
model as follows:

x(n + 1) = r(mx(n) + b(n)x(n — 1(n)), 3

where b(n) is a periodic term and 7(n) is a delay term.
However, there are uncertainty and complexity in the nature world. As a result, we
obtain the following model:

x(n + 1) = a(n)x(n) + h(n)f (n, x(n — (n))), “

where a(n), h(n) and 7(n) are T-periodic and T is an integer with T = 1. a(n), h(n) and f(x)
are non-negative with 0 < a(n) < 1 for all n € {0,1, ..., T — 1}. This delay difference
equation has been studied extensively by numerous scholars in recent years. Some
researchers investigated the existence of positive periodic solutions for the nonlinear delay
difference equation and almost all of the equations which they studied can be contained in
the above form [1,4,10,12,19-21].

Especially, Raffoul [14] and Li et al. [11] considered positive periodic solutions of the
difference equations with one parameter:

x(n+ 1) = a(m)x(n) + Ah(n)f (x(n — 1(n))), 5

where a(n), h(n), 7(n), f(x) are the same as in (4) and A is non-negative.
Subsequently, Zhang et al. [20] studied a more general equation of the form

x(n + 1) = a(m)x(n) + h(m)f 1(n,x(n — 1(n))) — h(h)fz(n,X(n — 7(n))), (6)

where n € Z, {h(n)},,, and {h(n)} <, are w-positive sequences, {r(n)},c, is an integer-
valued w-periodic sequence, f,f> : ZX R— R are continuous functions, and f(n +
w,u) = f1(n,u),f>(n+ @,u) = fr(n,u) forany u € R, n € Z. Based on the fixed-point
index theory for a Banach space, positive periodic solutions are found for this system. By
using such results, the existence of non-trivial periodic solutions for delay difference
equations with positive and negative terms is also considered.

In this paper, in order to well describe the system of two interacting species, we will
consider the following system:

Y1+ 1) = b(n)y(n) + BRmg(x(n — ma(m),  y(n — aa(m))). ™

{X(n + 1) = a(mx(n) + ah(n)f (x(n — 71(n)),  y(n — o1(n))),

In the real world, there are interactions between two species including prey and
predator, competition, mutual interaction and so on. System (7) can describe many
phenomena in the applied mathematical sciences [3,5,6,13,16]. In this paper, we consider
the periodic phenomenon in this model and assume that a(n), b(n), h(n), k(n), 7;(n),
og;(n) (i=1,2) are T-periodic. Delay effects widely exist in the real world [17]. For
system (7), 7;(n) and o;(n) (i = 1,2) represent delay.

We mainly consider the competitive system in this paper, and without loss of generality
we assume that 7 is a positive integer with T = 1. f(x(n), y(n)), g(x(n), y(n)) are positive
functions for all n € N[0, T — 1], where N denotes natural numbers, and given a < b,
Nla,b] ={a,a+ 1, ...,b}. The functions f : R2+ —»Ri and g : Ri —»Ri are continuous.
a(n),b(n) : N[O,T — 11— R4; h(n),k(n) : N[0,T — 11— R—, where R_ denotes the
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negative real numbers. 7;(n),o;(n) : N[0, T — 1]— Z (i = 1,2), where Z denotes the
integers. o and B will be assumed to be non-negative and treated as interaction parameters.
To ensure the system to be coupled, a and B are considered in the set
{(e, Bl(a, B) € RZ\(0,0))}.

This paper is organized as follows. In Section 2, in order to get the existence of
periodic positive solutions for a competitive system with two parameters, we give some
preparations. In Section 3, we construct a special curve A, which divides the parameter
space into two disjoint subsets Ay, A,, then by using some lemmas and the degree theory,
we prove that there are at least two T-periodic solutions in Ay, at least one T-periodic
solution in A, and no periodic solution in A,. In Section 4, we present conclusion and
discussion.

2. Some preparation

In fact, system (7) has a T-periodic solution if and only if the following form

n+7T-1
x(n) = «a Z M, Dh(Df (x(@ — 71(D), y(i@ — o1(i))),
vt ®)
y(n) =g Z N, Dk(Hgx(G — m()),  y( — o2())
j=n

has a T-periodic solution [14], where

n+T71 nirT—] b(s
M, i€ nn+T—1], N(n,j):M’
=T ) e

jE[n,n+T—1].

M(n,i) =

In order to ensure the system has positive solutions, the following conditions are
essential:

M(n,idh(n) >0 and N(n,j)k(n) > 0.

Then, we have the following four cases:

(i) When M(n,i) > 0,N(n,j) > 0, that is 0 < [["*7 a(s) < 1,0 <[] " b(s) < 1,
then h(n) > 0, k(n) > 0.
(i) When M(n,i) < 0,N(n,j) <0, that is [['27"a(s) > 1, []'ZF " b(s) > 1, then
h(n) <0, k(n) <O0.
(iii) When M(n, i) > 0,N(n,j) < 0, thatis 0 < [["*" " a(s) < 1, [["ZF " b(s) > 1, then
h(n) > 0, k(n) < 0.
(iv) When M(n,i) < 0,N(n,j) > 0, that is [["*7 " a(s) > 1,0 < [["*7" " b(s) < 1, then
h(n) <0, k(n) > 0.

Throughout this paper, we always assume that H"” Yats) > 1, H"” Ybis) > 1,
h(n) <0, k(n) <0, n € N[O, T — 1], which means that the system we will study is a
competitive system [2,8,9,15].
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DEFINITION 1. A real function G is non-decreasing on R%, if G(x1,y1) = G(x2,y,) for

(-xlvyl) = (x27y2)~
From the biological point of view, we will need the following assumptions.

(Hy):  f(x,y) and g(x,y) are non-decreasing and f(0,0) > 0 and g(0,0) > 0.
(Hp):  limy yco ((F(x,¥))/(x + ) = 00 and lim, ,—o ((g(x,y))/x +y) = 0

DEFINITION 2. A solution of system (7) corresponding to (a,b) implies that when
a = a, B= b, a vector function of the form (x(n),y(n)) satisfies system (7).

Recall that system (7) has a T-periodic solution (x(r), y(n)) if and only if (x(n), y(n)) is
a T-periodic solution of system (8). Therefore, we can transform our existence problem
into a fixed point problem. Denote that

My= min M, dh() = Mn,dh() = max M, )h(i) = Ma,
i€[nn+T—1] i€nn+T—1]

_ . V() = V(i) = e
N, je[nl_}gl}f“N(n,J)k(l) N(n, k() jelﬂi)}fllN(n’])k(]) N

and

M, _ M(n, )h(i) _, N N, k() _
My  maxieparr—1) M(n, D)h(i) " Ny maxjeparr—1 N, k()

Let X be the set of all real T-periodic sequences, which is endowed with the norm

llull = e lu(n)|.
Then X2 is also a Banach space with the norm |[|(x, y)|| = [|x|| + [Iyll.

Define two cones in X2, respectively, by

¢l = {(x»)’) € X2 :-x(n)ay(”) = 07” € N[OvT - 1]}7
¢ ={(x,y) € b1 : x(n) + y(n) = Yll(x,y)|l,n € N[O, T — 11},

where

. My Ny
y=min{ —,— ¢.
M, N,

Meanwhile, we define an operator P : ¢y — ¢, and for each (x,y) € X 2

P p(x, y)(n) = (Eo(x, y)(n), Fg(x, y)(n),
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where

n+T—1

Eo(x,y)(0) = a Y M(n,Dh()f (x(i — 71(D), )i = o1(D))),

i=n

n+T—1

Fple, )0 = B D N, k(D = 72(i), ¥ = 2(i)).

J=n

In the following, we will verify P, g¢; is contained in ¢,. It is easy to see that P, g
is completely continuous and for (x,y) € ¢y,

n+T—1

Eo(x,y)(n) = a Z M(n, Dh(Df (x(@ — 71(D)), y(i — 01(D)))

i=n

n+T-1 T—1
=aM, Y Ol = m(@)), 36 = 1)) = aMyy_ f(xli = mi(D), y(i = 01(0)))
i=n i=0
equals to
BECIN = 5 s - @6~ )
M2 — — 1 ) 1 .
And

n+T—1

Eq(x, y)(n) = a Z M(n, Dh(D)f (x(@ — 71(D)),y(i — 01(D)))

- aMlmilf(x(i —n@)i— () = aM&éf(x(i — @)y~ ()
= Y|Ea(x, Y-
By the same method, we can obtain
Fp(x,y)(n) = v||Fp(x, )|
Then
Ea(x,y)(n) + Fpx,y)(n) = y(|Eax, I + [|Fa, »))) = ¥]|Ealx, ), Fox, 3],

which verifies that P, g¢; is contained in ¢,.

LeEmMA 1. Assume that (H,) holds. For any compact subset C of Ri\{(O, 0)}, any positive
T-periodic solution of system (7) corresponding to («, B) € C is bounded, that is there
exists a constant b¢ such that ||(x,y)|| < bc.

Proof. Suppose on the contrary that there exists a sequence {(X,,, i)} men Of positive T-
periodic solutions of system (7) about (e, 8,,) such that (e, B,) € C for all m and
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[1Gon, ym)|| = +00 as m— +oo. Note that (x,,y,) satisfies system (8), so that
(X, Ym) € ¢o. That is, x,, + vy = Y|(X, ym)||, where m = 1.

Now we assume that «,, > 0 and 3,, = 0 for sufficiently large m, and by (H;), we may
choose Oy > 0, mand mg > 1, such that f(x,y) = n(x + y) for all non-negative x, y which
satisfy x +y = O, Xy + Y, = Or and ynM a,, > 1.

As a result, we can get

n+T-1

(s || = Xg () = @ty > M, DA iy (i = 710, Yy (0 — 1(D)))

i=n
= Yy (|| + [[3mo [) > [l5mo [

which is impossible.

Similarly, when «,, = 0 and 3,, > O for sufficiently large m, by using g = 0, the
lemma can also be easily proved.

The proof is completed. O

LemmA 2. Assume (H,) holds, then system (7) has a positive T-periodic solution
corresponding to some (ax, B«) satisfying s, B« > 0.

Proof. Let
n+7T-1 n+7T-1
wn) =Y M(n,Dh(), v = Y Nn,jk()
i=n j=n
and

M= max | fGi = mi(@),y( = o1(@) >0,

Ms = Rt 80U = 00 = ) >0

Let ax, B« = ((1/My),(1/M,)) > (0,0), then we have

n+T—1 n+T—1
umy =Y Moudh() = e Yy MA@ i = 71(0), v = 01())
and
n+T—-1 n+T—1
v = Y NoupkG) = Be Y NeuphGI G =m0, vG = oa())).
j=n j=n
Let

(Xo(m), yo(n)) = (u(n),v(n)),  FEm+1(), Ym+1()) = Pa, g.Xm, ym)(), m=0,1,2, ...
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and
(xo(n), y,(m) = (0,0), X, 11(m),y, (W) = Pa,p.(x,,y, )), m=0,1,2,...
Clearly, we have
(Xo(n), yo(m)) = (X1(n), y1(n) = -+ = Gn(n), ym(M)(n)) = (x,,(n),y (n))
== (1), y,(m) > (x9(n), y,(m) = (0,0).

Let (x(n),y(n)) = limy—c (X;(n),y,(n)). Then we see that (x(n),y(n)) is a
non-negative 7-periodic solution of system (7), and we have (x(n), y(n)) > (x;(n), Xl("))

> (x9(n), y,(m)) = (0,0).
The proof is completed. O

Lemma 3. Assume (H) holds. If system (7) has a positive T-periodic solution
corresponding to (@, B) > (0,0), then for any (a,B) € Ri\{(0,0)} which satisfies
(o, B) = (@, B), system (7) also has a positive T-periodic solution corresponding to (e, B).

Proof. Let (%, y) be a positive T-periodic solution of system (7) corresponding to (&, 3).
From (8) and (H;), we have

n+T-1

Xn)=a »_ M(n, Dh()f & — 71(i)), 3 — 01()

n+T—1
=« Z M(n, Dh(f (X — 71(D), (i — 1))
and
n+T—1
ymn) =B Z N(n, Pk(NEE(j — m2()), ¥(j — o2()))-
Jj=n
Let (Xo(n), yo(n)) = (x(n), y(n)), then
()'cm+1(n),)7m+1(n)) = Pa,B()_Cm757m)(n)7 m = 07 17 27 s

And (xy(n),y, () = (0,0), then

(LnJrl (I’L), Yy

7m+l(n)) = Pa,B(-Em’Xm)(nL m = 07 1727 s

From the above analysis, we have
(Xo(n), yo(m)) = (X1(n), y1(n)) = -+ = Xn(n), yu(n)) = (x,,(n),y (1))
== (), y,(n) > (x(n), y,(m) = (0,0).

Let (x(n), y(n)) = lim,—o (X;n(n), ¥,,(n)), then (x(n), y(n)) is a non-negative T-periodic
solution of (7), and thus we have (x(n), y(n)) > (x;(n), Xl(”)) > (xp(n), Xo(”)) = (0,0).
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The proof is completed. U

Let IT = {(a, B)l(er, B) € RZ\(0,0)} be the region such that system (7) has a positive
T-periodic solution corresponding to («, B). And by Lemma 2, IT contains the solution of
system (7) corresponding to (a, Bx). So by Lemma 3, it contains the subset

H* = {(a7 B)I(a7 B) > (07 O)7a = a*aB = B*}

Then under conditions (H;) and (H,), we can show that IT is bounded.
LEMMA 4. Assume (H,) and (H») hold, then 11 is bounded above.

Proof. Suppose on the contrary that there exists a sequence (x,,, y,,) of positive T-periodic
solutions of system (7) corresponding to («,,[,) such that lim,—. @, = or
limy,—co B, = 00. If lim,—e @, = 00, then either there exists a subsequence (X, Ym,)
such that (x,,, ym,) — 400 as j — oo or there is a G > 0 such that ||(x;,, yw)|| = G for all m.
Since (X, Vi) € ¢bo, then we have

X (1) + Y (1) = Y|, Y-

By (H,), there exists Qr > 0 and some 7; > 0 such that f(x,y) = n;(x +y) for all
x+y = Q. From (H,), we can get that there exists a 1 > 0 such that f(0,0) = nG. Let
1= min{n;, 7,}. On the other hand, there exists a sequence n; C [0, 7 — 1] such that
ijH = x(n;). Thus, we can obtain that

a(n)||x;|| = a(n)x(ng) = x;(n; + 1) = ah(n)f (x(n; — 71(m;)), y(n; — 01(n;)))

= xj(n; + 1) — najh(n)(x(n; — 71(n))) + y(n; — o1(n))))

= |5l = naghupyn|| G| = (]| = maghmy]|x]| = [[x5]|(1 = naghim)y).
We have o; = ((1 — a(n)))/(nh(n;)7y)) which is in contradiction with lim, e o, = .

Similarly, when lim,—. 3, = 0, we can also get the result.
The proof is completed.

3. Main results

For the main results, we refer to the following classical works.

LEMMA 5. [7]. Let X be a Banach space with cone K. Let Q) be a bounded and open subset
inX Let 0€ Q and I : K N Q) — K be condensing. Suppose that Ix # vx for all x €
KNoQandall v=1. Then il, K N Q,K) = 1.

LemMMA 6. [7]. Let X be a Banach space and K a cone in X. For r >0, define
K, ={x €K :||x <r| <r}. Assume that I : K, — K is a compact map such that Ix # x
for x € 0K, If ||x|| = ||Ix|| for x € dK,, then i(I,K,,K) = 0.
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Then, for each 6 € [0, 7/2], denote
Lo = {(«, B)|(a B € R? \(O 0)} =d(sin6,cos 0), d=> 0.

The points near one end of this ray belong to IT. and the points near the other end are
outside II, which implies that the set {d > 0|d(sin 6, cos )} € II is non-empty and
bounded. Thus we can define

d, = sup{d > 0ld(sin 6, cos )} € I1

for each 6 € [0, 7/2].

We can easily get (ay, B,) € I1, where (a,, By) = 0(sm 0, cos 6). Let {(m, Bn)} oy
be an increasing sequence for m = 1 and converges to (a@7 ,Bg) For each m, let (x,,, y,») be
a positive T-periodic solution of system (7) corresponding to (e, B,,). By Lemma 1,
we can get that the set (x,,y,) is uniformly bounded in X2, which implies that the
sequence (X,,,V,,) has a subsequence converging to (x,y) € X2. So we can obtain that
(x,y) is a positive T-periodic solution of system (7) at (ay, B).

Define p as p(6) = {(a:,)2 + (B*)2 }1/2 = d,. Without loss of generality, we assume that
¢ € (0, 7/2) and B is an open nelghbourhood containing (a 7B ) and contained in the
interior of R2 For any half-ray Ly that passes through B, it is clear that there will be some
points (&, B) in Ly such that (&, B) = (a B ). From Lemma 3, there will be a positive
T-periodic solution (%,y) of system (7) correspondmg to (a,B). If we pick the
neighbourhood B such that in polar coordinates:

{(r,0lple) —e<r<ple)+e¢—86<0<¢+35}

where ¢ and & are sufficiently small positive numbers, then we can obtain that
p(0) > p(¢) — . By symmetric arguments, we can also show that p(6) < p(¢) + €. These
arguments show that when 6 and ¢ are sufficiently close, so is p(6) and p(¢).

Generalizing the above considerations as follows: under the conditions (H;) and (H,),
there exists a continuous curve A (defined by p) joining some points (p(0),0) on the
positive a-axis and some points (0, p(7/2)) on the positive B-axis and separating
Ri\(O7 0) into two disjoint subsets A; and A, such that (0, 0) is a boundary point of A; and
system (7) has at least one positive 7T-periodic solution for («, 8) € A; U A and no
positive T-periodic solution for («, B) € A,.

In the following, we will show that there are at least two periodic solutions for each
(a, B) € Ay. Thus, we suppose that condition (H;) holds and system (7) has a positive
T-periodic solution (X, ) corresponding to (&, 8) > (0,0). Then by Lemma 3, system (7)
also has a positive T-periodic solution (x,y) < (%, ¥) corresponding to (a, 8) € R%r\(O7 0)
and (a, B) < (a, B).

Let(x™,y™) be a positive T- periodic solution of system (7) when («*, ") € A. Then
for (a, B) < (™, B%) and (v, B) € R? \(0 0), there exists a gy > 0 such that

F& G = 1) + 8,5~ 1)) + ) — f&"( — 1)y~ o)
_f0.0@" ~ a)

o
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and

(= n()) + e,y (j— (i) +e) — g (j — 120,y (j — 02()))

_ 80,0 ~
a
forn € N[O, T — 1] and 0 < & < &gy.
As a result, we have
n+7T-1

a Y M, ()" — 1) + 8,7 — 01(0) + &)

i=n

n+7T-1
—a’ Z M(n, Dh(Df (x" (i — 71(D)),y" (i — 01(0)))
n+T-1
= Z M, DhDOf G — 1) + &,y — o1(i) + €)

—fCTGE = @),y (= g ()]

n+T-1
— (@ =) Y M, bh()f (" — 11(0),y"( — 01())
n+T-1
<fO,00(" — @) Y Mn, (i)

n+T—1

—(@" —® Z M(n, Dh(Df (x" (i = 11(D),y" (i — 01(D)))

i=n

n+T—1
=(a"—a Z M(n, Dh(D)[f(0,0) — f(x"( — 11(0),y"( — o1()] =0
and o
n+T-—1
a Z Mn, Dh()f(x"( — 1(D) + &,y ( — o1(D) + &)
n+T-—1
=a’ Z M, Dh()f(x"( — 11(D),y"( — 01()) =x"(n) <x"(n)+e.
Similarly, vélgnhave
n+7T-1 .
B N phGf ("G — 1()) + &,y — o2() + &)
j=n
n+7T-1

=B Y NODGF G = i)y (= o) =y <y'm+s.

j=n
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Let
) =x"m+e, ym)=ym+e
and
V={xy€EX?:—e<x(n)<x'(m)+e —e<yn)<y'm+enec[0,T—1]}.

We can see that ¥ is bounded and open in X, 0 E W and I: ¢ NV — ¢, is
condensing (since it is completely continuous). Let (x,y) € ¢ N V. Then there exists n’
such that x(n') = x(n') or y(n') = yi(n'). Suppose that y(n') = y;(n), then by (H;), we
have that

n+T—1
Fp(x,y)(n') = B Z N, pk(Hg(xG — 7)), yG — 02())))
j=n
n+T—1
=B Z N Pk(Ngx,(j — 12()),y,(j — 02()) < y,(') = y(') = vy(n)
Jj=n

for all » = 1. Similarly, if x(n') = xJ(n), we can also get E,(x,y)n') < vx(n') for all
v = 1. Thus I, g(x,y) # ¥x,y) for (x,y) € ¢, N oW and v = 1. In view of Lemma 5, we
have i(/, ¥ N ¢, ¢») = 1. By (Hy), there exists O > 0 such that f(x,y) = n(x + y) for all
X +y = O, where 7 satisfies yBnN; > 1.

Let R = max{bc, O/, H(x:,yz)’ }, where C is a closed rectangle in R%\{(0,0)}
containing («, B). Let ¢r = {(x,y) € ¢ : ||(x,y)|| < R}. Then by Lemma 6, (x,y) #
I p(x,y) for all (x,y) € 0¢pg. Furthermore, if  (x,y) € dp, then
x(n) + y(n) = vy||(x,y)|| = Qy. Thus, we have

n+T—1
Fpx,y)(n) = B Z N(n, Pk(Hgx(j — (), y( — 02())))
j=n

= YN |G, I = {1 -

Therefore, from ||7o5(x,y)|| = [IFa(x, )|l > [|(x,y)|| and Lemma 6, we obtain that
i(la,8, dr, $2) = 0. By the additivity of the topological degree, we have

0= i(Ia,,[% ¢R7 ¢2) = i(Ia,Ba (bl N \I’7 d)Z) + i(Ia.ﬁa ¢R\¢2 N \1}7 ¢2)

Fori(lag, ¢» NV, o) = 1, we get that i(lo g, pr\» N W, ) = —1. Asaresult, I, g
has a fixed point on ¢, N ¥ and other points on ¢g\¢d N V.
Then, we can get the main theorem.

THEOREM 1. Assume (H,) and (H») hold, then there exist two disjoint subsets Ay and A\,
which are obtained from separating {(a, B)l(a, B) € RE\(0,0)} by a continuous curve A
Jjoining some points on the positive a-axis and some points on the positive [3-axis, such that
system (7) has at least two positive T-periodic solutions for (a, B) € Ay, at least one
positive T-periodic solution for (a,B) € A, and no positive T-periodic solution for

(o, B) € Aa.
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4. Conclusion and discussion

In this paper, we investigated a nonlinear competitive system with two parameters. By
constructing a curve A, we divide the parameter space II = {(a, B)|(a, B) € R?,_\(O7 0)}
into two disjoint subsets A; and A,. Moreover, by using the method of upper and lower
solutions and the degree theory, we obtained that there are at least two positive periodic
solutions for (e, B) € Ay, at least one positive periodic solution for («, 8) € A and no
positive periodic solution for («, B) € As.

In Ref. [18], Wu and Liu considered neutral difference systems depending on two
parameters and studied the existence, multiplicity and non-existence of periodic solutions.
Compared with their work, our paper has three main differences. First, we construct a
special curve A, which joins some point (p(0),0) on the positive a-axis and some point
(0, p(7/2)) on the positive B-axis, and which exactly divides the parameter space into two
disjoint domains A; and A;. Domain A; consists of boundary, but does not consist of
(0,0). However, in their paper, the continuous curve I' is defined as
I'={\6), () : 6 € (0,7/2)}, the domain they investigated does not include the
boundary. Second, our results are still valid when a« =0,8+# 0 or B=0,a # 0.
However, in their paper, the results do not hold for the two particular cases. Finally, we
obtain the existence of multiple solutions only by the assumptions (H;) and (H,), while
they got the existence of multiple solutions by adding another assumption.

From the discussion above, it can be concluded that there are multiple positive periodic
solutions in the competitive system which is consistent with the findings in the real world.
Moreover, the obtained results can also be extended to mutual systems and predator—prey
systems.
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