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process. To overcome this deficiency, several approaches have been developed to deal with dynamic
databases. They mainly address knowledge updating from three aspects: the expansion of data, the
increasing number of attributes and the variation of data values. This paper focuses on attribute reduc-
tion for data sets with dynamically varying data values. Information entropy is a common measure of

g‘;{l";’;’rﬁ’::ﬂata sets uncertainty and has been widely used to construct attribute reduction algorithms. Based on three repre-
Rough sets sentative entropies, this paper develops an attribute reduction algorithm for data sets with dynamically
Information entropy varying data values. When a part of data in a given data set is replaced by some new data, compared
Attribute reduction with the classic reduction algorithms based on the three entropies, the developed algorithm can find a

new reduct in a much shorter time. Experiments on six data sets downloaded from UCI show that the
algorithm is effective and efficient.
© 2012 Elsevier B.V. All rights reserved.

1. Introduction

In real world databases, data sets usually vary with time. This phenomenon occurs in many fields such as economic research, social
survey and medical research. As data sets change with time, especially at an unprecedented rate, it is very time-consuming or even infeasible
to run repeatedly a knowledge acquisition algorithm. To overcome this deficiency, researchers have recently proposed many new analytic
techniques. They usually can directly carry out the computation using the existing result from the original data set. These techniques mainly
address knowledge updating from three aspects: the expansion of data [1-7], the increasing number of attributes [8-11] and the variation
of data values [12,13]. For the first two aspects, a number of incremental techniques have been developed to acquire new knowledge
without recomputation. However, little research has been done on the third aspect in knowledge acquisition, which motivates this study.
This paper concerns attribute reduction for data sets with dynamically varying data values. For convenience of the following discussion,
here are some specific explanations regarding data sets with dynamically varying data values. Generally speaking, this case usually occurs
in the following several situations. One situation is that a part of the original data in a database is identified as wrong, thus needing to be
corrected. Wrong data obviously lose their value to store further, and will be directly replaced by correct ones. Another familiar situation
is that, initially collected data in a database may increase gradually, though it usually is not necessary to acquire knowledge from total data
all the time. In other words, the sizes of interested data sets do not change. For example, in a pollution survey of X city, observed data in
last few years or even decades may be stored in a database totally. However, analysis of pollution in each week (or each day, each month,
etc.) does not require total observed data in the past. In this situation, because data sets of adjacent time intervals are usually similar to
each other, an interested data set at one moment can be slightly amended to obtain a data set for the next moment. In addition, with
the rapid development of information technology, timeliness of data becomes more and more important. Thus, any out-of-date data in
databases are usually useless. To improve the efficiency of knowledge acquisition, useless data should be directly updated by the latest
or real-time ones. Furthermore, other similar situations occur rather often in applications such as stock analysis, tests for the disease and
annual appraisal of workers.

Feature selection, a common technique for data preprocessing in many areas including pattern recognition, machine learning and
data mining, has hold great significance. Among various approaches to select useful features, a special theoretical framework is Pawlak’s
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rough set model [14,15]. One can use rough set theory to select a subset of features that is most suitable for a given recognition problem
[16-21]. Rough feature selection is also called attribute reduction, which aims to select those features that keep the discerniblity ability
of the original ones [22-26]. The feature subset generated by an attribute reduction algorithm is called a reduct. In the last two decades,
researchers have proposed many reduction algorithms [27-32]. However, most of these algorithms can only be applicable to static data
sets. Although several algorithms have been proposed for dynamic data sets [1-11], as mentioned above, they are incremental approaches
only for the dynamic expansion of data or attributes.

This paper focus on attribute reduction for dynamically varying data values. To tackle this problem, this paper will exploit information
entropy. The information entropy from classical thermodynamics is used to measure out-of-order degree of a system. Information entropy
is introduced in rough set theory to measure uncertainty of a given data set [33-36], which have been widely applied to devise heuristic
attribute reduction algorithms [37-41]. Complementary entropy [33], combination entropy [35] and Shannon’s entropy [36] are three
representative entropies which have been mainly used to construct reduction algorithms in rough set theory. To fully explore properties in
reduct updating caused by the variation of data values, this paper develops an attribute reduction algorithm for dynamic data sets based on
the three entropies. In view of that a key step of the development is the computation of entropy, this paper first introduces three updating
mechanisms of the three entropies, which determine an entropy by changing one object to a new one in a decision table. When only one
object is changed, instead of recomputation on the given decision table, the updating mechanisms derive new entropies by integrating the
changes of conditional classes and decision classes into the existing entropies. With these mechanisms, an attribute reduction algorithm
is proposed for dynamic decision tables. When a part of data in a given data set is replaced by some new data, compared with the classic
reduction algorithms based on the three entropies, the developed algorithm can find a new reduct in a much shorter time. Experiments
on six data sets downloaded from UCI show that the algorithm is effective and efficient.

Therest of this paperis organized as follows. Some preliminaries in rough set theory are briefly reviewed in Section 2. Traditional heuristic
reduction algorithms based on three representative entropies are introduced in Section 3. Section 4 presents the updating mechanisms of
the three entropies for dynamically varying data values. In Section 5, based on the updating mechanisms, a reduction algorithm is proposed
to compute reducts for dynamic data sets. In Section 6, six UCI data sets are employed to demonstrate effectiveness and efficiency of the
proposed algorithm. Section 7 concludes this paper with some discussions.

2. Preliminary knowledge on rough sets
2.1. Basic concepts

This section reviews several basic concepts in rough set theory. Throughout this paper, the universe U is assumed a finite nonempty set.

An information system, as a basic concept in rough set theory, provides a convenient framework for the representation of objects in
terms of their attribute values. An information system is a quadruple S=(U, A, V, f), where U is a finite nonempty set of objects and is called
the universe and A is a finite nonempty set of attributes, V= J 4eaVa with V, being the domain of a, and f: U x A— V is an information
function with f(x, a) e V, for each a € A and x € U. The system S can often be simplified as S=(U, A).

Each nonempty subset B C A determines an indiscernibility relation in the following way,

Rg={(x,y)e UxU|f(x,a)=f(y,a),VaeB}.
The relation Rg partitions U into some equivalence classes given by
U/Rg = {[x]g | x € U}, justU/B,
where [x]g denotes the equivalence class determined by x with respect to B, i.e.,

[x]p =y e U|(x,y) € Rg}.

Given an equivalence relation R on the universe U and a subset X< U, one can define a lower approximation of X and an upper
approximation of X by

RX=| JixeUllxlkcX)
and
RX=| JixeUllxlknX #0),

respectively [39]. The order pair (RX, RX) is called a rough set of X with respect to R. The positive region of X is denoted by POSk(X) = RX.

A partial relation <on the family {U/B|BC A} is defined as follows [37]: U/P < U/Q (or U/Q > U/P) if and only if, for every P; € U/P, there
exists Q; € U/Q such that P; € Q;, where U/P={Py, P,, ..., Pn} and U/Q={Q1, Q2, ..., Qn} are partitions induced by P, Q€ A, respectively. In
this case, we say that Q is coarser than P, or P is finer than Q. If U/P< U/Q and U/P # U/Q, we say Q is strictly coarser than P (or P is strictly
finer than Q), denoted by U/P < U/Q (or U/Q > U/P).

It is clear that U/P < U/Q if and only if, for every X € U/P, there exists Y < U/Q such that X C Y, and there exist Xy € U/P and Yy € U/Q such
that X C Yp.

A decision table is an information system S= (U, CuD) with Cn D=@, where an element of C is called a condition attribute, C is called a
condition attribute set, an element of D is called a decision attribute, and D is called a decision attribute set. Given P< C and U/D={D1, D3,
..., Dr}, the positive region of D with respect to the condition attribute set P is defined by POSp(D) = Ul::]BDk'

For a decision table S and P< C, Xe U/P is consistent iff all its objects have the same decision value; otherwise, X is inconsistent. The
decision table S is called a consistent decision table iff VX e U/C are consistent; and if 3x, y € U are inconsistent, then the table is called an
inconsistent decision table. One can extract certain decision rules from a consistent decision table and uncertain decision rules from an
inconsistent decision table.
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For a decision table S and P< C, when a new object x is added to S, x is indistinguishable on B iff, 3y € U, Va € P, such that f(x, a) =f(y, a);
and x is distinguishable on P iff, Vy e U, 3a € P such that f{x, a) #+ f(y, a).

2.2. Attribute reduction in rough set theory

Given an information system, all the attributes are not necessarily in the same importance, and some of them are irrelevant to the
learning or recognition tasks. The concept of attribute reduction was first originated by Pawlak in [14,15], which aimed to delete the
irrelevant or redundant attributes on the condition of retaining the discernible ability of original attributes (the whole attributes set). The
retained attribute subset got from attribute reduction is called a reduct.

Definition 1. Let S={U, A} be an information system. Then BC A is a reduct of S if

(1) U/B=UJA and
(2) YaeB, U/(B—{a}) + U/B.

There are usually multiple reducts in a given information system, and the intersection of all reducts is called core. Given a decision table,
the retained attribute subset got from attribute reduction is called a relative reduct, and the intersection of all relative reducts is called
relative core [14,15].

Definition 2. Let S={U, CUD} be a decision table. Then B < C is a relative reduct of S if

(1) POSp(D)=POS(D) and
(2) YaeB, POSp_;q)(D) # POSg(D).

For these two definitions, the first condition guarantees that the reduct has the same distinguish power as the whole attribute set, and
the second condition guarantees that there is no redundant attributes in the reduct. A reduct is called an exact reduct if it satisfies both of
these two constraints, otherwise, is just an approximate reduct. In [40], Skowron proposed a discernibility matrix method to find all exact
reducts of an information system without decision attributes. However, it has been proved that using this algorithm to generate reducts is
an NP-hard problem. For decision tables, Kryszkiewicz proposed an approach to computing the minimal set of attributes that functionally
determine a decision attribute [41]. This algorithm can find an exact reduct of a given decision table. These two approaches are both very
time-consuming.

As is well known, Pawlak’s rough set model is applicable for the case that only nominal attributes exist in data sets. However, many real
datain applications usually come with a complicated form. To conceptualize and analyze various types of data, researchers have generalized
Pawlak’s classic rough set model, and attribute reduction based on these generalizations was also redefined. Reducts generated by these
reduction algorithms are usually approximate reducts. Ziarko provided the concept of S-reduct based on the introduction of variable
precision rough set model (VPRS) [42]. VPRS deals with partial classification by introducing a probability value 8. The § value represents
a bound on the conditional probability of objects in a condition class which are classified to the same decision class. Yao proposed the
decision-theoretic rough set model and also defined attribute reduction based on this generalized model [43,44]. This model with loss
functions aims to obtain optimization decisions by minimizing the overall risk with Bayesian decision procedures. An extensive review of
multi-criteria decision analysis based on dominance rough sets was given by Greco et al. [45]. Dominance rough set model has also been
applied for ordinal attribute reduction and multi-criteria classification [46,47]. Dubois and Prade constructed the first fuzzy rough model
by extending equivalence relation to fuzzy equivalence relation [48], where fuzzy equivalence relations satisfy reflexivity, symmetry and
max-min transitivity. Reduction algorithms based on above generalized rough set models usually generate one or more approximation
reducts and have been applied to solve their corresponding issues. It is deserved to point out that each kind of attribute reduction tries to
preserve a particular property of a given table.

In addition, to save computational time of finding reduct, researchers have also developed many heuristic attribute reduction algorithms
which can generate a single reduct from a given table [33,35,37,38,49]. Most of them are greedy and forward search algorithms, keeping
selecting attributes with high significance until the dependence no longer increases. The reduct generated by a heuristic reduction algorithm
is usually considered as an approximation reduct. It will be an exact reduct when deleting its redundant attributes.

However, the above analysis about generating an exact reduct and an approximation reduct is not very rigorous. For example, though
reducts generated by heuristic reduction algorithms are considered as approximation reducts, some of them are often exact redcuts.
Because so many reduction algorithms have been proposed in the last two decades and it is very difficult to list all of them here, this section
just introduces a common distinction between generating an exact reduct and generating an approximation reduct.

3. Attribute reduction based on information entropy

Among various heuristic attribute reduction algorithms, reduction based on information entropy (or its variants) is a kind of common
algorithm which has attracted much attention. There are three representative entropies which are used to construct reduction algorithms.
They are complementary entropy [33], combination entropy [35] and Shannon’s information entropy [36]. The heuristic attribute reduction
algorithms based on these three entropies are reviewed in this section.

In [33], the complementary entropy was introduced to measure uncertainty in rough set theory. Liang et al. also proposed the conditional
complementary entropy to measure uncertainty of a decision table in [34]. By preserving the conditional entropy unchanged, the conditional
complementary entropy was applied to construct reduction algorithms and reduce the redundant features in a decision table [35]. The
conditional complementary entropy used in this algorithm is defined as follows [33-35].
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Definition 3. Let S=(U, CUD) be a decision table and B< C. Then, one can obtain the condition partitions U/B={X;, X3, ..., X} and
U/D={Y1, Ys, ..., Yn}. Based on these partitions, a conditional entropy of B relative to D is defined as

n X; N Y 1Y =X

E(DIB) = ZZ oo M

i=1 j=1

where Y and X]F are complement set of Y; and X; respectively.

Another information entropy, called combination entropy, was presented in [35] to measure the uncertainty of data tables. The con-
ditional combination entropy was also introduced and can be used to construct the heuristic reduction algorithms [35]. This reduction
algorithm can find a feature subset that possesses the same number of pairs of indistinguishable elements as that of the original decision
table. The definition of the conditional combination entropy is defined as follows [35].

Definition4. LetS=(U,CuD)beadecisiontableand B ¢ C. Then one can obtain the condition partitions U/B={X1, X3, ..., Xm} and U/D={Y7,

Y,, ..., Ya}. Based on these partitions, a conditional entropy of B relative to D is defined as
m 2 n C2
1Xil Cixi X N Yl Sixiny
CE(D|B) = — ! . 2
eB=> |\ Tie 2w @ @
i=1 Ul j=1 U]
where C%  denotes the number of pairs of objects which are not distinguishable from each other in the equivalence class X;.

Xil

Based on the classical rough set model, Shannon’s information entropy [36] and its conditional entropy were also introduced to find a
reduct in a heuristic algorithm [38,50]. In [38], the reduction algorithm keeps the conditional entropy of target decision unchanged, and
the conditional entropy is defined as follows [38].

Definition 5. Let S=(U, CUD) be a decision table and B< C. Then, one can obtain the condition partitions U/B={X;, X3, ..., X} and

U/D={Yq, Yo, ..., Yn}. Based on these partitions, a conditional entropy of B relative to D is defined as
n
|Xi| IXi NY;jl IXi Nl
H(D|B) = lo . 3
P=-2 o 2w 8 ©)
Jj=

For convenience, a uniform notation ME(D|B) is introduced to denote these three entropies. For example, if one adopts Shannon’s
conditional entropy to define the attribute significance, then ME(D|B)=H(D|B). Given a decision table S=(U, CuD) and B4, B € C. According
to literatures [33,35,38], if U/B; < U/B,, one can get that ME(D|B;) < ME(D|B,). This conclusion indicates that, for a given decision table,
as its condition classifications become finer, its entropies (the three entropies) are monotone decreasing. In addition, as the condition
classifications become finer, the classified quality (see Definition 11) of the given decision table is monotone increasing. Thus, one can
get that the three entropies of a given decision table are monotone decreasing with the classified quality increasing. Especially, when the
classified quality is one, the entropies are zero [33,35,38].

The attribute significances based on entropies in a heuristic reduction algorithm is defined as follows (see Definitions 6 and 7)[33,35,38].

Definition 6. Let S=(U, CUD) be a decision table and B C C. Va € B, the significance measure (inner significance) of a in B is defined as
Sig™" (a, B, D) = ME(D|B — {a}) — ME(D|B). (4)

Definition 7. Let S=(U, CUD) be a decision table and B € C. Va € C — B, the significance measure (outer significance) of a in B is defined as
Sig®"**"(a, B, D) = ME(D|B) — ME(D|B U {a}). (5)

Given a decision table S=(U, CUD) and a € C. From the literatures [26-29], one can get that if Sig""¢(q, C, D)> 0, then the attribute a is
indispensable, i.e., a is a core attribute of S. Based on core attributes, a heuristic attribute reduction algorithm can find a reduct by gradually
adding selected attributes to the core. The definition of reduct based on information entropy is defined as follows [26-29].

Definition 8. Let S=(U, CUD) be a decision table and B € C. Then the attribute set B is a relative reduct if B satisfies:

(1) ME(D|B)= ME(D|C):
(2) YaeB, ME(D|B) + ME(D|B — {a}).

Formally, the searching strategies in reduction algorithms based on the three entropies are similar to each other. The specific steps are
written as follows [33,35,38].

Algorithm 1. Classic attribute reduction algorithm based on information entropy for a decision table (CAR).

Input: A decision table S=(U, CUD)
Output: Reduct red
Step 1: red<0;
Step 2: for (j=1;j<|C|;j++)
{ if Sigi""®"(a;, C, D) >0, then red < red U {a;};

}
Step 4: P < red, while (ME(D|P) + ME(D|C)) do
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{

Compute and select sequentially Sig®“‘"(aq, P, D) = max{Sig®“®"(a;, P, D)}, aje C—P;
P<—PuU{ap};

}

Step 5: red < P, return red and end.

Based on Definition 6, one can get core attributes according to steps 1 and 2 in this algorithm. Steps 3 and 4 add selected attributes to
the core gradually, and then one can obtain a reduct of the given table. This algorithm can be considered as the common attribute reduction
algorithm based on information entropy. The time complexity of CAR given in [37] is O(|U||C|?). However, this time complexity does not
include the computational time of entropies. For a given decision table, computing entropies is a key step in above reduction algorithm,
which is not computationally costless. Thus, to analyze the exact time complexity of above algorithm, the time complexity of computing
entropies is given as well.

Given a decision table, according to Definitions 3-5, it first needs to compute the conditional classes and decision classes, respectively,
and then computes the value of entropy. Xu et al. in [51] gave a fast algorithm for partition with time complexity being O(|U||C]). So, the
time complexity of computing entropy is

m n
O [ 1UICI+1U1+> Xl > 1Yl | = 0(UIICI + U] +UNIUI) = O(U),
i=1 j=1

where the specific introduction of m, n, X; and Y; is shown in Definitions 3-5. Thus, the time complexity of computing core (steps 1 and 2)
is O(|C]|UJ?), and the time complexity of computing reduct according to CAR is

O(ICIIUJ? + [CI(JUIIC| + |U[?)) = O(IC[?|U| + |C||U|?).

4. Updating mechanism of information entropy

Given a dynamic decision table, based on the three representative entropies, this section presents the updating mechanisms of the three
entropies for dynamically varying data values. As data values in a decision table vary with time, recomputing entropy is obviously time-
consuming. To overcome this deficiency, the updating mechanisms derive new entropies by integrating the changes of conditional classes
and decision classes into existing entropies. When data values of a single object vary, Theorems 1-4 introduce the updating mechanisms
for the three entropies respectively.

For convenience, here are some explanations which will be used in the following theorems. Let S=(U, CUD) be a decision table, BC C
andxeU.U/B={X1,X3, ... Xm}, UD={Y1,Y,..,Yn},x € Xp, and x € Yg, (p1€{1,2,...,m}and q; €{1, 2, ..., n}). If attribute values of x are
varied, and here assumes that x is changed to x'. Let Uy denotes the new universe, one hasx’ € X;, andx’ € Y; (X/ € Uy /Band Yy, € Uy /D).
Obviously, one can get that X}, — {x} e U/B, Yy, —{x}e U/D,Xp, — {x} € Uy /Band Yq, — {x} € UX//D In addltlon , Yg,, Xp, and Yy, denote
Xp, — {x}, Y, — (%), X5, — (%) and Yg, — &}, respectively.

Theorem 1. Let S=(U, CUD) be a decision table and B C C. The complementary conditional entropy of D with respect to B is Ey(D|B). Then, one
can obtain the partitions U/B={X1, X3, ..., Xm} and U/D={Y1, Y3, ..., Yn}. X € Xp, and x € Yq,. If one and only object x € U is changed to X', then
X eXp, andx' e Yy (X, € Uy /B and Yy, € Uy /D). The new conditional complementary entropy becomes

2|XI/?2 B Yézl B 2|X£’1 B Yl[h ‘
U ’

Ey, (DIB) = Ey(D|B) +

where Xp, =Xp, — {x} and Yy, =Yg, —{x}

Proof. For the decision table S, when x is changed to x/, there are four situations about the changes of conditional classes and decision
classes, which are as follows:

Uy/B= (X1, X2, ..., X

by Xmo XY and Uy /D = {Y1, Yo, ..., Yg,u oo, Yo, (X))

(@)
(b) Uy /B = {X1,X2,...,X;,1,... X;Z,...,Xm,},x/eX’z,ande/D Y1,Y2,...,Y[h,...,Yn,{x’}};
(c) Uy /B = X1, X2, ., Xp s oo s Xmy (X)), er/D={Y1,Y2,...,Yé], .. Y[h,...,Yn}andx’ S
(d) Uy /B={X1,X2, ..., XpysooosXpys oo s Xm, X € X)) ander/D_{YhYz,...,Y[h,.. Y‘;Z,...,Yn},x’eY[D.
For convenience, here introduces a uniform notation about these four situations.
Let U/B={X1, X2, ..., Xm, Xm+1} and X+ =0. Then, we have Uy /B = {X1,Xo, ... s Xpys oo Xpys oo Xmi, b Xp = Xpy — (X} and Xp, =

{X'} UXp,. Similarly, let Y,+1 =0, we can get that U/D={Y1, Y, ..., Ypu1}, U /D= {Y1,Ys, .. JYg oo Yoo Yopry and Yy, = (X} U Yq2
Obviously, for situation (a), we have Xp, =Xmi1 U X'} =0 U {X'} = {x'} and Yi, =Ynp UiX} = {x 1 Slmllarly, for situation (b), We have Y,
Yni1 U {X'} = {x'}. And for situation (c), we have Xp, = X'}

According to the uniform notation, the updating mechanism of complementary conditional entropy is as follows.

rom = S HEUE 5y Mg

i=1 j=1 i=1 j=1

42

Hence
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-1 -1 -1 , , ,
c (DB)_’" X NI =Y XN Y X =Yg XYy 11X — Y| X, NYIXp Yl IXp Y 1Ky, — Y|
u (DIB) = > U2 |U|2 \U|2 + U - U

i=1 \ j= j=1

’ ! n71 ’ ’ ! ’
|XP1 n Yt/I!zHXPl B Yt/lzl Z |XI,72 n lelxpz - Yf' ‘XI/Jz n Yt/h HXPZ - Y‘;I | |XD2 N Ylh HXé’Z B Yt/Izl

|U|? |U|? |U|? U
j=1
m—
Z Zumynx Vil X0 Y, 1K = Yo, X0 Vg, X = Y|
U2 U2 |UI?

i=1 j=1

n-1 n-1
Xp, NYj-(1Xp, = Yl = 1) N (IXp, N Yq,1 = 1)-1Xp, — Yq, 1 N IXp, N Yq,|-(1Xp, — Yg,| = 1) Z\sz NYjl-(1Xp, = Yl +1)

U2 U2 U2 U2
j=1 j=1
m+1 n+1
|sz NYq |- (Xp, =Yg 1 +1) N (1Xp, NYqy | +1)-1Xp, — Yo, | _ZZ'XWYJ”XI‘—YH Xp, = Yg,| = 1Xp, — Vg,
U2 U2 N U2 U2
14 U] i U] Ul
n+1 n+1 n+1 n+1
Xp, NY;] Xy, NYj| X, —Y! | =X, — Y/ | X! NY;l X, NYi
+ > Tgpo D Tgr =RuDE)s Rty B0 BT S 7|U|21 = Ey(DIB)
j=lj#q j=Lj#q j=lj#q j=lj#q
X —Y | -IX, —Y! Hoxo Nyl X, NY, X' Ny UL S AR N eR nYy |
+|Pz_ !~ Xp, — Ql‘+ Z Xp, J|+‘Pz f12|_|P2 42|_ Z Xp, J|_|P1 Q1|+‘ —EU(D|B)
|U|? iiiZa |UI? |U|? |U|? i |U|? |U|? \UI2
=1 2 =1, 1
le/’z_Yf/le_lxl;l_Yé]‘ |X£;2|—|X1/720Yé | | |_‘ ﬂyl/hl_E DIB l | 2| _Y(31‘
> > 2 = Ey(DIB) + 3
U] U U] U]

This completes the proof.

For convenience of introducing combination entropy, here gives a deformation of the definition of combination entropy (see Definition 1).
According to CZ = (N(N — 1))/2, the following deformation can be got. Then the updating mechanism of combination conditional entropy
is introduced on the basis of this deformation.

Definition 9. Let S=(U, CuD)be a decision table and B C C. One can obtain the condition partition U/B={Xy, X>, ..., Xm} and U/D={Y1, Y2,
., Yn}. The combination conditional entropy of B relative to D is defined as

T XX - 1) = XiNY0X N Y- 1)
CE(D|B) = - . 6
I5) lzzl: UiR(UI - 1) Z UR(UI—1) (6)

Theorem 2. Let S=(U, CuD) be a decision table and B C C. The combination conditional entropy of D with respect to B is Ey(D|B). Then, one
can obtain the partitions U/B={X1, X, ..., Xm} and U/D={Y1,Y,, ..., Yn}. x € Xp, and x € Yg,. If one and only object x € U is changed to X/, then
X eXp, and X' e Yq, (X, € Uy /B and Yq, € Uy /D). The new combination conditional entropy becomes

CEy, (DIB) = CEy(DIB) + A,

X, —Y! (BIX. 431X AY) [=5)—X, —Y' [(3X. |[+31X]_ AY’. |+1)
where A = P2 92 ""P2 ""P @ \U|2p1 NP X =X, — ) and Yg, =Yg, — {X).

Proof. Similarly, when x is added to S, there are four same situations as the proof in Theorem 1. Then, the combination conditional
entropy is

m—1
IX;12(1X;] — 1) XinYP(XinY I —1)  IXinYg POXinYg,1-1) X0 Y, P(XinYg,| - 1)
CE”*’(D‘B)ZZ \UR(IU| - 1) Z |U|2(|U|—1) \U|2(|U|—1) |U|2(\U|—1)2

4 7] ’ ! ! !
X, 12(1Xp, 1 = 1) *HZ‘X;” NYiPXp, NYjI=1) X, nYq PXp, NV 1=1) X5, nYe, PXp, N Y 1= 1) X5, 1P(X5,1 - 1)
EESY UI2(lU| - 1) \U|2(|U\—1) \U|2(|U|—1) IUI2(lU| - 1)

—Zl , NY;1%( vjl-1) X, N Yg, 121X, N Yg, 1 —1) ~ X, NG, 121X, N Yg, 1 —1)
IUI1%( IU\—l) iUl -1) iUl -1)
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””zf IX; 120X - 1) iwmyjlzuxinyjl—l) (|xm|—1)2(\xp1|—2)_ilxplﬂYjIZ(IXmejl—U
UR(UI - 1) UR(UI-1) V21U - 1) IUR(UI - 1)

i=

-1
_ (‘Xpl mY‘h |- 1)2(|XP1 n Ylh ‘ _2) _ |XP1 N Ylh‘z(lxm n Ylh‘ - 1) (|Xp2| + 1)2|XP2‘ _ ”z: IXPZ n lez(lxpz N le -1)
IU2(JUI - 1) [U12(lU| - 1) [U12(lU| - 1) |U12(lU| - 1)

+1 +1
oy 0 Yy PUXpy 01 Yy | = 1) (Xpy 0 Yay |+ 1)°Xp, 0 Ve _ "”Z X2 = 1) "Zm NY;12(X N Y 1)
[UR(U| - 1) [UR(U| - 1) UR(U| - 1) URR(U - 1)

—3\xp1 12+ 5|Xp, | + 31Xp, N Yq, 1> = 5IXp, N Yq, | 3|xp2 12+ |Xp, | — 31Xp, N Yg, 12 — 1Xp, N Yo, |

= CEy(D|B)
UR(UI-1) UR(UI-1) v
|XP2 — YQ2|(3|XIJ2| +3|XP2 n yth‘ +1) _ |XD1 — y01|(3‘XP1 | +3|XIJ1 ﬂy‘h |-5)
IUI2(JUI - 1) UI(JUI - 1) '

And because Xp, =Xp, U X} and Yg, =Yg, Ux}, from Theorem 2, one can also get that

Koy = Yoo I31Xp, | +31Xp, N Ygy | + 1) 1Xp; — Ygy 131Xy | + 31Xp, N Vg1 = 5)
UR(UI - 1) V21U - 1)

CEy, (DIB) = CEy(DIB) +

This completes the proof.
The following two theorems are the updating mechanisms of Shannon’s conditional entropy shown in Definition 3.

Theorem 3. Let S=(U, CUD) be a decision table and B < C. The Shannon’s conditional entropy of D with respect to B is Ey(D|B). Then, one can
obtain the partitions U[B={Xq, Xz, ..., Xm} and U/D={Y1, Y, ..., Yn}. X € Xp, and x € Yq,. If one and only object x € U is changed to X/, then
X' eXp, andx' e Yy (X,, € Uy /B and Yy, € Uy /D). The new Shannon'’s conditional entropy becomes

Hy, (DIB) = Hy(D|B) -

where

n n ’
A= Z Xp, N Yj‘l ‘XP1| Z IXp, N lel Xpa| | 1Xpy N Yy, | . |X£’1 n Yt/h [IXp, | Xp, N Ylhll |XP2 n Yt/izHXl’Zl

j=lj#q vl ! j=lj#q vl Xp, | Ul 1Xp; N Yoy 11Xp, | U 1Xp, N Y, 11Xp, |
124 i
1, X X, nYy | /
* m \]Hiﬂijxm :XP1 —{x} and Yq1 = qu — {x}
1

Proof. Similar to the proof in Theorem 4, it can be easily proved.

In view of that the formula of A is complicated, thus, for the large-scale data tables, an approximate computational formula is proposed in
the following theorem.

Theorem 4. LetS=(U, CuD)be alarge-scale decision table and B C C. The conditional Shannon'’s entropy of D with respect to Bis Ey(D|B). Then,
one can obtain the partitions U/B={Xy, Xa, ..., Xm} and U/D={Y1, Y3, ..., Yn}. X € Xp, and x € Yq,. If one and only object x € U is changed to X/,
then X' ¢ Xp, and x' e Yq, (XI’,2 € Uy /Band Yg, € Uy /D). The new Shannon’s conditional entropy becomes

1 X5, 11Xp, NYg, |

Hy.,(D|B) ~ Hy(D|B) — 107,,
u, (DIB) ~ Hy(DIB) 1018 %0 11X, 1Y,

where X, = Xp, — (X} and Y, =Yg, — (X}

Proof. Similarly, when x is added to S, there are four same situations as the proof in Theorem 1. Then, the Shannon’s conditional
entropy is

m-1 n-1 ’ ,
|Xl| \Xlﬂy]| |Xlﬂyj| |X,‘ﬂYé1| |Xiﬂy(,h| |XiﬁYq2\ \Xiquz\
Hy ,(D|B) = — —_— Io + lo + lo
0, (DIB) 21: U] 2 Xl T Xl T Xl TX
1= ]=
’ n-1 / ’ ’ ’
|XP1 | |XI,J1 n Yfl log |XI;1 n le + |XI,J1 n Y‘h | log |XI/J1 n Ylh | + |XP1 n y‘le -log ‘XI/JI n Yézl
Ul > X, | X, | X, | Xp. | X, | X, |

! n-1 ! / ’ ! ’ ! / / /
IXle Z ‘ 2 1 Yj ‘ lo ‘XPz ny;l + IXPz n qu | log |XP2 n Yth I IXPz n YQZ‘ Io IXPz n YIIzl
1Xp, | 1Xp, | |

7 + -log 7
;U Xp, | 1Xp, | 1Xp, | 1Xp, |
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m-1 n+1 n-1 ,
—_ Xil XinYl, 1Xin Yj|)+ X | g Xy ”Yj\log Xpy NYjl | 1Xp, | Xp, NYq | —1 log Xp, N Vg, 1 Xpyl
— [U| = Xl Xl U = 1Xp, | 1Xp, [U| 1Xp, | 1Xp, | [U|
, n—1
Xpr Y5l oo Xp N Y551 Xy | N Xpy N Y log Xp, N Yl Xp, | 1Xp, N Y| log P2 Yal | Xpol X, N Yoy | +1
[Xp, | 1Xp, 1 |U| P [Xp, | 1Xp, | U] 1Xp, | 1Xp, | |U| 1Xp, |
-1 n+1 n—1
Xp, NYg,| XX Y XY Ky =Koy Y Xp 0 X X,
lo 2 a2 - _ Al J lo J + P1 P1 J lo P1 J +lo P1 P1l
X ; U] ; Xl CTXl Ul LKy $ %0, X,,1) " Ul
Xpy N Yg, | log 1Xpy N Yo, lo |Xél n Yf’h [1Xp, | _ llo |XI/71 n Yéh | Xp, | . IXp; N Yg, | | log IXp; N Yg, | lo Xp, |
X Yo X (Yo 1% 1) 10X UL Kl Xp | %]

n-1
Xp, | IXp, N Y| A1Io 1Xp, N Yl +1lo Xp, | Xp, | . 1Xpy N Yo, | log Xp, N Yq, | +1lo Xp, | Xp, | . 1Xpy N Yo, | .
Ul 4 - IXp, | Xp, | IXp, | i Xp, | IXp, | IXp, | i 1Xp, |

Jj=

(log Xo2 (1 Yar| o X2 “Yc’:zHXPﬂ) 1,0, X N Yol

; + —lo 7
X, Xp, N Yoo 1Ko 1 ) 1018 1x) |

To simplify the calculations of above formula, for the large-scale decision tables, here are some approximated expressions. In view of
that |Xp, | and |X;, | based on the large-scale decision tables are relatively large, respectively, one can get that |Xp, | ~ IXp, | and |Xp, | ~ IXp, |
(Xp, =Xp, — ix} and X, = Xp, U {x}), e.t. log|Xp, |/1Xp,| ~ 0 and log|Xp, |/1X,,| ~ 0. Similarly, one can also get from |Xp, N Yg, |~ 1X,, NYq, |

and |Xp, NYq, |~ IXp, NYg, | that log|Xl’71 N Yg, 11Xp, |/1Xp, N Yq, [1Xp,1~ 0 and log|XI’,2 N Y, [1Xp, 1/1Xp, N Yy, 11X, 1 ~ 0. Hence, the above formula
can be simplified to

m n ! ! ! ’ ! ’ !

IXil IXi N Yl X N Yl 1 |XP1 n YCI]‘ 1 |XIJ2 mYﬁlzl 1 |XP2 quZHXp]l
Hy,(D|B) ~ — E — lo, - —log—o— + — -log—-——= | =Hy(DB) — —log —*———~—.
P o Ui X UK UK, B 0118 e, T, Y,

Thus, this completes the proof.

5. Attribute reduction algorithm for decision tables with dynamically varying attribute values

Based on the updating mechanisms of the three entropies, this section introduces an attribute reduction algorithm based on information
entropy for decision tables with dynamically varying attribute values. In view of that core is another key concept besides redcut in rough
set theory [14,15], this section also gives an algorithm for core computation. In rough set theory, core is the intersection of all reducts of a
given table, and core attributes are considered as the indispensable attributes in a reduct. Note that, for the three entropies, the following
algorithms are commonly used to update core and reduct.

Algorithm 2. An algorithm to core computation for a dynamic decision table (ACORE, ).
Input: A decision table S=(U, CuD) and object x € U is changed to X’

Output: Core attribute COREy on Uy
Step 1: Find X, and Xj,,: in U/C={X1, X3, ..., Xm} and x € Xp,. If x is changed to X, and X" € X},,. One have X, =X, — {x'} and Uy /C =

X1, X2, ..., Xp oo Xpy oo Xm)e
Step 2: Find Yy, and Yy, : in U/D={Yy, Y, ..., Yn} and x € Yy,. If x is changed to X, and x" € Yj,. We have Y =Yg, — (X} and Uy /D =
Y1, Yo, oo Yo Yoo, Yal.

Step 3: Compute MEy,, (D|C) (according to Theorems 1, 2 or 4);

Step 4: COREy,, < #, foreachaeC

(1) In U/(C—{a}) = {M;, My, ..., My} (m' <m) and x € My,. If x is changed to X', one have x’ € M’z, M;l =M, —{¥'} and Uy /(C — {a}) =
{My,Ma,....Mp ,....Mp,, ..., Mp}.

(2) Compute MEy,, (DIC — {a}ﬁ (according to Theorems 1, 2 or 4).

(3) If MEy,, (DIC — {a}) + MEy,,(D|C), then COREy,, = COREy,, U {a}.

Step 5: Return COREy,, and end.

Based on updating mechanisms of the three entropies, an attribute reduction algorithm for decision tables with dynamically varying
attribute values is introduced in the following. In this algorithm, the existing reduction result is one of inputs, which is used to find its new
reduct after data changes.

Algorithm 3. An algorithm to reduct computation for a dynamic decision table (AREDy ).

Input: A decision table S=(U, CuD), reduct REDy on U, and the changed object x which is changed to x’
Output: Attribute reduct REDy,, on Uy
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Table 1
Comparison of time complexity.
Entropy Classic Incremental
o(|Ul?) O(IUIICl + max(1X; 1Y, |, 1Xp, 11Yg, 1))
Core CA_COREy ACOREy
o(|cl|up?) O(max(|CIIX;, 1Yg, 1, ICIIXp, 11Yg, 1))
Reduct CA_RED, ARED,/
o(|Cl|ul+|clluPP) O(ICI|U| + max(|CIIX;, 1Yy, 1, 1C1IX, 1Y, 1))

Step 1: B < REDy. Find M;l and M;Z: inU/B={M;,Mj,...,My}andx € My,.If xis changed to X', and X' € M;z. One have M;l =My, — {x}
and UX//BZ {M],Mz, ...,M;l, ...,M;Z, ...,Mm/}.

Step 2: Find Yy, and Yg,: in UD={Yy, Yo, ..., Yn} and x € Yg,. If x is changed to X/, and X’ € Yy, One have Yy, =Yg, — X} and Uy /D =
Y1, Y2, oo g oo Yoo oo, Yl

Step 3: Compute MEy,, (D|B) (according to Theorems 1, 2 or 4);

Step 4: Find Xp, and Xp,: in U/C={Xq, X2, ..., Xm} and x € Xp,. If x is changed to x/, and X’ €X,,. One have Xp, =Xp, — X} and Uy /C =
X1, Xz, .o Xpo oo Xpy s ooy X

Step 5: Compute MEy,, (D|C) (according to Theorems 1, 2 or 4);

Step 6: IfMEUX, (DIB) = MEy,, (D|C), then REDy,, < REDy, turn to Step 8; else turn to Step 7.

Step 7: While MEy,, (DIB) # MEy,, (DIC) do

{ For each a e C— B, compute Sig‘{,ifer(a, B, D) (according to Theorems 1, 2 or 4 and Definition 6);

Select ag = max{Sigf,z,m(a, B,D)},acC—B;
B BU{ao).

}
Step 8: For eachac B do

mner

{ Compute Sigux, (a, B, D);

If Sig{}"*'(a, B, D) = 0, then B < B— {a}. }
Step 9: REDy,, < B, return REDy,, and end.

The following is time complexities of above two algorithms. First is the time complexity of computing entropy according to Theorems
1, 2, and 4, which is O(m|C| +n + 1Xp, 11Yg, | + |X£,2\|Y[,2|) = O(max(|X;,] 1Yg, 1, |XI’JZ||Y[72\)) (the explanations of m, n, X, Yg, . Xp, and Yy, are
shown in Theorems 1, 2, and 4). For convenience, @’ is used to denote the above time complexity, i.e., & = O(max( 1Xp, 1Y, 1 1Xp, 11Yg, ).

In the algorithm ACORE,/, the time complexity of steps 1-3 is @’; in step 4, the time complexity is |C|®’. Hence, the time complexity of
algorithm ACORE, is

0(O' +|CIO) = O(ICI(max(1Xp, 1Y, | 1Xp, 1Yy, 1)) = O(max(ClIXp, 1Y, 1. ICIIXp, 1Yy, ).

In algorithm ARED,/, the time complexity of steps 1-3 is ®@’; the time complexity of steps 4 and 5 is also O(®'); in step 7, the time
complexity of adding attributes is O(|C|®’); in step 8, the time complexity of deleting redundant attributes is O(|B|®’). Hence, the total
time complexity of algorithm IA _REDy is

0(®' +C|@' +|B|@') = O(IC|®') = O(|C|*|U| + max(IC|Xp, [1Yg, |, ICI1Xp, 1Yy, 1)-

To stress above findings, the time complexities of computing core and reduct are shown in Table 1. CA.CORE, and CA_RED,, denote
classic algorithms based on information entropy for computing core and reduct, respectively.

In Table 1, X}, 11Yg, | (or IXj, 1Yy, 1) is usually much smaller than |U|2. Hence, based on the three entropies, the calculation of proposed
algorithms (ACOREy and ARED,/) are usually much smaller than that of the classic algorithms for reduct (or core).

6. Experimental analysis

The objective of the following experiments is to show effectiveness and efficiency of the proposed reduction algorithm ARED,.. Due
to that the core is a subset of a reduct, we only run the reduction algorithms in the experiments. Data sets used in the experiments are
outlined in Table 2, which were all downloaded from UCI repository of machine learning databases. All the experiments have been carried
out on a personal computer with Windows XP and Inter(R) Core(TM) 2 Quad CPU Q9400, 2.66 GHz and 3.37 GB memory. The software
being used is Microsoft Visual Studio 2005 and programming language is C#.

Table 2
Description of data sets.
Data sets Samples Attributes Classes
1 Backup-large 307 35 19
2 Dermatology 366 33 6
3 Breast-cancer-wisconsin (Cancer) 683 9 2
4 Mushroom 5644 22 2
5 Letter-recognition (Letter) 20,000 16 26
6 Shuttle 58,000 9 7
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Table 3

Comparison of reducts based on complementary entropy.
Data sets CAR ARED,/

Reduct Time/s Reduct Time/s

Backup-large 1,4,7,8,10,13,16,22 4.5937 1,4,7,8,10,13,22 0.1406
Dermatology 1,2,3,4,5,14,16,18,19 5.7812 1,2,3,4,5,14,18,19 0.2031
Cancer 1,2,4,6 2.0000 1,2,4,6 0.5000
Mushroom 1,2,3,5,7,8,9,20 486.2600 1,2,3,5,7,9,20 37.3120
Letter 1,2,3,4,58,9,10,11,12,13,15,16 9602.6000 1,2,3,4,58,9,10,11,12,15,16 358.81
Shuttle 12,35 17010.1000 1,235 5122.1000

There are two objectives to conduct the experiments. The first one is to show whether the reduct found by AREDy, is feasible by comparing
with that of CAR (see in Section 6.1). The second one is to compare the efficiency of ARED,, and CAR (see in Section 6.2). Six UCI data sets are
employed to test the two algorithms. Mushroom and Breast-cancer-wisconsin are data sets with missing values, and for a uniform treatment
of all data sets, the objects with missing values have been removed. Moreover, Shuttle is preprocessed using the data tool Rosetta.

6.1. Effectiveness analysis

In this subsection, to test the effectiveness of ARED,/, four common evaluation measures in rough set theory are employed to evaluate
the decision performance of the reducts found by CAR and ARED,.. The four evaluation measures are approximate classified precision,
approximate classified quality, certainty measure and consistency measure.

In [14], Pawlak defined the approximate classified precision and approximate classified quality to describe the precision of approximate
classification in rough set theory.

Definition 10. Let S=(U, CuD) be a decision table and U/D = {X1, X3, . .., X;}. The approximate classified precision of C with respect to D
is defined as

|[POSc(D)

St ICXil

Definition 11. Let S=(U, CuD) be a decision table. The approximate classified quality of C with respect to D is defined as
IPOSc(D)

Ul
In rough set theory, by adopting reduction algorithms, one can get reducts for a given decision table. Then, based on a reduct, a set of

decision rules can be generated from a decision table. Here briefly recalls the notions of decision rules [14,52], which will be used in the
following development.

AP¢(D) = (7)

AQc(D) = (8)

Definition 12. Let S=(U, CuD)be adecision table. U/C={X1, Xy, ..., Xm}, U/D={Y1,Y>,..., Yo} and NY; # . des(X;) and des(Y;) are denoted
the descriptions of the equivalence classes X; and Y;, respectively. A decision rule induced by C is formally defined as

Z;; » des(X;) — des(Y;), X; e U/C,Y; e U/D. 9)

In [53,54], certainty measure and support measure were introduced to evaluate a single decision rule. For a rule set, two measures
were introduced to measure the certainty and consistency in [15]. However, it has been pointed out that those two measures cannot give
elaborate depictions of the certainty and consistency for a rule set in [52]. To address this issue, Qian et al. [52] defined certainty measure
and consistency measure to evaluate the certainty and consistency of a set of decision rules, which has attracted considerable attention
[55].

Definition 13. LetS=(U, CuD)be adecision table, U/C={X1,X,...,Xm},U/D={Y1,Y>,...,Yn},and RULE = {Z;|Z;; : des(X;) — des(Y;), X; e U/C,
Y; € U/D}. The certainty measure « of the decision rules on S is defined as
m n
IX; N ;|2
M$_§:§:7MWT' (10)
i=1 j=1
Definition 14. LetS=(U, CuD)be adecision table, U/C={X1,X3, ..., Xm},U/D={Y1,Y2,..., Yo}, and RULE = {Z;;|Z; : des(X;) — des(Y;), X; € U/C,
Y; € U/D}. The consistency measure 8 of the decision rules on S is defined as

m
Xl IX; nY;? IX; NYj|
E:M \ME: IXi] Xl ’ (mn

i=1

For each data setin Table 2, 50% objects are selected randomly and replaced by new ones. Then, algorithms CAR and ARED,: are employed
to update reduct of each varying data set. The generated reducts are shown in Tables 3, 5 and 7, and the evaluation results of reducts based
on the four evaluation measures are shown in Tables 4, 6 and 8.

o Comparison of CAR and ARED,, based on complementary entropy

It is easy to note from Table 4 the values of the four evaluation measures of the generated reducts by using the two algorithms are very
close, and even identical on some data sets. But, according to Table 3, the computational time of ARED,, is much smaller than that of CAR. In
other words, the performance and decision making of the reduct found by ARED,, are very close to that of CAR, but ARED,, is more efficient.
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Table 4
Comparison of evaluation measures based on complementary entropy.
Data sets CAR ARED,/
AQ AP o B AQ AP o B
Backup-large 1.0000 0.9999 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000
Dermatology 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Cancer 0.9999 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000
Mushroom 1.0000 1.0000 1.0000 1.0000 0.9996 0.9993 0.9993 0.9986
Letter 0.9999 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000
Shuttle 0.9988 0.9977 0.9976 0.9953 0.9988 0.9977 0.9976 0.9953
Table 5
Comparison of reducts based on combination entropy.
Data sets CAR ARED,/
Reduct Time/s Reduct Time/s
Backup-large 1,4,7,8,10,13,16,22 45312 1,4,7,8,10,13,22 0.1366
Dermatology 1,2,3,4,5,14,16,18,19 5.7500 1,2,3,4,5,14,18,19 0.2030
Cancer 1,24,6 1.9843 1,24,6 0.4987
Mushroom 1,2,3,4,7,8,9,20 478.3700 1,2,3,4,7,8,9,20 37.3010
Letter 1,2,3,4,5,8,9,10,11,12,13,15,16 8825.6000 1,2,3,4,5,8,9,11,12,13,15,16 358.8100
Shuttle 1,235 19935.7000 1,235 5089.1000
Table 6
Comparison of evaluation measures based on combination entropy.
Data sets CAR ARED,,
AQ AP o B AQ AP o B
Backup-large 1.0000 0.9999 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000
Dermatology 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Cancer 0.9999 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000
Mushroom 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Letter 0.9999 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000
Shuttle 0.9988 0.9977 0.9976 0.9953 0.9988 0.9977 0.9976 0.9953
Table 7
Comparison of reducts based on Shannon’s entropy.
Data sets CAR AREDy/
Reduct Time/s Reduct Time/s
Backup-large 1,4,5,6,7,8,10,16,22 5.3281 1,4,5,6,7,8,10,22 0.1368
Dermatology 1,4,59,12,14,17,18,21,22,26 5.7500 1,4,59,12,14,17,18,26 0.2030
Cancer 2,3,5,6 1.9843 2,356 0.5125
Mushroom 1,2,3,4,5,9,20,22 482.75 1,2,3,5,9,20,22 37.7510
Letter 1,2,3,4,5,8,9,10,11,12,13,15,16 8389.8000 1,2,3,4,5,8,9,10,11,13,16 358.8700
Shuttle 1,2,3,5 23698.5000 1,2,3,5 5130.6000
Table 8
Comparison of evaluation measures based on Shannon’s entropy.
Data sets CAR ARED,/
AQ AP o B AQ AP o B
Backup-large 0.9999 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000
Dermatology 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Cancer 0.9999 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000
Mushroom 1.0000 1.0000 1.0000 1.0000 0.9996 0.9993 0.9993 0.9986
Letter 0.9999 1.0000 1.0000 1.0000 0.9999 1.0000 1.0000 1.0000
Shuttle 0.9988 0.9977 0.9976 0.9953 0.9988 0.9977 0.9976 0.9953

Hence, the experimental results indicate that, compared with the classic reduction algorithm CAR based on complementary entropy, the
algorithm ARED,, can find a feasible reduct in a much shorter time.

o Comparison of CAR and ARED, based on combination entropy

From Tables 5 and 6, it is easy to get that algorithm ARED,  can find a reduct which has same performance and decision making as those

of reduct generated by CAR in a much shorter time. Thus, compared with CAR based on combination entropy, the algorithm ARED, is more
efficient to deal with dynamic data sets.

o Comparison of CAR and ARED, based on Shannon’s entropy
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Table 9
Comparison of computational time based on complementary entropy.
Data sets CAR ARED,/
10% 20% 30% 40% 50% 10% 20% 30% 40% 50%
Backup-large 4.6875 4.8594 5.0625 4.4688 4.5937 0.0312 0.0468 0.0781 0.1250 0.1406
Dermatology 5.3906 5.5781 5.6093 6.6250 5.7812 0.0468 0.0781 0.1250 0.1562 0.2031
Cancer 1.4843 1.5937 1.7187 1.9062 2.0000 0.0781 0.1718 0.2656 0.4062 0.5000
Mushroom 221.0100 283.7800 368.7100 411.2800 468.2600 43125 9.9218 17.9060 29.0000 37.3120
Letter 8133.2000 8283.2000 8630.1000 9260.2000 9602.6000 83.6250 140.2500 220.4800 292.6800 358.8100
Shuttle 12909.8000 13905.3000 14523.9000 16100.1000 17010.1000 776.1000 1707.3000 2979.3000  4098.7000 5122.1000
Table 10
Comparison of computational time based on combination entropy.
Data sets CAR ARED,/
10% 20% 30% 40% 50% 10% 20% 30% 40% 50%
Backup-large 4.8125 4.8750 5.0468 4.4531 4.5312 0.0412 0.0568 0.0781 0.1193 0.1366
Dermatology 5.3906 5.4687 5.5156 5.7500 5.7500 0.0478 0.0781 0.1250 0.1563 0.2030
Cancer 1.4843 1.5781 1.7187 1.9062 1.9843 0.0781 0.1718 0.2656 0.4063 0.4987
Mushroom 222.7500 253.1500 371.0600 424.5100 478.3700 4.3712 9.9118 17.8600 28.9370 37.3010
Letter 7201.4000 7669.8000 8011.8000 8485.2000 8825.6000 83.5050 142.0500 200.4500 289.6600 358.8100
Shuttle 14122.1000 15468.9000 16236.1000 18896.9000 19935.7000 758.1100 1668.3000 3005.3000  4120.8000 5089.1000
Table 11
Comparison of computational time based on Shannon’s entropy.
Data sets CAR ARED,/
10% 20% 30% 40% 50% 10% 20% 30% 40% 50%
Backup-large 4.5937 4.7343 5.0000 52187 5.3281 0.0402 0.0568 0.0781 0.1194 0.1368
Dermatology 5.1875 5.5781 4.2500 6.3125 6.6562 0.0478 0.0750 0.1250 0.1565 0.2036
Cancer 1.4843 1.6093 1.7500 1.8750 1.9843 0.0781 0.1709 0.2625 0.4063 0.5125
Mushroom 221.8400 256.3600 330.3100 370.5900 482.7500 4.3825 9.9288 17.8760 28.9370 37.7510
Letter 7189.7000 7502.8000 7686.7000 8015.2000 8389.8000 83.6250 141.2500 223.4800 295.4800 358.8700
Shuttle 12968.3000 15126.7000 17356.1000 20123.3000 23698.5000 775.1000 1705.3000 29853000  4101.5000 5130.6000

According to experimental results in Tables 7 and 8, it is easy to see that performance and decision making of reducts generated by
ARED,, and CAR are relatively close. But, ARED,  is more efficient than CAR. Hence, one can observe that algorithm ARED, can find a feasible
reduct, and save lots of computational time.

6.2. Efficiency analysis

The objective of experiments in this subsection is to further illustrate efficiency of algorithm ARED,. For each data set in Table 2,
10%, 20%, ..., 50% objects are selected, in order, and are replaced by new ones. For each data set after each variation (from 10% to 50%),
algorithms CAR and ARED, are used to update reducts, respectively. The efficiency of the two algorithms are demonstrated by comparing
their computational time. Experimental results are shown in Tables 9-11. 10%, 20%, .. ., 50% in the tables mean 10%, 20%, . . ., 50% objects
with data values being varied, respectively.

Based on the three entropies, it is easy to see from Tables 9-11 that, for each data set after each variation, the computational time of
algorithm ARED,: is much smaller than that of the classic reduction algorithm CAR, especially for the larger data sets Mushroom and Letter.
In addition, with the number of varying objects increasing (from 10% to 50%), the computational time of ARED,, is always much smaller
than that of CAR. Hence, the experimental results show that algorithm ARED,, is efficient to solving data sets with dynamically varying data
values.

6.3. Related discussion

This subsection summarizes the advantages of algorithm ARED, for generating reduct and offers explanatory comments. Obviously, in
above two subsections, the experimental results better illustrate effectiveness and efficiency of ARED,..

e Algorithm ARED,, based on each of the three entropies can find a feasible reduct of a given dynamic decision table.

According to experimental results in Section 6.1, it is easy to get that the decision performance of reducts generated by CAR and ARED,
are very close, and even identical on some data sets. Hence, compared with the classic reduction algorithms based on the three entropies,
the reduct generated by ARED,, can be considered as a feasible reduct.

e Compared with the classic reduction algorithms (CAR) based the three entropies, ARED, finds a reduct in a very efficient manner.

Experimental results in Section 6.2 show that, based on the three entropies, the computational time of generating reduct by using
ARED,, is much shorter than that of CAR.

¢ The development in the paper may make an important contribution to deal with large-scale dynamic data sets in applications.
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The experimental results show that the efficiency of AREDy is obvious in solving large-scale dynamic data sets. In reality, acquiring
knowledge from large-scale complicated data sets is still a challenging issue. It is our wish that this paper provides new techniques for
dealing with large-scale dynamic data sets.

7. Conclusions and future work

Feature selection for dynamic data sets is still a challenging issue in the field of artificial intelligence. In this paper, based on three
representative entropies, an attribute reduction algorithm is proposed to update reduct of data sets with dynamically varying data values.
The experimental results show that, compared with the classic reduction algorithms based on the three entropies, this algorithm can
generate a feasible reduct in a much shorter time. It is our wish that this study provides new views and thoughts on dealing with large-scale
and complicated dynamic data sets in applications.

It should be pointed out that updating mechanisms of the three entropies introduced in this paper are only applicable when data are
varied one by one, whereas many real data may vary in groups in application. This gives rise to many difficulties for the proposed feature
selection algorithm to deal with. Hence, it is expected to carry out the following work to improve efficiency of selecting useful features in
dynamic data sets in the future:

¢ Developing group updating mechanisms of entropies and relative feature selection algorithms.

e Discernibility matrix is one of key concepts in rough set. Future work may include analyzing discernibility matrix for data sets with
dynamically varying data values.

¢ Designing efficient feature selection algorithms based on generalized rough set models such as incomplete rough set model, dominance
rough set model and multi-granulation rough set model.
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