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Rough set theory is a relatively new mathematical tool for use in computer applications in circumstances
that are characterized by vagueness and uncertainty. Rough set theory uses a table called an information
system, and knowledge is defined as classifications of an information system. In this paper, we introduce
the concepts of information entropy, rough entropy, knowledge granulation and granularity measure in
incomplete information systems, their important properties are given, and the relationships among these
concepts are established. The relationship between the information entropy E(A) and the knowledge
granulation GK(A) of knowledge A can be expressed as E(A) + GK(A) = 1, the relationship between the
granularity measure G(A) and the rough entropy E(A) of knowledge A can be expressed as G(A) + E(A)
= log|U|. The conclusions in Liang and Shi (2004) are special instances in this paper. Furthermore, two
inequalities —log,GK(A) = G(A) and E(A) = log,(|U|(1 — E(A))) about the measures GK, G, E and E;
are obtained. These results will be very helpful for understanding the essence of uncertainty
measurement, the significance of an attribute, constructing the heuristic function in a heuristic reduct
algorithm and measuring the quality of a decision rule in incomplete information systems.

Keywords: Incomplete information systems; Rough sets; Information entropy; Rough entropy;
Knowledge granulation

1. Introduction

Rough set theory, introduced by Pawlak (1991) and Pawlak ef al. (1995), is a relatively new
soft computing tool for the analysis of a vague description of an object. The adjective
“vague”, referring to the quality of information, means inconsistency or ambiguity which
follows from information granulation. The rough set philosophy is based on the assumption
that with every object of the universe there is associated a certain amount of information
(data, knowledge), expressed by means of some attributes used for object description.
Objects having the same description are indiscernible (similar) with respect to the available
information. The indiscernibility relation thus generated constitutes a mathematical basis of
the rough set theory; it induces a partition of the universe into blocks of indiscernible objects,
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called elementary sets, that can be used to build knowledge about a real or abstract world
(Pawlak 1991, 1995, Zhang et al. 2001, Leung and Li 2003, Mi et al. 2004). The use of the
indiscernibility relation results in information granulation.

The entropy of a system, as defined by Shannon (1948) gives a measure of uncertainty about its
actual structure. It has been a useful mechanism for characterizing the information content in
various modes and applications in many diverse fields. Several authors (Beaubouef er al. 1998,
Diintsch and Gediga 1998, Klir and Wierman 1999, Chakik et al. 2004) have used Shannon’s
entropy and its variants to measure uncertainty in rough set theory. A new definition for information
entropy in rough set theory is presented by Liang ez al. (2002). Unlike the logarithmic behaviour of
Shannon entropy, the gain function considered there possesses the complement nature. Wierman
(1999) presented a well-justified measure of uncertainty, the measure of granularity, along with an
axiomatic derivation. Its strong connections to the Shannon entropy and the Hartley measure of
uncertainty also lend strong support to its correctness and applicability. Furthermore, the
relationships among information entropy, rough entropy and knowledge granulation in complete
information systems have been established by Liang and Shi (2004) and Liang and Li (2005).

In the paper, the concepts of information entropy, rough entropy, knowledge granulation and
granularity measure in incomplete information systems are introduced. The relationships among
these concepts are established. The conclusions in Liang and Shi (2004) are generalized. These
results will be very helpful for understanding the essence of uncertainty measurement, the
significance of an attribute, constructing the heuristic function in a heuristic reduct algorithm and
measuring the quality of a decision rule in incomplete information systems.

2. Incomplete information system
An information system is a pair S = (U, A), where

(1) U is a non-empty finite set of objects;
(i1) A is a non-empty finite set of attributes;
(iii) for every a € A, there is a mapping a, a: U — V,,, where V,, is called the value set of a.

Each subset of attributes P C A determines a binary indistinguishable relation IND(P) as follows
IND(P) = {(u,v) € UX U|Va € P,a(u) = a(v)}.

It can be easily shown that IND(P) is an equivalence relation on the set U.

For P C A, the relation IND(P) constitutes a partition of U, which is denoted by U/IND(P).

It may happen that some of the attribute values for an object are missing. For example, in
medical information systems there may exist a group of patients for which it is impossible to
perform all the required tests. These missing values can be represented by the set of all
possible values for the attribute or equivalence by the domain of the attribute. To indicate such
a situation, a distinguished value, a so-called null value is usually assigned to those attributes.

If V,, contains a null value for at least one attribute a € A, then S is called an incomplete
information system (Kryszkiewicz 1998, 1999), otherwise it is complete. Further on, we will
denote the null value by *.

Let S = (U, A) be an information system, P C A an attribute set. We define a binary
relation on U as follows

SIM(P) = {(u,v) € UX U|Va € P,a(u) = a(v) or a(u)=%* or a(v)=*}.
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In fact, SIM(P) is a tolerance relation on U (Kryszkiewicz 1998), the concept of a
tolerance relation has a wide variety of applications in classification (Kryszkiewicz 1998).

It can be easily shown that SIM(P) = N,epSIM({a}).

Let Sp(u) denote the set {v € Ul|(u, v) € SIM(P)}. Sp(u) is the maximal set of objects
which are possibly indistinguishable by P with u.

Let U/SIM(P) denote the family sets {Sp(u)lu € U}, the classification induced by P.
A member Sp(u) from U/SIM(P) will be called a tolerance class or a granule of information. It
should be noticed that the tolerance classes in U/SIM(P) do not constitute a partition of U in
general. They constitute a covering of U, i.e. Sp(u) # O foreveryu € U, and U,eySp(u) = U.

Let S= (U, A) be an information system, X C U and P CA. PX is the lower
approximation to X, if

PX = {x € UlSp(x) C X} = {x € X|Sp(x) C X}.
PX is the upper approximation to X, if
PX = {x € UlSp(x) N X # T} = U{Sp(x)|x € X}.

As in complete information systems, PX is a set of objects that belong to X with certainty,
and PX is a set of objects that possibly belong to X.

Example 1. Consider descriptions of several cars in table 1 (Liang and Xu 2002).

This is an incomplete information system, where U = {u, u,, us, uq, us}, and A = {ay, a,,
as, a4} with a;-price, a,-size, as-engine, ay-max-speed. By computing, it follows that
UISIM(A) = {Sa(u1), Sa(uz), Sa(u3), Sa(ua), Sa(us)}, where Sy(ur) = {ur}, Sa(uz) = {uz},
Sa(uz) = Sa{ua} = {us, uy}, Salus) = {us}.

Now we define a partial order on the set of all classifications of U. Let S = (U, A) be an
incomplete information system, P, O C A. We say that Q is coarser than P (or P is finer than
Q), denoted by P < Q, if and only if Sp(u;) C Sp(u,) for Vi € {1,2,..., |U|}. If P < Q and
P # Q, we say that Q is strictly coarser than P (or P is strictly finer than Q) and denoted by
P <.

In fact, P< Q< for Vi€ {1,2,...,|U|}, we have that Sp(u;) C Sp(u;), and
3j € {1,2,...,|Ul}, such that Sp(u;) C Sp(u)).

3. Information entropy and knowledge granulation
In this section, information entropy and knowledge granulation in an incomplete information
system are introduced. The properties of these are discussed respectively, and the relationship

between them is established.

Table 1. The information system about the car.

Car Price Size Engine Max-speed
i Low Compact * Low

iy Low Full Diesel High

i3 High Full Diesel Medium
Uy High * Diesel Medium

us Low Full Gasoline High
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Let S = (U, A) be an information system. By U/SIM(A) = {Sa(u)|u € U}, we denote the
classification induced by A. Of particular interest is the discrete classification

AU) = (Saw) = {u}lu € U} M
and the indiscrete classification

AU) = (Saw) = Ulu € U} 2)
or just A and A if there is no confusion as to the domain set involved.

DEeFINITION 1. Let S = (U, A) be an incomplete information system. The information entropy
of knowledge A is defined as

S 1S (2t
E(A)—;m(l— i ) 3)
where
| — 1S (ui)
Ul

represents the probability of the complement of S(u;) within the universe U.

If U/SIM(A) = A, then the information entropy of knowledge A achieves the maximum
value 1 — 1/|U].

If U/SIM(A) = A, then the information entropy of knowledge A achieves the minimum
value 0.

Obviously, for an incomplete information system S = (U, A), we have that
0=E®A) =1- 1Ul

ProrposiTION 1. Let S = (U, A) be a complete information system, U/IND(A) = {Xj,
X5,....X,u}. Then the information entropy of knowledge A degenerates into

Xl Xl
=315 (1) o)

i=1

Proof. Suppose that U/SIM(A) = {Sx(t1), Sa(t2), .. - SaGuop)} and Xi = {uin, g, - .-, )
(i=1,2,...,m). It follows that |X;| = s; and > 1", |s;| = |UI.

It is casy to know that X,‘ = SA(“il) = SA(M,Q) == SA(M,‘S‘.) and |X,| = |SA(I/l,'])| =
[Sa(ui)| = -+ = [Sa(uys,)| for i = 1, 2, ..., m. Then, we have that

| X;| ( |Xi|) 1 ( |SA(Mi1)|> 1 ( |SA(Mi2)|)
2o -20) = — (-2 (-
o\ Tor) T o ol ) Tl o )"

1 |SA(MLV-)|)
Ly (L2
+IUI( 0]
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o (= 1t) =3 G (=56t i () +
)
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)
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S

This completes the proof. O

In Liang et al. (2002), the information entropy of a complete information system S = (U, A)
with U/IND(A) = {X1, X», ..., X,,,} is defined as

i Xl (1 _ IX,-I>
Ul Ul

i=1

Proposition (1) states that the information entropy in complete information systems is a special
instance of that in incomplete information systems. It means that the definition of information
entropy of incomplete information systems is a consistent extension to that of complete
information systems.

PropoOsITION 2. Let S = (U, A) be an incomplete information system, P, Q C A. If P < Q,
then E(Q) < (E(P).

Proof. From P < Q, it follows that Sp(u;) C So(u;) (Vi € {1,2,...,|Ul}), and Fj €
{1,2,...,|U|} such that Sp(u;) C Sp(uj). By [Sp(up)| < (ISo(u))|, we have that

W 1Sol\ _ L 1 ISpn)l\
E@‘Zwﬂh|w><zmﬂ“|m)_ma

i=1 i=1

This completes the proof. O
Proposition (2) states that the information entropy of knowledge increases as tolerance
classes become smaller through finer classification.
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DEerFINITION 2. Let § = (U, A) be an incomplete information system. The granulation of
knowledge A is defined as

1 U 1 L[5,
GKA) = —= |Sa(u)| = — 5
(A) WV;LMN T2 T 5)

i=1

where |S4(u;)|/|U| represents the probability of tolerance class S, (u;) within the universe U.

If U/SIMA) = A, then the granulation of knowledge A achieves the minimum value
lul/U”* = 1lUl.

If U/SIM(A) = A, then the granulation of knowledge A achieves the maximum value
|UPNUP? = 1.

Obviously, for an incomplete information system S = (U, A), we have that 1/|U| =
GK(A) = 1. Knowledge granulation can represent the discernibility ability of knowledge, the
smaller GK(A) is, the stronger its discernibility ability is.

ProrosITION 3. Let S = (U, A) be a complete information system, U/IND(A) = {X}, X, ...,
X,,}. Then the granulation of knowledge A degenerates into

1 m
GK(A) = — > IxiI. 6)
Ul 5

Proof. Suppose that U/SIM(A) = {Sa(u1), Sa(u2), ..., Sa(uyp))} and  X; = {u;1,up, ...,
w5y }. It follows that |X;| = s; and [X;| =s; and > 7", |si| = |UI.

It is easy to show that X; = Sy(u;1) = Sa(up) = -+ = Sa(u,) and  |X;| = [Sa(ui)| =
ISA(MIZ)l == |SA(uis,-)| for i= 1727 Lo m.

Noticing that

IXi1* = 82 = [Sa(ui)| + ISaCi)] + - - + |Sauis)|

therefore
1 & 1 &
> X = > (S| + ISl + - + 1S4 (i)
P 5 RS
1
= W(lSA(ul)l + S| + - - + 1Sa Gy
1 U
=— > ISaw)l = GK(A).
"=
This completes the proof. U

In Liang and Shi (2004), the knowledge granulation in a complete information system
S = (U, A) with U/IND(A) = {X;, X5, ..., X,,} is defined as

I & 2
— ) IXil

2 i
o &

Proposition (3) states that the knowledge granulation in complete information systems is a
special instance of that in incomplete information systems. It means that the definition
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of knowledge granulation in incomplete information systems is a consistent extension to that
of complete information systems.

ProProSITION 4. Let S = (U, A) be an incomplete information system, P, Q C A. If P < Q,
then GK(P) < (GK(Q).

Proof. From P < Q, it follows that Sp(u;) C Sp(u;) (Vi € {1,2,...,|U[}), and 3JjE
{1,2,...,1U|} such that Sp(u;) C So(u;). By [Sp(uy)| < (ISo(uj)|, we have that
14| |U|

1 1
GK(P) = —= > " ISp(u)l < —= > ISo()| = GK(Q).
[o= Ul 5

This completes the proof. (]
Proposition (4) states that knowledge granulation decreases as tolerance classes become
smaller through finer classification.

ProposITION 5. For arbitrary incomplete information system S = (U, A), we have that
EA)+ GK(A) = 1. 7

Proof. Let S = (U, A) be an incomplete information system, U/SIM(A) = {Sa(u;), Sx(u2), . . .,
Sa(uyyy)}. By the definitions 1 and 2,

CI 1S4l A 1 LIS,
E(A) = — |1 —— ] = —_— = =1—GKA).
@) Z|u|( 0] ) 20T 2 P @

i=1 i=1

It follows that E(A) + GK(A) = 1. This completes the proof. [l
Proposition (5) shows that information entropy E(A) and knowledge granulation GK(A)
possess the same capability on depicting the uncertainty of an information system.

Example 2. For table I, U = {u;, u, us, uq, us}, A = {price, size, engine, max-speed},
U/SIM(A) = {{uy}, {us}, {us, ug}, {us, us}, {us}}. By computing, it follows that

CI )
A=Y —(1-222
B Z|U|< U] >

0946090940

1 1 7
GKA) = ——= Saluy)| = =—(1 1+24+2+1)=—.
(A) lUlz;IA(u)l eI+ 1+2+2+ 1) =

It is clear that E(A) + GK(A) =1, i.e. the sum of the information entropy and the
granulation of knowledge A is constant 1.
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4. Granularity measure and rough entropy

In this section, the granularity measure and the rough entropy of an incomplete information
system are introduced. The properties of them are discussed respectively. The relationship
between them is established.

DErFINITION 3. Let S = (U, A) be an incomplete information system. The granulation measure
of § is defined as

|U| 1 S, (s

where G:R — [0, o) is a function from the set R of all classifications U/SIM(A) to the set of
non-negative real numbers and (|S4(u;)|)/|U| denotes the probability of tolerance class S (u;)
within the universe U.

The granularity measure, G(A), measures the uncertainty associated with the prediction of
outcomes where elements of each class Sy(u;) of U/SIM(A) are indistinguishable.

If U/SIMA) = A, then the granularity measure G(A) achieves the maximum value
log,|U]. 5

If U/SIM(A) = A, then the granularity measure G(A) achieves the minimum value 0.

Obviously, for an information system S = (U, A), we have that 0 = G(A) =< log,|U|.

ProrosITION 6. Let S = (U, A) be a complete information system and U/IND(A) = {X},
X>,...,X,,}. Then the granularity measure of S degenerates into

Xl 1l
G(A) = ZIUI 2 T0T- )

Proof. Suppose that U/SIM(A) = {Sa(u), Sa(ua), ..., Sa(uy)} and X; =
{wir, up, .. uis,} (i =1,2,...,m). It follows that [X;| =s5; and .7, [s;| = |UI.

It is easy to know that X; = Ss(u;) = Sa(up) =--- = SA(M,‘S,.) and |X,| = |SA(M,'])| =
ISa(ui)l = -+ = |Sa(uis,)] for i=1,2,....m
Then, we have that
|Xi| |X| 1 oz |SA(M11)| L [Sa ()l + 1 log S (utis,)|
A o ——log, AT
ol %10l ~ vl |U| |U| |U| |UI |U|
Hence

|X| |X| & ( 1 1S4 (uin) |SA(Mi2)| 1 |SA(uis-)|)
il 23 log + L log 4ot o ‘
Z|U| ol ; |U| &2 |UI |UI |U| |U| o8 |U|

1 [Sa(u)] 1 [Sa(u2)l 1 ISA(u|U|)I>
=—(—lo —Io 4+ ——log, AU
(|U| 701 "o % ol 0] % ]

CIN |SA(u)|
_ZIUI i = G(A).

This completes the proof. g
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In Chakik et al. (2004) and Wierman (1999), the granularity measure of a complete

information system S = (U, A) with U/IND@A) = {X;, X5, ..., X,,} is defined as
= ll}{lll log, ||U’||. Proposition (6) states that the granularity measure of complete

information systems is a special instance of incomplete information systems. It means that
the definition of the granularity measure of incomplete information systems is a consistent
extension to that of complete information systems.

ProrosITION 7. Let S = (U, A) be an incomplete information system, P, Q C A. If P < Q,
then G(Q) < (G(P).

Proof. From P < Q, it follows that Sp(u;) C Sp(u;) (Vi € {1,2,...,1Ul}), and Fj €
{1,2,...,|U|} such that Sp(u;) C Sp(uj). By [Sp(up)| < (ISo(uj)|, we have that

|U| So(u; |U| 1 S
G(0) = Z |U| | Q(U)l Z |U| | P(M )| — G(P).

This completes the proof. O

Proposition (7) states that the granularity measure increases as tolerance classes become
smaller through finer classification.

The concept of rough entropy has been introduced in rough sets, rough relational databases
and information systems (Beaubouef et al. 1998, Liang and Shi 2004). Now we introduce a
definition of rough entropy of knowledge in incomplete information systems.

DEFINITION 4. Let § = (U, A) be an incomplete information system, the rough entropy of
knowledge A is defined as

|U]

1
B =3 1 1o

where 1/(|S4(u;)|) represents the probability of an element within the tolerance class S4(u;).
If U/SIM(A) = A, then the rough entropy of knowledge A achieves the minimum value 0.
If U/SIM(A) = A, then the rough entropy of knowledge A achieves the maximum value
log,|Ul.
Obviously, for an information system S = (U, A), we have that 0 = E(A) = log,|U|.

ProPOSITION 8. Let S = (U, A) be a complete information system and U/IND(A) = {X, X5,
..., X,,}. Then the rough entropy of knowledge A degenerates into

IXI 1
E.(A) = ZIUI X (1)

Pl’OOf: Suppose that U/SIM(A) = {Sa(uy), Sa(uz), .. .,SA(M|U|)} and X; = {u;,up,...,
uis,} (i =1,2, ..., m). It follows that |X;| = s; and > 1", |s;| = |UI.

It is casy to know that Xi = SA(M“) = SA(MQ) == SA(uis,) and |Xl| = |SA(ui1)| =
[Saui)l = -+ = [Saus) fori=1,2,....,m
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Then, we have that

1X;| 1 1 1 1 1 1
Tlog o—— + 1o 7+---+| |0g2

1
101 X1 101 B 180l 101 B 1S4 ()] |Sauis)|

Hence

lel 1__2”’:(110 ! +llo ! + —i—lo ! )
0T 21— £ 0T 2 ISa@nl 10T 2 [Sawa)] 012 1Sa i)l

——(Lm b ey #)
0] gz|sA<u,>| 0] 8 1S (o) 101 & 1S4l

14

Z U1 TSl |sA<u )
= E(A).
This completes the proof. |

In Liang and Shi (2004), the rough entropy of knowledge in a complete information
system S = (U, A) with U/IND(A) = {X;, X>, ..., X,,} is defined as

> e
IUI 21x)]

Proposition (8) states that the rough entropy in complete information systems is a special
instance of that in incomplete information systems. It means that the definition of the rough
entropy in incomplete information systems is a consistent extension to that in complete
information systems.

ProrosITION 9. Let S = (U, A) be an incomplete information system, P, Q C A. If P < Q,
then E(P) < E(Q).

Proof. From P < Q, it follows that Sp(u;) C So(w;) (Vi € {1,2,...,1U[}), and Fj €
{1,2,...,|Ul} such that Sp(u;) C Sp(u;). By |Sp(u;)| < |So(u;)|, we have that

1]

1
E.(P)= —
B =2 01 i S
|U|
<
P |U| 82 ISl ISQ(u )l
= E«(Q)
This completes the proof. |

Proposition (9) states that the rough entropy of knowledge decreases as tolerance classes
become smaller through finer classification.

ProposITION 10. For arbitrary incomplete information system S = (U, A), we have that

G(A) + E(A) = log,|U|. (12)
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Proof. Let S = (U, A) be an incomplete information system, U/SIM(A) = {Sa(uy), Sa(u2), .. .,
Sa(uyyy) }. By the definitions 3 and 4

U]
1 1S (ui)|
GA) =-Y " 1

i
= =) = (log|Sa(uy)| — log,|U1)
= Ul

|U| 1 1 |U| 1
=—(-) —loggm—— | +loglUlY —
;IUI Blsaal ) 0% ;uﬂ

—E.(A) + log,|U|.

i.e.
G(A) + E-(A) = log,|U].

This completes the proof. U

Example 3. Continued from example 2, by computing, it follows that

|U
1 [Sa(upl
GA) = — —1
_ ! lo 1+10 l—I—lo %+10 g—Ho !
-5 g25 g25 g25 g25 g25
2
=10g25—§.

and

wl 1
E@) ==Y —logyr——
D=2 018 [s30

——1 lo 1+10 1—i—lo 1—1—10 1—i—lo !
T s\ osy oy ok, 0k, T I082

It is clear that G(A) + E(A) = log,5 = log,|Ul, i.e. the sum of the granulation and the
rough entropy of knowledge A is the constant log,|U].

5. Two inequalities about the measures GK, G, E and E,.
By using Jensen’s inequality two important inequalities about knowledge granulation GK,

granularity measure G, rough entropy E, and information entropy E are established in this
section.
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ProrosITION 11. For arbitrary incomplete information system S = (U, A), we have the
following inequalities

—log, GK(A) = G(A) (13)
E(4) = loga(IUI(1 — E(A)), (14)
Proof. Since f(x) = —log,(x) is twice differentiable with
£l ==

Jf{x) is a convex function as k = logye > 0. By Definitions 2 and 3 and Jensen’s inequality we
have that

|U|
—log,GK(A) = —10g2< 5 Z |SA(“1)|>
Yo

1%(Zﬁ W&ﬂ
_ % o ( |SA<ul>I>

Lo\
—fj ( |SA(u,>I)

U]

= G(A).

Therefore, equation (13) holds.
By using the equalities GK(A) + E(A) = 1 and G(A) + E.(A) = log,|U|, the formula (14)
can be easily obtained. This completes the proof. (|

Remark. Tt should be noted that the formulae (13) and (14) also hold for arbitrary complete
information system.

Example 4. Continued from examples 2 and 3. We have that E(A) = 8/25, GK(A) = 7/25,
2
G(A) = log,5 — 5
and
E(A) =2
From (7/5)° = 4, it is easy to conclude that
7 2
- — =logy5 — =
log, 25 082

5
i.e. —1log:GK(A) = G(A).



Information entropy, rough entropy and knowledge granulation 653

From

2 17 8
Ei(A) = 5= logzg = log25(1 - g) = log:([UI(1 — E(A)))

it follows that E(A) < log,(|U|(1-E(A))).
6. Conclusions

In this paper, the concepts of information entropy, rough entropy and knowledge granulation
in incomplete information systems are introduced, their important properties are given, the
relationships among those concepts are established. The relationship between the
information entropy E(A) and the knowledge granulation GK(A) of knowledge A can be
expressed as E(A) + GK(A) = 1, the relationship between the granularity measure G(A) and
the rough entropy E.(A) of knowledge A can be expressed as G(A) + E(A) = log,|U]|.
Furthermore, two inequalities —log,GK(A) = G(A) and E.(A) =< log,(|U|(1 — E(A))) about
the measures GK, G, E and E; are obtained. Information entropy, rough entropy and
knowledge granulation characterize the significance of knowledge in different ways, and
make more profound explanation. These results have a wide variety of applications, such as
measuring the significance of attributes, constructing decision trees and measuring
uncertainties of rules, etc. They will play a significant role in further researches in incomplete
information systems.
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