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noticeable that MGRS theory cannot be applied in multi-source information systems with a
covering environment in the real world. To address this issue, we firstly present in this
paper three types of covering based multigranulation rough sets, in which set approxima-
tions are defined by different covering approximation operators. Then, by using two differ-
ent approximation strategies, i.e.,, seeking common reserving difference and seeking
Multigranulation common rejecting difference, two kinds of covering based multigranulation rough set are
Granular computing presented, namely, a covering based optimistic multigranulation rough set and a covering
Rough set based pessimistic multigranulation rough sets. Finally, we develop some properties and
several uncertainty measures of the covering based multigranulation rough sets. These
results will enrich the MGRS theory and enlarge its application scope.

© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

Rough set theory, proposed by Pawlak [30,31], is a well-established mechanism for dealing with vagueness and uncer-
tainty in data analysis. It is an efficient method employed in many areas: feature selection [6,12,13,15,19,45], knowledge
reduction [17,20-23,35], rule extraction [1,46], uncertainty reasoning [9,33], granular computing [3,16,24,32,50,52], and
others [5,7,8].

Rough set theory is originally constructed on the basis of an indiscernibility relation (or an equivalence relation) or a par-
tition of the universe. However, it is restrictive for many real-world applications. To overcome this limitation, there are two
main methods to generalize the classical rough sets. One method is to extend the equivalence relation to other binary rela-
tions, such as similarity relation, tolerance relation, and dominance relation [14,42,43,47,53]. The other important method is
to replace a partition of the universe with a covering [2,4,11,26,27,34,41,54-60]. In 1983, Zakowski [55] has first employed
the covering of a universe for establishing a covering based generalized rough set. Since then, many researchers have pro-
posed a great number of diversity upper and lower approximation operators and studied them extensively
[2,4,11,26,27,34,41,54,56-60]. For example, Yao [54] investigated approximation operators by using coverings produced
by the predecessor and/or successor neighborhoods of serial or inverse serial binary relations. Zhu et al. [56-60] systemat-
ically studied six types of approximation operators and investigated their properties and relationships of them. Particularly,
Yao [54] studied a unified framework and a more systematic formulation of covering based rough sets from three aspects:
the element, the granule, and the subsystem. In fact, the existing approximation operators have either dual property or non-
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dual property. Under the covering application background of rough sets, Chen et al. [4] presented a new covering to construct
the upper and lower approximations of an arbitrary set. Covering based generalized rough sets are important improvements
among these extensions, which can handle more complex practical problems. And they have obtained much attention in
many domains including machine learning and uncertainty reasoning. Actually, in the view of granular computing [52],
either a partition or a covering of the universe can be considered as a granular space.

From the above, we can see that set approximations in the above rough sets are described only by a single binary relation
(a single granulation [52]) or a single covering (or a single covering granulation) on a given universe, which cannot be applied
in some practical multigranulation backgrounds [36,37]. Qian et al. [36] first took multiple binary relations into account and
proposed multigranulation rough sets, in which a target concept was described by multiple binary relations on a universe
according to a user’s different requirements. Up to now, many extensions of MGRS have been proposed. For example, Liu
et al. [28,29] proposed covering fuzzy rough set based multigranulation rough sets. Xu et al. [48] investigated another gen-
eralized version, called variable precision multigranulation rough sets. Yang et al. [51] proposed a multigranulation rough set
based on a fuzzy binary relation. Lin et al. [25] investigated neighborhood-based multigranulation rough sets, which can be
used to deal with data sets with hybrid attributes. She et al. [44] explored topological structures of multigranulation rough
sets, which further enriches the theory of MGRS. It is deserved to mention that Liang et al. [15] proposed an efficient feature
selection algorithm for large-scale data sets from the perspective of multiple granulations, which has shown an important
implication of MGRS theory. Accordingly, MGRS theory has displayed its advantages in knowledge discovery from large-scale
data sets. In fact, in a Pawlak’s approximation space, each object can be classified into a certain concept as shown in Fig. 1.
However, in real-world applications, such as a multi-source covering information system [10] and computing with words,
different subsets of the universe usually overlap, as shown in Fig. 2, in which these basic information granules form a cov-
ering of the objects, rather than a Pawlak’s approximation space. It is difficult for the classical MGRS theory to deal with this
issue. To address this issue, it is necessary to generalize the classical MGRS to covering based multigranulation rough sets for
enriching its application domains.

In this paper, we introduce covering into the multigranulation environment and present covering based optimistic and
pessimistic multigranulation rough sets.

Additionally, lots of researchers suggested some possible applications of the uncertainty measures in the fields of pattern
recognition and image analysis in the literature [9,18,39-41,49]. The concept of entropy was originally introduced by Shan-
non in [40], which is a very useful mechanism for characterizing information content in various modes. It has been applied in
many diverse fields. Furthermore, Shannon entropy and its variants were adopted for rough set theory in the literature
[9,18,39,41,49]. Similarly, in this paper, in order to make wide applications of the covering based multigranulation rough
set theory, we propose several uncertainty measures for covering based multigranulation rough sets, including degree of
rough membership, approximation measure, and rough entropy.

The main objective of this paper is to establish three types of rough sets based on multiple coverings by using different
approximation strategies due to the practical different applied backgrounds. The rest of this paper is organized as follows.
Some basic concepts of classical multigranulation rough sets are briefly reviewed in Section 2. In Section 3, three types of
covering based optimistic and pessimistic multigranulation rough sets are constructed and some of their important proper-
ties are investigated. In Section 4, several uncertainty measures for covering based multigranulation rough sets are pre-
sented, such as degree of rough membership, approximation measure, and rough entropy. We then conclude the paper
with a summary and direction for the further research in the last section.

Fig. 1. A partition on a universe of discourse.
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Fig. 2. A covering on a universe of discourse.

2. Preliminaries

In this section, we review some basic concepts of covering based rough sets and multigranulation rough sets [4,36,55,56].
Throughout this paper, we suppose the universe of discourse U is a finite non-empty set.

2.1. Covering based rough sets

Let U be a finite non-empty set of objects and C a family of subsets of U. If no subset in C is empty and | JC = U, Cis called a
covering of U. Then the ordered pair (U,C) is called a covering approximation space.
Definition 2.1. [2]. Let (U,C) be a covering approximation space. For x € U, the minimal description of x is defined as
Mdx)={KeClxcK)A(xeSeCASCK=S=K)}.

If [Md(x)| =1, x is called a representative element of K.

Definition 2.2. [56]. Let (U,C) be a a covering approximation space. For x € U, the neighborhood of x is defined as
N(x) =n{K € C|x € K}.
There are dozens of approximation operators for covering based rough sets to deal with the diversity formed by covering

data. However, in this paper, inspired by Yao’s study [54], we only list three pairs of operators to illustrate the idea of the
forthcoming covering based multigranulation rough sets.

Definition 2.3. [54,56,59]. Let (U,C) be a covering approximation space. For each i € {1, 2,3}, ¢; and C; called the ith lower
covering approximation operator and the ith upper covering approximation operator on (U, C) are defined as follows:

Ci(X) =U{K e CIK C X}, (Granule based Definition)
(1) &i(X) =~ Ci(~X)
={xlxcUVKe(CxcK=KnA#(0}
2) Q(X) = {x e UN(x) C X}, (Element based Definition)
C(X)={xecUNX)nX =0} ’
(3) é(X) =U{K eCKCX}, (Granule based Definition)
C3(X)=U{K eCIKnX # 0} ’

From the above, we call (C;(X),Ci(X)), i = {1,2,3}, single covering based rough sets. The pairs of approximation operators
(1)-(3) can be found in the literatures [54,56,59], respectively.

Definition 2.4. Let U be a universe of discourse, C; = {K11,K12,..., Ky}, Co = {K21,K22, ..., Kz, } two different coverings
of U. An intersection operation between C; and C, is defined as follows:

C1 NGy = {Kii N Ky |K1i N Ky # 0,Kq5 € C1, Ky € Co, 1 < i< [Ch], 1 <j< |G}
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where |C;| represents the cardinality of C;. In what follows, we denote t; = |C;| for simplicity.

Proposition 2.1. [4]. Let C = {Ki,K>,...,K:} be a covering of U. For every x € U, suppose Cy = {KilK; € C,x € K;}. Then
Cov(C) = {C«|x € U} is a covering of U.

Proposition 2.2. [4]. Let Q = {C1,Ca, . Cm} be a family of coverings of U, where C; = {Ki1,Ki, ..., Ki,,}, i=1,2,...,m. For
X C U, suppose Q, = N{(Ky),|(Ky), € Cov ),ie€{1,2,...,m},j=1,2,...,t;}. Then, Cov(Q)={Q«x € U} is a covering of U.
Throughout this paper, we use (Kj) to represent a set including x in Cov(Q).

Definition 2.5. [4]. Let Q = {C1,Ca,...,Cn} be a family of coverings of U. For X C U, the lower and upper approximations of X
with respect to Cov(€2) are defined as follows:

= (e cx},
= J{@dQnX = 0}.

Here, we use an example to illustrate the above definitions and propositions.

Example 2.1. Let U = {x1,X2,X3,X4,X5} be a universe. C; = {Cy1 = {X1,X2,X4,X5},C12 = {X2,X5},C13 = {X3,%5}} and C, = {Cy1 =
{X1,X2,X3},Co2 = {X4,X5},Ca3 = {X2,X4}} are two coverings of U. For the covering C;, by Proposition 2.1, we have that
Ci,, = Cin = {X1,%2,X4,%5}, C1,, =Ci1NCr2 = {X2,%5}, Cq,, = Ci3 = {X3,%5}, Cq,, = C11 = {X1,X2,X4,X5} and G, =
Ci1 N Ci2 N Ci3 = {x5}.0bviously, Cov(Cy) = {Cy,,,C,,,C,,, Cr,,, Cr,, } also forms a covering of U. Similarly, for the covering
C;, we have that G, =2 = {X1,%2,%3}, Cop, =1 NGz = {x2}, G, = Cop = {X1,X2, X3}, Cp,, = Cn N Co3 = {Xa}, and
Cy,, = Co2 = {X4,Xs5}. Obviously, Cov(C;) = {C3, , (3, , sy, , sy, , Gz, } also forms a covering of U.

By Proposition 2.2, we have that Q,, = Clxl mszl mCZX3 ={X1,%2}, @, = {X2}, Qu = {x2}, Q, = {x4}, and Q,, = {xs5}.
Obviously, Cov(Q) = {Qy,, Qy,, Qy,, 2, 2 } also forms a covering of U.

Suppose that X = {x1,X3,X4} C U. According to Definition 2.5, we have that 2(X) = {x,,x3} and Q(X) = {X1, X2, X3,X4}.

2.2. Multigranulation rough sets

According to two different approximation strategies, Qian et al. [36,38] developed two different multigranulation rough
sets (MGRS) including optimistic and pessimistic ones.

Definition 2.6. Let S = (U,AT,f) be a complete information system, A, Ay, ..., A, C AT, and X C U. The optimistic lower and
upper approximations of X with respect to Ay, Ay, ..., An are denoted by >, A;°X and "I, A;°X, respectively, where

3 A0 = x € Uiy, CXV X, CX V-V [t CX).

S AOK) =~ S A~ X)
i=1 i=1

Then (ZLA,-O(X), Z;’;Aio(X)> is called the classical optimistic MGRS [36].
Let § be an empty set and ~X the complement of X in U. We have the following properties of optimistic multigranulation
rough sets [36].

(10ML) 3", A%(U) =U (Co-normality)
(10MH) " A°(U) =U (Co-normality)
(20ML) 31" AC(0) = 0 (Normality)
(20MH) "1, AL@) =0 (Normality)
(30ML) Y, A%(X) € X (Contraction)
(30MH) X € >, A°(X) (Extension)
(40ML) S AN X)) € N (1A (Implication)
(40MH) Z, 14 (UJ ]X) D) U] 1 Zj HAX) (Implication)
(50ML) 31 AU X5) 2 UL 1(ZJ 1AiX))) (Implication)

(Implication)
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(50MH) > A1 X)) € N (S AiX)

(60ML) 31" A (1AL (X)) = S AC(X)
(60MH) Y7, AC (X AC(X)) = S AiX)

(70ML) S A (~ X)) =~ 31 AL (X)

(7OMH) 3T AL (~ X) =~ 31 AC(X)

(80OML) X CY = S AC(X) C S, AC(Y)

(8OMH) XCY = ¥ A°(X) € ST, AC(Y)

(90ML) VK € U/A;,i e {1,2,...,m}, " AP(K) =K
(90MH) VK € U/A; i€ {1,2,...,m}, S AC(KK) =K
(100ML) 31 AC(X) = U4 (Ai(X))

(100MH) 3%, A;°(X) = M4 (Ai(X))

105

Idempotency)
Idempotency)
Duality)

Duality)

Monotone)

Granularity)

Granularity)

Relation based Addition)
(Relation based Multiplication)

(
(
(
(
(Monotone)
(
(
(
(

In addition, the definition of the classical pessimistic MGRS [38] is defined as follows:

S AR(X) = {x € Ulidy CX ANy, CX A+ ¥y, CX).

Let () be an empty set and ~X the complement of X in U. The pessimistic multigranulation rough sets have the following

properties [38].

(1PML) AP (U) =U
(1PMH) ™ AP(U) =U
(2PML) 7, AP (0) = 0
(2PMH) 37, AP (@) = 0
(3PML) Y1 AP (X) C X
(3PMH) X C S AP (X)
(4PML) 330, AP (ML X)) = Nt (5L AP (X))
(

(

(

(

(

(

'] )
)

SPML) AP (U4X)) 2 Ul (744 (X))
5PMH) 7 A (M4 X)) € Ny (S AP (X))
6PMH) 37 A (AR (X)) = S A (X)
TPML) YA (~ X)) =~ ST AT (X)
TPMH) ST AP (~ X) =~ S AP (X)
(8PML) X CY = S AP (X) € A (Y)
(8PMH) X CY = 5T, A"(X) C ST A" (Y)
(9PML) VK € U/A; i€ {1,2,....m}, Y1 AP(K) =K
(9PMH) VK € U/A; i€ {1,2,...,m}, > AP (K) =K
(
(

4PMH) Y31 AP (UL1X)) = Ui (AT (X;

10PML) -1 AP (X) = N4 (Ai(X))

i

10PMH) 373 A" (X) = UL (Ai(X))

(Co-normality)

(Co-normality)
Normality)
Normality)
Contraction)
Extension)

(

(

(

(
(Implication)
(Implication)

(Coarse Implication)

(Fine Implication)
(Idempotency)

(Duality)

Duality)

Monotone)

Monotone)

Granularity)

Granularity)

Relation based Addition)
(Relation based Multiplication)

—~ o~ o~ o~ o~ —~

3. Covering based multigranulation rough sets

In the previous research work, covering based rough sets are constructed by one single covering (or a single covering
granulation space) of the universe. Even though multiple coverings induced by neighborhood relations have been used in
[25], they are only special ones in covering based multigranulation rough sets. Therefore, in order to enlarge the application
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scope of MGRS and enrich its theory, we introduce multiple coverings into covering based rough sets by the idea of MGRS.
According to the first, the second, and the third pairs of the covering approximation operators in Definition 2.3 in Section 2,
in this section, we correspondingly propose three types of covering based multigranulation rough sets. Furthermore, based
on two different approximation strategies, we also investigate optimistic and pessimistic ones of each proposed covering
based MGRS.

3.1. The first type of covering approximation operators based multigranulation rough sets (Or the first type of CMGRS)

3.1.1. The first type of optimistic CMGRS

Let U be a finite universe of discourse, C; and C, two different coverings of U, Ky C U, and x € K,. For any K, € C;, if there
exists Ly € C, such that K, C L,, we call that C; is uniformly finer than C, (or C; is uniformly coarser than C;), called a uniform
partial relation between C; and C,, denoted by C;<°C,. If C;1=°C, and C; # C,, we say that C; is strictly finer than C, (or C; is
strictly coarser than C;), written as C;<°Cs.

Especially, if C; and C, are two different partitions of U,K, is a subset including x. If for any K, € C;, there exists Ly € C,
such that K, C L,, we call that ¢, is finer than C, (or C, is coarser than C;), denoted by C; < C,. If C; < C; and C; # C,, we
say that C; is strictly finer than C, (or C, is strictly coarser than C;), written as C; < C,. K represents a subset including x
throughout this paper.

Theorem 3.1. The partial relation < is a special case of a uniform partial relation <.

Proof. If C is a partition instead of a covering of U, then it is obvious that the uniform partial relation <° degenerates into the
partial relation <. O

Example 3.1 (Continued from Example 2.1). Suppose C; = {{x1}, {X2}, {X3,Xa}, {Xs}} and C; = {{X1,X2}, {X3,X4,X5}}. Then, we
have that ¢; < C; and C;=Cs.

Definition 3.1. Let (U,Q) be a covering approximation space, Q = {C;,Ca,...,Cn} a family of coverings of U with
Ci = {Ki1,Kp,...,Ki,} , and X C U. An optimistic lower approximation and an optimistic upper approximation of X with

respect to Q, denoted by > I",C;°(X) and >_1",Ci%(X), respectively, are defined by the following

Em:c,-o(X) = J{Kjealv(KycX),ie{1,2,....m}j=1,2,... t;}, (1)
=

> C0X) =~ O~ X). (2)
=1 =

And the area of uncertainty or boundary region of X relative to € in the covering based multigranulation rough sets is

B (X) = 3 GOX)\ D _COX).

=171

Then, SZ,’-LC,«O(X), S.C2(X) ) is called the first type of covering based optimistic multigranulation rough sets (or the first
type of optimistic CMGRS, for short). For simplicity, we say (U,C,C, .. .,Cn) an optimistic multigranulation covering approx-

imation space, denoted by ((U, Zoci», i.e. OMCA-Space.

Remark 1. In a special case, when i = 1, the first type of optimistic CMGRS will degenerate into a single covering based rough
set whose lower and upper approximation operations are just (1) of Definition 2.3. In addition, if C;,i € {1,2,...,m}, is a par-

tition on the universe U, then (ZLC—O(XL ZLC,-O(X)) will degenerate into the original MGRS. According to Yao’s opinion
[54], we say that this pair of approximation operators is defined by the granule.

Theorem 3.2. Let (U, Q) be a covering approximation space, Q = {C1,Ca,...,Cm} a family of coverings of U, and X C U. Then,

3 COX) = {x e U A (K NX#0),i€ {1,2,...,m}; j=1,2,... .}, (3)
i=1

where C,’ = {Kn s Kin, R 7Kit,}~
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XeY COX) = xe~ Zm:c,-o(w X)

= X¢ iCiO(NX)
=

— (I<U)Xg(NX)7le{1727~m}7 j:],z,...,ti
= A(Ky,nX=0), ie{l,2,....om}, j=1,2,.. .t
By Theorem 3.2, we see that though the optimistic multigranulation upper approximation is defined by the complement
of the optimistic multigranulation lower approximation, it can also be constructed by objects with non-empty intersection

with the target concept in terms of each granular structure.
In order to illustrate Definition 3.1, we here continue to use the common example from the literature [4]. O

Example 3.2. Let us consider an evaluation problem of a credit card applicant. Suppose that U = {x1,Xa,...,X9} is a set of nine
applicants. E = {education,salary} is a set of two condition attributes. The values of attribute “education” are {best,
better,good}. And the values of attribute “salary” are {high, middle,low}. We make three specialists A, B, C evaluate the attri-
bute values for these applicants. It is possible that their evaluation results to the same attribute values may not be the same
each other. The evaluation results are listed below as Table 1. In Table 1, y; (i = 1, 2, 3) denote the evaluation results given by
specialists A, B, C, respectively, as well as n; (i = 1, 2, 3), where y; means “yes” and n; means “no”.

Example 3.3 (Continued from Example 3.1). From Table 1, for the attribute “education”, the specialist A gives evaluation
results: the applicants xq, x4, X5, and x; get “best”, denoted by best = {x1,x4,Xs,X7}, the applicants x, and xg get “better”,
denoted by better = {x,,xg}, and the applicants x3, xs, and xg get “good”, denoted by good = {x3,Xe,X9}. In brief, we denote that

A: Cy = {best = {X1,X4,X5,X7}, better = {x,,xs},800d = {X3,Xs,X9}};
Similarly, we get that
B : Cy = {best = {X1,X2,X4,X5,X7,Xs }, better = {X,Xs5,Xxs},800d = {X3,X5,X6,X9}};
C:C5 = {best = {x4,X7}, better = {x3,X3},g00d = {X1,X3,X5,X5,X9}}.
And for the attribute “salary”, we have that
A : Cq = {high = {x1,%2,x3}, middle = {x4,Xs,Xs,X7,Xs},low = {X3,X5,X0}};
B : Cs = {high = {x1,X2,x3}, middle = {x4,Xs,Xg,X7,Xs}, low = {X7,X3,X9}};
C: C¢ = {high = {X1,%2,X3}, middle = {x4,Xs,Xs,Xs },low = {X7,X9}}.

Therefore, Ci, Cz, C3, Ca, Cs, Cs are six coverings of U. We choose randomly two coverings C, = {{x1,X2,X4,Xs,X7,
Xs}, {X2,Xs,Xs}, {X3,X5,Xs,X0} } and Cs = {{X1,X2,X3},{X4,Xs5,Xe,X7,Xs}, {X7,Xs,X9}} from them. For a target concept X = {x1,X2,
Xs,xg} C U, by Definition 3.1, one has that C; +C°(X) = {X2,X5,Xs} Ul = {X2,%5,%3} and C; +C;°(X) = U. Then, by
Definition 2.4, we get a new covering of the universe, i.e, C1 NCy = {{X1,X%2}, {x2}, {X3}, {X4,X5,X7,Xs}, {X5,X3}, {X5, X6},

Table 1
An evaluation information system.
U A
Education Salary
Attribute value Best Better Good High Middle Low

A B C A B C A B C A B C A B C A B C

X1 Y1 Y2 ns m ny ns m ny y3 Y1 Y2 y3 n n; ns m ny ns3
X2 ny Y2 n3 Y1 Y2 3 ny ny ns Y1 Y2 3 ny ny n3 Y1 ny n3
X3 n n; ns n ny ns Y1 Y2 y3 Y1 Y2 ¥3 ny n; ns3 n n; n3
X4 Y1 Y2 Y3 m ny ns m ny ns m ny ns Y1 Y2 Y3 m ny ns
X5 Y1 Y2 ns n Y2 ns n Y2 y3 n ny ns Y1 Y2 3 Y1 ny n3
X6 nm n; ns n ny ns Y1 Y2 Y3 n ny ns Y1 Y2 3 ny n; n3
X7 Y1 Y2 Y3 m ny ns m ny ns m n; ns Y1 Y2 ns m Y2 3
Xg n Y2 ns Y1 Y2 Y3 n ny ns n ny ns Y1 Y2 3 ny Y2 ns

Xg n n; ns n ny ns Y1 Y2 y3 ny ny ns ny n; n3 Y1 Y2 3
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{X6,X0}, {Xs}, {Xo}, {X7,Xs}}. Then, CiNCy(X)= {X1,X2,Xs5,Xs}, C1 NCa(X) = {X1,X2,Xs,X5,Xs,X7,Xs}. Hence, we have that
(€1 +C)°(X) C i NG (X)and (Cr + C2)°(X) 2 C1 NCa(X).

As aresult of this example, we see that the optimistic lower approximation of X induced by C; + C; is not more than that
induced by C; N C,. Then we have the following propositions.

Proposition 3.1. Let (U, 2) be a covering approximation space, Q = {C1,Ca,...,Cm} a family of coverings of U, and X C U. Then

(1) T G°(X) N GiX)
(2) XL0X) 2 N CilX).

Proof.

(1) For any x € >_1",Ci°(X), by Definition 3.1, it follows that there must exist (Kj), € C;,i € {1,2,...,m}, j={1,2,...,t;}
such that x € (Kj).. Here, we use (Kj) to denote a set which includes x. By Definition 2.4, we know that C, C (Kj),. Obvi-
ously, if ¢, C X, (Kj), is not always included in X. Conversely, it holds. Hence, 3°",C:°(X) € N, Ci(X).

(2) For any x € N",Ci(X), there exists C, such that x € C, and C, N X # (. But Cx C (Ky),(i =1, 2,..7.,t). Obviously (Kj)x -
NX#0,i e, xed>.CO%X). Therefore, >1",¢°(X) 2 N G(X). O

Proposition 3.2. Let Q = {C,Cs,...,Cn} be a family of coverings of U, and X C U. Then, the following properties hold

) i Ci

) 2t Ci

)7

) L COXNY)C L COX) N L GOY),

) ( i 1(31 X)UST oY),

) ( X) UL o),
(7) ZihcfXny 22,1 °(X)ncoY),

) Cio(

) Gio(

) °X)

)

)

(
i

Proof. They can be easily proved by Definition 3.1. O

However, 1", C;°(X) = Y_i,C;°(X) may not hold.
For example, let U= {x1,X3,X3,X4} be a universe, C; = {{x1,x3}, {x1}, {x2}, {X3,X4}} and C; = {{x2. %3}, {x2}, {X3,Xa}, {x1 }}
two coverings of U. For X={x1,%}, Ct+C°X)={x1,%2,x3} and C; +C°(X) = {X1,%2,X3,X4}. Hence,

Y COX) # 35 COX).

This example shows that a distinction between the classical MGRS and the covering based MGRS.

Theorem 3.3. Let Q = {C1,Cs,...,Cm} be a family of coverings of Uand X; C X, C --- C X, C U. Then

(1) Zi4GOX:) € X C0X2) € -+ C 30 GO (Xa),
(2) X G0(X1) © 350 (X2) C -+ C TG0 (Xn)-

Proof. They can be easily proved by Definition 3.1. O
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Theorem 3.4. Let Q = {C1,Ca,...,Cm} be a family of coverings of U and X C U. Suppose C1=C,=° - - <°Cp,, then

(1) TGO (X) = Cn(X),
(2) XG0 (X) = Cn(X).

Proof.

(1) For any x € >1,C°(X), we have (Kj)x C X, where i € {1,2,...,m} and j=1,2,...,t; Note that C;<°C,=<°--- <‘Cp,. There
must exist (Kpq), € Cm such that (Kpq)x C X, where p € {1,2,...,m} and q € {1,2,...,t;}. It follows that x € C,X. Hence,
Y-, Ci°X C CnX. On the other hand, for any x € C,X, we have that (Knj)x C X, where j € {1,2,...,t;}. Moreover, accord-
ing to C;=<°C, < - - - <°Cmy, wWe have x € (Kyj,), C (Kyj,), C -+ C (Kmj,, )y ©X, where ji€{1,2,...,t;}and I €1, 2, ..., m. By
Definition 3.1, we have x € 31, Ci(X). Therefore, 3" ,C;°X 2 CrX. Consequently, >1,C%(X) = CmX.

(2) Suppose that (Kyj,), € C1,(Ky,), €Ca, ..., (Kmj,)x € Cm. By Definition 3.1, we have that (Ky)xnX##0, where
ie{1,2,...,m}yandje{1,2,...,t;}. Note that C; <°C,<° - - - X°Cin. Hence, (Kyj,), < (K3j,), < -+ = (K, )x- By Theorem 3.3,
2O (X) = Cn(X).

Example 3.4. (Continued from Example 3.2). Let X={x1,X3,X3,X1}, C1 = {{x1},{x2}, {X3,X5,X6}, {X6,X7,Xs8,X0}}, C2 =
{{x1,x3}, {X2,X4}, {X3,X4,X5,X6,X7,X3,Xo}} be two coverings of U, and (;=°C,. We have that Ci(X)={xy,
X2}, C1(X) = {X1,X2,X3,X5,X6 }, C2(X) = {X1,%X2,%3,X4}, and C>(X) = {X1,X2,X3,X4,Xs, X6, X7, X3, X9 }. Hence, C1 + C2°(X) = {x1, %2,
X3,X4} = C2(X) and C; + C20(X) = {x1,X2,X3,X4,X5,X6,X7,Xs, X9 } = C2(X).

3.1.2. The first type of pessimistic CMGRS

Definition 3.2. Let (U,Q2) be a covering approximation space, Q = {Cy,C,,...,Cn} a family of coverings of U with
Ci = {Ki1,Kip,...,Ki,}, and X C U. Then, a pessimistic lower approximation and a pessimistic upper approximation of X with

respect to Q are denoted by >",C;P(X) and >, CiP(X), respectively, where

ic,—”(X) =Ky e Gl (K CX) i€ {1,2,...,mbj=12, .t} (4)
i=1

> aPX) =~ ¢ (~X). (5)
=1 =

And the area of uncertainty or boundary region of X relative to Q in covering based multigranulation rough sets is

Bn”zm LX) = ZCJ’(X) \ Zc,f’(X).

=171

Then, SZLCH’(X), S.CP(X)) is called the first type of covering based pessimistic multigranulation rough sets (or the first
type of pessimistic CMGRS, for short). We say (U, C1,Ca, .. .,Cn) a pessimistic multigranulation covering approximation space,

denoted by ((U, ZPC,»)), i.e., PMCA-Space.

Remark 2. In particular, when i = 1, the first type of pessimistic CMGRS will degenerate into a single covering based rough
sets whose lower and upper approximation operations are just (1) of Definition 2.3. In addition, if C;(i € {1,2,...,m}) is a

partition on the universe U, then (ZLC,—”(X), ZQ’;]C,-"(X)) will degenerate into the original MGRS. According to Yao's opinion
[54], we say that this pair of approximation operators is defined by the granule.

Theorem 3.5. Let (U, 2) be a covering approximation space, Q = {C1,Ca,...,Cnm} a family of coverings of U, and X C U. Then,

f:c,f’(X) —{Xxe UV (K ,nX=0),ie{l,2, .. mhj=12 .1t} (6)
i=1
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m
xe ZC,—"(X) = Xe~ ZCiP(N X)
=

= XY 0~X)
=

= V(KL ~X),ie{l,2,...mj=1.2. .t
= VK xNX#0),ie{1,2,... . m}j=12 .t

Example 3.5 (Continued from Example 3.1). By Definition 3.2, we have (C; 4+ C)?(X) = {¥2,%s,X%} N0 = 0 and (C; + C2)° (X) =
CiX UCy(X) = {X1,X2,X3,X4,X5,X6,X7,X3,X9}. By Example 3.2, we have C;NCy(X)={x1,X,%5,%}, C1NCa(X) =
{X1,X2,X4,Xs5,X6,X7,X3 }. Hence, (C; + C2)P(X) CC1 NG (X) and (C; + C2)P (X) 2 €1 NCa(X).

As a result of this example, we see that the pessimistic lower approximation of X induced by C; + C, is not bigger than
that induced by C; N C,. For a more general case, we have the following propositions.

Proposition 3.3. Let (U, 2) be a covering approximation space, Q = {C1,Ca,...,Cn} a family of coverings of U, and X C U. Then,
the following properties hold

(1) XX c N GiX),
(2) LX) 2 N GX).

Proof.

(1) For any x € 3_[",CiP(X), by Definition 3.2, it follows that there must exist (Ky;,), € C1, (Ky,)x € Ca, - .., (Kmj,,)x € Cm. In
fact, x e (Ky)x for ie{1,2,...,m}, j€{1,2,..., t;}. Hence, x € N, Ky, (x). Note that N, (Kj), C 2 for any x € U, and
"L CX = U{Q| Q¢ C X}. As a result, x € N, CiX.
(2) For any x € N2, Ci(X), there exists Q, such that x € Q, and €, N X # (. Note that Q, C (Kj),, whereie {1,2,...,m}and
jef{1,2,...,t;}. Hence (Ky)x N X # 0, i. e, x € 3", C(X). Therefore, 31",C;*(X) 2 NZ,Ci(X). O

Proposition 34. Let Q = {C1,Ca,...,Cn} be a family of coverings of U, and X, Y C U. Then, the following properties hold

1) Y efU=3Tc'u=U,

2) S CP0 =S GR0 =0,

3) LGP (X) CX C YT, C(X),

4) YL GPXuY) =YL aPX) uLcr(Y),
By XcYy=YalX) cyimaly),

(6) XCY = S CP(X) S CP(Y),

(7) TECP(X) =~ TGP (~ X),

(8) SILCP(X) =~ XL, GP (~ X).

(
(
(
(

Proof. These can be easily proved by Definition 3.2. O

However, some propositions held in the original MGRS cannot hold in the covering based pessimistic multigranulation
rough sets. For example:

(1) TG XnY) = 35,05 X) N T GR(Y),

(2) LX) =00 X).
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Now, we use two counter-examples to confirm our assertions.

(1) Continued from Example 3.3, let X ={x{,X),Xs5,Xs}, Y ={X2,X5,X7,X3,X0} CU, C; = {{Xx1},{%2}, {X3,X5,X6},
{X6,X7,X3,X0}} and Cp = {{X1,X2,Xs}, {X2,X7}, {X3,X4,X5,Xs,X7,Xs,X9}} two coverings on U. By Definition 3.2, we can
get XNY={xxs5,x3}. Then C;+C’XNY)=0, C; +C (X) = {x2,%1}, C1 + G (Y) = {x2,%7}, and (C; +C2)"(X)N
(C1 4+ C2)P(Y) = {x,}. Hence, (1) does not hold, i.e., >, P (X NY) # S, cP(X) n Yl (Y).

(2) Continued  from  Example 3.3, let X={x4}. Now, C;+C (X)={x1,X2,X4,X5,X6,X7,X3,X3}  and
C1 + C2P(X) = {X1,X2,X3,X4, X5, X5, X7, X5, Xo }. Obviously, (2) also does not hold, i.e., 7, CP(X) = S, CP (X).

Also, these counter-examples show a distinction between the classical MGRS and the covering based MGRS.
Theorem 3.6. Let Q = {C1,Cs,...,Cm} be a family of coverings of Uand X; C X, C --- C X, C U. Then

(1) ZLGPX) C XL P X) C - C LGP (Xa),
2) XhaPX)eXhiePX) C - eGP (Xa).

Proof. These can be proved by Definition 3.2. O

Theorem 3.7. Let Q = {C1,Ca,...,Cn} be a family of coverings of U and X C U. If C;<°Cy <" -- <X°Cp,, then

Proof. (1) Forany x € 3" ,Ci"(X), we have (Ky)y C X.Fori=1,2,...,m, it follows x € C(X). For any x € Cm(X), we have (Ky)-
x € X. By C1=°Cy<¢---XCp, we have that (Kyj,), C (Ka;,), C -+ C (Kmj, )x C©X. According to Definition 3.4, we obtain
x € >°1,Ci(X). Hence, 31, C"(X) = Cm(X). Similarly, (2) can be proved. O

Finally, it is necessary to discuss the relationship between the above two different covering based multigranulation rough
sets.

Theorem 3.8. Let Q = {C1,C3,...,Cm} be a family of coverings of U and X C U. The optimistic and pessimistic covering based
multigranulation rough sets are denoted by (S°1,C°(X),>°I,C%(X)) and (3°[,CP(X), S0 ,CP (X)), respectively. Then, the
following properties hold

(1) ZiLG0(X) 2 2L G0 (X),
(2) LG (X) € oGP (X).

Proof. They can be proved by Theorems 3.1 and 3.5. O
Example 3.6. (Continued from Example 3.2). From Example 3.2, we have six coverings of U. Let X = {x,X2,X5,Xg,X9} C U. By
Definition 3.1, we have that ZLCI-O(X) = {X2,X5,X3,X9} and ZLC,-”(X) = {{x2,x3} N {X2,X5,X9}} = {x2}. Hence,

S8.¢0X) 2 328 ¢PX. Similarly, S°°,Ci9(X) = {x1,X2,X3,Xs,X5,Xs, X0} and % . C;P(X) = U. Hence, 3% ,C0(X) C 32 ,CP(X).

3.2. The second type of covering approximation operators based multigranulation rough sets (Or the second type of CMGRS)

3.2.1. The second type of optimistic CMGRS

Definition 3.3. Let (U,Q2) be a covering approximation space, Q = {Cy,C,,...,Cn} a family of coverings of U with
Ci = {Nj1(x1),Np(x2),...,Ni;(Xjy)) }, and X C U. An optimistic lower approximation and an optimistic upper approximation of

X with respect to @, denoted by 3°7",¢;°(X) and Y"[,Ci%(X), are defined as

Em:CiO(X) = {xeUlv(Njx) CX)ie{1,2,....m}j=1,2,... .t} (7)
i=1

zm:C,»O(X) = {xeUAN;x)NX#0),ie{1,2,. .. .m}j=12 .t} (8)
i=1
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where N(x) = N{K € C|x € K}.
And the area of uncertainty or boundary region of X relative to Q in covering based multigranulation rough sets is

= i=1 =1

Then, (Z}LC,’O(X), Z{LC,-%X)) is called the second type of covering based optimistic multigranulation rough sets (or the

second type of optimistic CMGRS, for short).
In particular, when i = 1, the second type of optimistic CMGRS will degenerate into the second type of covering approx-
imation operators listed in Section 2. Additionally, if C;,i€ {1,2,...,m} is a partition on the universe U, then

(Z;ﬁ]CiO(X), E{’llcio(X)> will degenerate into the original MGRS. According to Yao's opinion [54], we say that this pair of
approximation operators is defined by the element based definition.

3.2.2. The second type of pessimistic CMGRS

Definition 3.4. Let (U,Q2) be a covering approximation space, Q = {Cy,Ca,..., Cm} a family of coverings of U with

Ci = {Nj1(x1),Np(x2),...,Nir;,(Xjy))}, and X C U. Then, a pessimistic lower approximation and a pessimistic upper approx-
imation of X with respect to 2 are denoted by >"I*,¢;”(X) and 3", C;"(X), respectively, where

m

3 6P X) = {x € UIAT, (Nj(x) € X) i € {1,2,...,m},j=1,2,.... 8}, 9)
i=1
zm:c,f’(X) = {x e U|V (Nj(x) N X # 0)}. (10)
i=1

And the area of uncertainty or boundary region of X relative to Q in covering based multigranulation rough sets is

m

e, (X) = Y 6P00\ ) G/ (X).
=1 i=1

i=1

Then, (Z,T”:]C,-”(X), ZLC;'P(X)) is called the second type of covering based pessimistic multigranulation rough sets (or the

second type of pessimistic CMGRS, for short).
In a special case, when i=1, the second type of pessimistic CMGRS will degenerate into the second type of covering
approximation operators listed in this paper. Additionally, if C;,i € {1,2,...,m} is a partition on the universe U, then

(Z{';]C,-O(X), Z;’;]C,-O(X)) will degenerate into the original MGRS. Here, the properties of the second type of optimistic and

pessimistic CMGRS are omitted.

3.3. The third type of covering approximation operators based multigranulation rough sets (or the third type of CMGRS)
3.3.1. The third type of optimistic CMGRS
Definition 3.5. Let (U,2) be a covering approximation space, Q = {Cy,Ca,...,Cn} a family of coverings of U with

Ci = {Ki1,Kjp, ..., K}, and X C U. An optimistic lower approximation and an optimistic upper approximation of X with
respect to ©, denoted by >°I",¢;°(X) and S°[,C;%(X), are defined as

> a0X) =K ecilv (K €X),ie {1,2,...,m},j=1,2,..., ti}, (11)
i=1
D COX) = {x e UA((KyynX#0)i€{l,2,...m}j=12,... .t} (12)
i=1

where t; = |Ci.
And the area of uncertainty or boundary region of X relative to Q in covering based multigranulation rough sets is

Bn%:.m C,'(X) = iCiO(X) \ iCiO(X).
i=1 i=1 i=1




G. Lin et al./ Information Sciences 241 (2013) 101-118 113

Then, <&O X), >, co (X)) is called the third type of covering based optimistic multigranulation rough sets (or the third
type of optimistic CMGRS, for short). In a special case, when i = 1, the third type of optimistic CMGRS will degenerate into the
third type of covering approximation operators listed in this paper. Additionally, if C;,i € {1,2,...,m} is a partition on the
universe U, then (&O(X),WO(X)) will degenerate into the original MGRS.

3.3.2. The third type of pessimistic CMGRS

Definition 3.6. Let (U,Q2) be a covering approximation space, Q = {Cy,C,,...,Cn} a family of coverings of U with
Ci = {Ki,Kp,...,Ki,},and X C U. Then, a pessimistic lower approximation and a pessimistic upper approximation of X with
respect to Q are denoted by 3" ,¢;P(X) and I, C;P(X), respectively, where

m
> e (X) =Ky € GINL (K € X) i€ {1,2,...,m},j=1,2,....t;,x € U}, (13)

Zm:C,»”(X):{er\v((KU) NX#0),ie{1,2,....,m}, j=12,... . t,xeU}. (14)

And the area of uncertainty or boundary region of X relative to € in covering based multigranulation rough sets is

o 00 = a0 S50

Then, (ZLCI-P(X), ZLC,-P(X)) is called as the third type of covering based pessimistic multigranulation rough sets (or the

third type of pessimistic CMGRS, for short).

In a special case, when i = 1, the third type of pessimistic CMGRS will degenerate into the third type of covering approx-
imation operators listed in Section 2. Additionally, if Ci(i € {1,2,...,m}) is a partition of the universe U, then
(Z;’;]C,-O(XL ZLC,-%X)) will degenerate into the original MGRS. Here, the properties of the third type of optimistic and pes-
simistic CMGRSs are omitted.

Corresponding to the properties of MGRS listed in Section 2.2, the proposed covering based optimistic multigranulation
rough sets can be summarized in Table 2.

In Table 2, (U,:°¢;) represents the ith (i € {1,2,3}) type of covering based optimistic multigranulation approximation
space. Similarly, the proposed covering based pessimistic multigranulation rough sets can also be summarized in Table 3.

In Table 3, <U7 EPC,») represents the ith (i € {1,2,3}) type of covering based pessimistic multigranulation approximation
space.

Remark 3. In this section, we have proposed three types of covering based optimistic and pessimistic multigranulation
rough sets and discussed some relationships between the CMGRS and the original MGRS. Several results held in the original
MGRS model but cannot hold in all the three CMGRSs. It can be known from the above discussions that (1) the original MGRS
is a special case of the CMGRS and the latter degenerates into the former when each covering is a partition on the universe

Table 2

The properties of three types of covering based optimistic multigranulation rough sets.
MCA-space (U Zoci) Satisfied Not satisfied
(Unzoa) 10ML), (20ML), (30ML), (40ML), (50ML) (60MH)

60ML), (7OML), (S8OML),
10MH), (20MH), (30MH

90ML), (100ML)
(40MH), (50MH)

70MH), (S30MH), (90MH), (100MH)

(U.Zocz) 10ML), (20ML), (30ML), (40ML), (50ML) (60OMH)
10MH), (20MH), (30MH), (40MH), (50MH)
70MH), (S30MH), (90OMH), (100MH)

(U.Z"C;) 10ML), (20ML), (30ML), (40ML), (50ML) (70ML)

60ML), (S8OML), (90ML),
10MH), (20MH), (30MH
50MH), (S0MH), (9OMH

100ML) (60MH)
(40MH) (70MH)

( (

( (

( »

( )

( (

(60ML), (7OML), (S8OML), (90ML), (100ML)
( »

( »

( (

( (

( »

( ), (100MH)
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Table 3
The properties of three types of covering based pessimistic multigranulation rough sets.
MCA-space (U, EPCi) Satisfied Not satisfied
(U. ZPC1) (1PML), (2PML), (3PML), (5PML) (4PML)
(7PML), (8PML), (9PML), (10PML) (4PMH)
(1PMH), (2PMH), (3PMH), (5PMH) (6PMH)
(7PMH), (8PMH), (9PMH), (10PMH)
(U. ZPCZ) (1PML), (2PML), (3PML), (5PML) (4PML)
(7PML), (8PML), (9PML), (10PML) (4PMH)
(1PMH), (2PMH), (3PMH), (5PMH) (6PMH)
(7PMH), (8PMH), (9PMH), (10PMH)
(U. ZPCB) (1PML), (2PML), (3PML), (5PML) 4PML)

(
(8PML), (9PML), (10PML), (1PMH) (7PML)

(2PMH), (3PMH), (5PMH) (4PMH), (9PMH)
(8PMH), (10PMH) (6PMH), (7PMH)

and (2) compared with the original MGRS, the CMGRS theory has its advantage in the application scope since it is applicable
to the covering environment, which is beneficial to the application of the idea of multigranulation for knowledge
representation, rule acquisition and feature selection from a multi-source covering information system.

4. Uncertainty measures of covering based multigranulation rough sets

Multigranulation rough set (MGRS) theory is a relatively mathematical tool for solving complex problems in the multiple
granulations or distributed circumstances through determining their vagueness and uncertainty. However, the existing
uncertainty measures of a single covering granulation based rough sets [9,18,39-41,49] are no longer suitable for covering
based multigranulation rough sets. In this section, we will introduce some measures to characterize the vagueness and
uncertainty of these new rough set models. Thus, these new rough set theories will contribute a lot to the applications in
the fields of pattern recognition, image processing, and fuzzy reasoning. We notice that in the literature [30], Pawlak has
given a definition of the rough membership as follows.

Definition 4.1. Let S= (U,AT) be an information system. For A C AT, X C U, the rough membership of x in X is defined by

X N X]
|X]al

where [x]4 represents an equivalence class induced by an attribute set A. However, it is not be suitable to evaluate the uncer-
tainty of a covering based rough sets. So the new definition of rough membership of x in X is needed.

(%) =

)

Definition 4.2. Let S = (U,AT) be an information system, C a covering of the universe U, where C = {K;,K>,...,K:} and X C U.
The maximal and minimal covering based rough memberships of x in K, denoted by u$(x), 1% (x), are defined by

e _ 1K) NX]
p0) = max S

(K, NX|
C(x) = mm‘(#,
k() [EON

where (K;), € C and x € (Kj),.

Proposition 4.1. Let S = (U,AT) be an information system, C a covering of the universe U, where C = {K;,K>,...,K:} and X C U.
Then, the following properties hold

UG (x) =1 < 3(Kp), € CA (Kp), CX
< ps(x) <1< 3(Ki), eCAK),NXF# 9,
C(x) =1 < Y(K;), €CA(K), CX

(1)

(2)0
(3) 7
(4) 0 < n%(x) <1< 3(Kj), € CA (K, CX.
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Proof. They can be easily proved by Definition 4.2. O

Example 4.1 (Continued from Example 3.2). Let C; = {{x1,X2,X4,Xs5}, {X2,X5},{X3,x5}} be a covering of U, and X = {x1,x3,xs5}
C U. By Definition 4.2, we have that u(x;)= max{i‘{‘x&l"?x‘z";ﬁg‘x‘ =11 (%) = max{‘{"};'l"f)(‘:j;;‘;gf‘,H‘)f]";;‘;l‘“é‘” =
max{1,1} = U (x3) =1, g (xa) =1, and  pg (xs) =max{l,1,1} =1. Similarly, we have that #3(x:)=1,

1
2
nY (X2) = 3.1 (x3) = 1.1y (xa) = 3, and 17 (xs) = min{3 3.1} = 3.

Definition 4.3. Let Q = {C;,C>,...,Cn} be a family of coverings of U and X C U. The maximal and minimal degree of rough
membership of x in X, denoted by p§(x) and 7 (x) are defined by

B0 = S i),
i=1

18
MRX) = > ().
i=1

Proposition 4.2. Let Q = {C1,Cs,...,Cn} be a family of coverings of U and X C U. Then, we have that

(1) 0 < ug(x) <1,
(2) 0<nE(x) < 1.

Proof. They can be proved by Definition 4.3. O

Example 4.2 (Continued from Example 3.1). Let Q = {C;,C,} be a family of coverings of U, where C; = {{X1,X2,X4,Xs},
{X2,X5}, {X3,x5}} and Cy = {{X1,X2,X3}, {Xa,X5}, {X2,X4}}. For X ={x1,X3,Xs} C U, by Definition 4.2, we have that ,uf(z (x1) =
2, (%) =2, pP(xs) =2, pF(xa) =1 and p(xs)=0. Similarly, we have that 5(x) =2, y(x2) =0, 7 (xs) =2,

12 (x4) = 0, and 72 (xs) = 0. According to the results obtained from Example 4.1 and Definition 4.3, we get that

¢ I
M 01 (1.2) 7
¢ c,
2 (xy) = B X2 T IR (Xz);ﬂx (¥2) =%x <%+§) =%7
C C:
0pyy _ MY (X3) + ¢ (x3) 1 AN
H(x3) = 2 =7°\1*t3) =%
¢ C,
g <01 (1) 1
C C:
oy _ M (Xs) + i (xs) T (1 1
H(xs) = 2 =3x(2%0) =7
Similarly

| <

Cq Cy 1
n2(x;) = Nx (XI)JZFTIX (*1) _

\]

I c
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Definition 4.4. Let Q = {C{,C5,...,Cn} be a family of coverings of U. An optimistic approximation measure of X by Q is
defined as

mCioX
000 - ZlX

ST COX|
where X # () and |X| denotes the cardinality of a set X. Similarly, a pessimistic approximation measure of X by €2 is defined as
n.CPX
o) = 2202,
2o GPX

Theorem 4.1. Let Q ={Cy,Cs,...,Cn} be a family of coverings of U and @ C Q. Then od(X) = o9 (X) > a,(X) and
o(X) < offy (X) < 06,(X), (i< m).

Proof. They can be proved by Definition 4.4. O

In the optimistic covering based multigranulation rough sets, the approximation measure of X by Q is not smaller than
that induced by a subset of Q. The approximation measure of X by €’ is also not smaller than that induced by a single cov-
ering granulation. Whereas, in the pessimistic version, the result is just the converse.

Definition 4.5. Let Q = {C1,(,,...,Cn} be a family of coverings of U and C; = {K;,Kj, ..., Kj, }. The rough entropy of Q is
defined by the following

E@) = ) EG),
i=1

where E(C)) = Y4, Millog, |K;|,i € {1,2,...,m} (see [18]).

Jj=1 ¢

Example 4.3 (Continued from Example 3.1). Let Q = {C;,C,} be a family of coverings of U, where C; = {{X1,X2,X4,Xs},

{X2,Xs5},{X3,X5}},Ca = {{X1,X2,X3}, {X4,X5},{X2,X4}}. By Definition 4.5, we have that E(Cl):zfﬂ”z—“‘logzuﬁﬂz
|K>j

1(4log,4 + 2log,2 + 2log,2) =% and EC) =Y, Kaillog, |Ky| = 1 (3log,3 + 2log,3 + 2log,2) = 2+ 3log,3. Hence,
E(Q) = 3+ 2log,3.

Theorem 4.2. Let Q = {C;,Ca,...,Cn} be a family of coverings of U. If C;=°C,="--- 2°Cpy, then E(C1) < E(Q) < E(Cp)-
Proof. It can be proved by Definition 4.5. O

Example 4.4 (Continued from Example 2.1). Let Q= {C;,C,} be a family of coverings of U, where C; = {{x1},
{x2},{X3,Xa}, {Xa,x5}}, Co = {{X1,X2}, {X3,Xa}, {X2,X3,X4,X5}} and C;=<°C,. By Definition 4.5, we have that E(C;) = ZJ‘;@

|Kj

log, |Kyj| = 1(1log,1 + 1log,1 + 2log,2 + 2log,2) =1 and E(C;) = Zle T‘logz\Kzﬂ =1(2log,2 + 2log,2 + 2log,4) = 4. Hence,
E(Q) =1(+%) = L. Therefore, E(C;) < E(Q2) < E(C).

Remark 4. In this section, we have systematically investigated the united measurement formations. Some examples have
been employed to illustrate the application of these measures by the first type of CMGRS. Similarly, the proposed uncertainty
measures can offer a method to characterize some other types of approximate abilities of the covering based multigranula-
tion models, such as approximate precision, the rough membership, and the maximal and minimal degree of rough mem-
bership. Under the framework of covering based multiple granulations, these uncertainty measures may become a
theoretical basis of granule reduction, granulation space reduction, and rule evaluation for a target information system with
the covering background.

5. Conclusion and discussion

The main contribution of this paper is that three types of optimistic and pessimistic covering based multigranulation
rough sets have been proposed which can be used to do data analysis characterized by the covering environment. Under
the framework of covering based multigranulation rough sets, we have investigated some of their important properties
and compared their properties with those of the classical MGRS. In addition, we have introduced several important uncer-
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tainty measures, such as degree of rough membership, approximation measure, and rough entropy. These results can enrich
the MGRS theory and enlarge its application scope to some extent.

Further research includes how to reduce redundant granules and how to reduce redundant granular space in the process
of rough data analysis under the multigranulation environment. Another important issue in the future is to investigate appli-
cations of this new rough set theory for knowledge representation, rule acquisition, feature selection in knowledge
discovery.
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