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1. Introduction

A matching of a graph is a set of pairwise nonadjacent edges. For a graph with n vertices, a matching M is called
perfect if its size |M| = % for even n, or almost perfect if |M| = % for odd n. A graph is matchable if it has either
a perfect matching or an almost perfect matching. Otherwise, it is called unmatchable. Throughout the paper, we only
consider simple and even graphs, that is, graphs with an even number of vertices with no parallel edges or loops. For
graph-theoretical terminology and notation not defined here we follow [4]. Let G = (V(G), E(G)) be a graph. A set F of
edges in G is called a matching preclusion set (MP set for short) if G — F has neither a perfect matching nor an almost
perfect matching. The matching preclusion number of G (MP number for short), denoted by mp(G), is defined to be the
minimum size of all possible such sets of G. The minimum MP set of G is any MP set whose size is mp(G). A matching
preclusion set of a graph is trivial if all its edges are incident to a single vertex.

Since the problem of matching preclusion was first presented by Brigham et al. [3], several classes of graphs have
been studied to understand their matching preclusion properties [5-8,11,13,14]. An obvious application of the matching
preclusion problem was addressed in [3]: when each node of interconnection networks is demanded to have a special
partner at any time, those that have larger matching preclusion numbers will be more robust in the event of link failures.

Another form of matching obstruction, which is in fact more offensive, is through node failures. As an extensive form of
matching preclusion, the problem of strong matching preclusion was proposed by Park and Ihm in [12]. A set F of vertices
and/or edges in a matchable graph G is called a strong matching preclusion set (SMP set for short) if G — F has neither
a perfect matching nor an almost perfect matching. The strong matching preclusion number (SMP number for short) of G,
denoted by smp(G), is defined to be the minimum size of all possible such sets of G. The minimum SMP set of G is any
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SMP set whose size is smp(G). Note that the strong matching preclusion is more general than the problems discussed in
[1,9], which considered only vertex deletions.

Specially, when G itself does not contain perfect matchings or almost perfect matchings, both smp(G) and mp(G) are
regarded as zero. These numbers are undefined for a trivial graph with only one vertex. Notice that an MP set of a graph is
a special SMP set of the graph.

Proposition 1.1. (See [12].) For every nontrivial graph G, smp(G) < mp(G).

However, the strong matching preclusion numbers did not decrease for such graphs as restricted hypercube-like graphs
and recursive circulants [12]. Then, followed by this work, the strong matching preclusion problem was studied for some
classes of graphs such as alternating group graphs and split-stars [2].

When a set F of vertices and/or edges is removed from a graph, the set is called a fault set. Let F, and F, be the fault
vertex set and the fault edge set, respectively. We have F = F, U F,. For any vertex v € V(G), let Ng(v) be all neighbouring
vertices adjacent to v and let Ig(v) be all edges incident to v. Clearly, a fault set, which separates exactly one isolated
vertex from the remaining even graph, forms a simple SMP set of the original graph.

Proposition 1.2. (See [12].) Let G be a graph. Given a fault vertex set X(v) C N¢(v) and a fault edge set Y (v) C Ig(v), X(v)UY(v)is
an SMP set of G if (i) w € X(v) ifand only if (v, w) ¢ Y (v) for every w € N (v), and (ii) the number of vertices in G — (X (v) UY (v))
is even.

The above proposition suggests an easy way of building SMP sets. Any SMP set constructed as specified in Proposition 1.2
is called trivial. If smp(G) = 8(G), then G is called maximally strong matched. If every minimum SMP set of G is trivial, then
G is called super strong matched. It is easy to see that, for an arbitrary vertex of degree at least one, there always exists a
trivial SMP set which isolates the vertex. This observation leads to the following fact.

Proposition 1.3. (See [12].) For any graph G with no isolated vertices, smp(G) < 8(G), where §(G) is the minimum degree of G.

2. Definitions and terminology

The torus forms a basic class of interconnection networks. Let G and H be two simple graphs. Their Cartesian product
G x H is the graph with vertex set V(G) x V(H) = {gh: g € V(G), h € V(H)}, in which two vertices g1h; and gyh, are
adjacent if and only if g; = g» and (hi, hy) € E(H), or (g1,82) € E(G) and hy = hy. For n > 3, let G1,G3,...,G, be n
simple graphs. Similarly, the Cartesian product G1 x G x --- x G, can be defined. It is easy to see that “x” is associative
and commutative under isomorphism. Let C, be the cycle of length k with the vertex set {0,1,...,k — 1}. Two vertices
u,v € V(Cg) are adjacent in C if and only if u =v £1 (mod k). The torus T(ky,ka,...,k,) with n>2 and k; > 3 for all i
is defined to be T(ky, ko, ..., kn) = Cy, x C, x --- x Ci, with the vertex set {uquy...un: u; €{0,1,..., ki —1}, 1<i<n}
Two vertices uquy...u, and vqvy...v, are adjacent in T(kq,ka,...,k;) if and only if there exists some j € {1,2,...,n}
such that uj=v;+1 (mod kj) and u; = v; for i € {1,2,...,n}\{j}. Clearly, T(k1, k2, ..., kyn) is a connected 2n-regular graph
consisting of kik, ...k, vertices. Note that we only consider even graphs in this paper, which implies that at least one of
ki,ka, ..., ky is even.

Let T(k1,kz) be a 2-dimensional torus, where ki > 3 and k; > 3. Then T(kq,ky) = C, x Cy,. We view Cy, x Cg, as
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consisting of kp copies of Cy,. Let these copies be CI(<)1 ,C C:;Z_1 labeled along the cycle Cy,. The edges between dif-

ferent copies of Ci, are called cross edges. Denote the set of cross edges between C,"(] and C,l:“m‘)d k2) py Mi i+ 1(mod ky)
for 0 <i < ky — 1. For clarity of presentation, we omit writing “(mod k)" in similar expressions for the remainder of the
paper. Clearly, each of these sets is a matching saturating all vertices of the corresponding copies of C,. For convenience,
a vertex with subscript O (e.g. xo) will denote a vertex in C,?l, the corresponding vertex with subscript 1 (e.g. x1) will denote

the vertex in C ,11 which is adjacent to this vertex via a cross edge, etc., and the corresponding vertex with subscript ky — 1

(e.g. xk,—1) will denote the vertex in C,I:]z_l which is adjacent to this vertex via a cross edge. The vertices xo, X1, ..., Xk,—1
and the cross edges between them form a cycle of length kp, which is denoted by Cy, (x;) for some i€ {0,1,...,kp —1}.
For any matching M; in C,’;l, the matching M;, which satisfies that (x;, y;) € M; if and only if (x;, y;) € M;, is called the
corresponding matching to M;.

A graph is bipartite if its vertex set can be partitioned into two subsets X and Y so that every edge has one end in X
and one end in Y. A path is a simple graph whose vertices can be arranged in a linear sequence in such a way that two
vertices are adjacent if they are consecutive in the sequence, and are nonadjacent otherwise. The length of a path is the
number of its edges. The path is odd or even according to the parity of its length. For notational simplicity, denote by |G|
the number of vertices in a graph G. Let G; and Gy be two graphs. G; U G, is the graph with vertex set V(G1) UV (G2) and
edge set E(G1) UE(Gy).
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In this paper, we investigate the problem of strong matching preclusion for torus networks. We establish the strong
matching preclusion number and all possible minimum strong matching preclusion sets for bipartite torus networks and
2-dimensional nonbipartite torus networks.

3. Main results

Lemma 3.1. (See [12].) For a connected m-regular bipartite graph G with m > 3, smp(G) = 2. Furthermore, each of its minimum SMP
sets is a set of two vertices from the same partite set.

Theorem 3.1. Let ki,ka,...,k, be even integers with k; > 4 for each i = 1,2,...,n. Then T(k1,ka,...,ky) is bipartite and
smp(T (kq, ka, ..., kn)) = 2. Furthermore, each of its minimum SMP sets is a set of two vertices from the same partite set.

Proof. Let Vi ={uquy...up: uquy...uy € V(T(k1,k2,...,ky)) and Z?:1 u; =0 (mod 2)} and V, =V (T (kq,ka, ..., kp)\ V1.
Without loss of generality, let uquy...up € Vi and vivy... vy € N1k, ky,... k) (W12 ... Up). By the definition of T(kq,ka, ...,
kn), there exists some j e {1,2,...,n} such that u; =v; £1 (mod kj) and u; = v; for i € {1,2,...,n]\{j}. If kq, ko, ...,k
are even, then u; and v; have different parities, which implies that > ;u; and Y i ;v; have different parities. So

VviVy...vy € Vy, which implies that two arbitrary vertices in V1 are nonadjacent. Similarly, two arbitrary vertices in V5

are nonadjacent. Thus, T (k1, k2, ..., k) is bipartite. Note that T (kq, k2, ..., k) is a connected 2n-regular graph with 2n > 3.
By Lemma 3.1, smp(T (k1, k2, ...,ks)) =2 and each of its minimum SMP sets is a set of two vertices from the same partite
set. O

Theorem 3.2. Let k > 3 be an integer and let C, be a cycle of length k. Then smp(Cy) = 2.

Proof. By Proposition 1.3, smp(Cy) < §(Cg) = 2. Next, consider a fault set F with |F| =1. If F consists of one edge, Cy — F
is a path of length k — 1. If F consists of one vertex, C, — F is a path of length k — 2. Note that an odd path has a perfect
matching, while an even path has an almost perfect matching. We have that Cy, — F is matchable, which means smp(Cy) > 1.
Therefore, smp(Cy) =2. O

By Theorem 3.2, Cj is maximally strong matched, where k > 3. However, Cj is not super strong matched. For example,
let C=(0,1,2,3,4,5,0) be a cycle and let F ={(0,5), (2, 3)}. It is easy to see that there is no perfect matching in C — F
and F is not a trivial strong matching preclusion set.

Lemma 3.2. (See [6].) Let T (k1, k>, ..., kp) be a torus with an even number of vertices. Then mp(T (k1, kz, ..., ks)) = 2n and each of
its minimum MP sets is trivial.

Theorem 3.3. Let k1 > 6 be an even integer and let ky > 3 be an odd integer. Then smp(T (k1, k3)) = 4. Moreover, T (k1, k) is super
strong matched.

Proof. T(ki,k2) = Ci, x Ci, is a connected 4-regular graph consisting of kik, vertices. Let F = F, U F, be a fault set in
T (kq, k) such that |F| <4, where F, and F,. are the fault vertex set and the fault edge set, respectively. To prove our main
result, it is enough to show that either T (kq, k) — F is matchable or F is a trivial strong matching preclusion set.

We define an approach to find a perfect matching in T(ky, ky) — F as follows: we find a fault-free matching saturating
some copies of Ci,, in which cross edges may be used. If each remaining copy has a fault-free perfect matching, then we
can extend this matching to a perfect matching in T(kq, k2) — F by adding a fault-free matching saturating the remaining
copies of Cy,. This method will be called completing the matching.

We consider five cases depending on the value of |F,|. Without loss of generality, assume that |F, N V(C,?])| > |Fy N
V(C )l fori=1,2,....k — 1.

Case 1. |Fy| =4, which means |F.|=0.

Case 1.1. |[Fy N V(Cgl)| =4,

Since ki1 > 6 is an even integer, C,il has a perfect matching for i =0,1,...,ky — 1. If Cl(<)1 — F, can be partitioned into a
set of paths of length one, then there exists a matching M saturating Cl(<)1 — F, and completing M gives a perfect matching
of T(ky,ky) —F.

Assume that Cl?1 — F, can be partitioned into a set of paths of length one plus some single vertices. Denote by s the
number of these single vertices. It is easy to see that 0 < s < 4. Since \V(C,?])\Fvl is even, s is even. Let F, = {xo, Yo, Ug, Wo}.
We consider two subcases.

Case 1.1.1. s = 2.

Assume that Cl(<)1 — Fy can be partitioned into the set Mg of paths of length one plus two single vertices, each of
which is adjacent to one of the fault vertices, say xo (see Fig. 1(a)) (when ki =6, Mg = ). Let ag, bo be the two single
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Fig. 1. |[F, N V(C,?l)| =4 and s=2.

vertices. Let M, be the perfect matching in Cy,(z) — z for each z € {yo, uo, wo}. Let M; be the corresponding matching

to Mg for i=1,2,...,ky — 1. Let M, be the matching saturating Cy,(to) — {to. tx,—1,t1} for each to € {ao, bo, X0} (when
I

ka =3, M, = ). Then (U<2 ]M*)U(Uze{yo uo.wo) M2) U (Uto etag bo.x0) Mto) U 1(@ky—1, Xky—1), (@0, @1), (biy—1, bo), (x1,b1)} is

a perfect matching in T(kl,kz) —

Assume that C,?l — Fy can be partitioned into the set of paths of length one plus two single vertices, both of which
have no common neighbours in F, (see Fig. 1(b)). Let ag, bgp be the two single vertices. Let Pg be a path in Cf?l from ag
to bg such that xp, yo € V(Pp) and ug, wo ¢ V(Pp), where xo and yo are the neighbours of ap and by, respectively. Then
Py is an odd path. There exists | € {1,...,k; — 1} such that both x; and y, are not fault vertices. Cy,(xo) — {Xo, %} can
be partitioned into the set My, of paths of length one plus one single vertex Xm,. Ci,(¥o) — {¥o0, i} can be partitioned
into the set My, of paths of length one plus one single vertex y. C,?l — (Fy U{ag, bg}) can be partitioned into the set
Mg of paths of length one. Let M} be the corresponding matching to M for each i€ {1,2,..., ko — 1}\{l}. Let M[ be a
perfect matching in Cl — {u;, wy,a;, b} Let M, be a perfect matching in Cy,(z) — z for each z € {uo, Wo, am, bm}. Then

k
Uiz lM*) U (UZE{XU Yoo, wo.am b} M2) U {(@m, Xm), (b, ym)} is a perfect matching in T (k1 k2) —

Case 1 12 s=

Cl?] — Fy can be partitioned into the set M of paths of length one plus four single vertices such that two of
the single vertices are adjacent to one of the fault vertices (say xg) and the other two single vertices are adja-
cent to another fault vertex (say yo) (when ki =8, M} = ). Let NC:? (x0) = {ao, bo} and NC:? (y0) = {co,dp}. Let M,

1 1
be the perfect matching in Cy,(z) — z for each z € {ug, wo}. Let M; be the corresponding matching to Mj for i =
1,2,...,ky — 1. Let My, be the matching saturating Cy, (to) — {to, tx,—1, t1} for each tq € {ao, bo, co, do, X0, yo} (when kp =3,
k
= ). Then (UZ5" M5 U (Uscquowo) M2) Y (Uryetao.o.codoro.yo) Mio) U {(akz 1. Xk,—1): (@0, 1), (bry—1. bo). (x1.b1)} U
{(Cky—1, Yiy—1), (€0, €1), (diy—1, do), (¥1,d1)} is a perfect matching in T (ky, kz) —

Case 1.2. |F, N V(C,?l)| =3.

There is one faulty vertex in T (kq, k2) — V(C,?l). Without loss of generality, assume that F, N V(C,il) = {w;}. Let Fy N
V(CO ) = {X0, Y0, Zo}. Assume that C,? — Fy can be partitioned into a set of paths of length one plus some single vertices.
Denote by s the number of these single vertices. It is easy to see that 1 < s < 3. Since |V(C )\Fy| is odd, s # 2. We consider
two subcases.

Case 1.2.1. s=1.

There exists exactly one even path Pg in C,?1 — F. If wg is a terminal vertex of Pg, then there exists a matching My
saturating Cl(<)1 — {X0, Yo, 20, Wo}. Let M, be the perfect matching in Cy,(z) — z for each z € {xo, yo, zo, wi}. Let M; be the
corresponding matching to Mg for i =1,2,...,kz — 1. Then (Uk2 "My u (Uzeix0.y0.20.w;) M2) is a perfect matching in
T(k1,k2) —

Assume that |Pg| =3 and wyg is the internal vertex of Py. Then there exists a matching My saturating C0 — (V(Po) UF)

(when ki =6, My = ¢). Let vo be a terminal vertex of Py. If i — 1 is even, then let P* = Py U {v; } u (U ] —
(vj, wj))) U {(vo,v1), (W1, W2),...,(vi—1,vp}. If i —1 is odd, then let P* = Pg U {v;} U (U’j<2 ,_1H (v],w,))) U
{(vo, Vi,—1)s (Wky—1, wkz,z),...,(v,ﬂ, vi)}. Note that P* is a fault-free odd path. So there exists a perfect matching M*

in P*. Let M; be a perfect matching in C,i] — {wj, vi}. Then My U M* U M; or completing Mg U M* U M; gives a perfect
matching of T(k1,k2) — F

Assume that |Pg| > 5. Then there exist a terminal vertex vg of Py and ug € V(Pg) such that (ug, vg) € E(Pg) and
Wwo # ug. Note that there exists a vertex a € {u;, v;} such that Cl’;1 — {wj, a} can be partitioned into a set of paths of length

one. If a=v; and i — 1 is even, then let P* = Py U {v;} U (L_J"fl J ) (vj,uj)) U {(vg, v1), (u1,uz), ..., (vi_1, vy} (see

Fig. 2(a)). f a=v; and i — 1 is odd, then let P* = Py U {v;} U (U'j<2 ,J]r] 4 — (vj,uj))) U{(vo, Vi,—1), (uk2 1, Ugy—2), -
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(@) a = v,

Fig. 2. The fault-free odd path P* when i —1 is even.

(Vig1,vD)). If a=u; and i — 1 is odd, then let P* = Py U {u;} U (Uj.;ll(c,{1 — (vj,u)) U {(vo, v1), (U1, Ua), ..., (Ui_1, up)}.

ka—1 ,~j
If a=u; and i — 1 is even, then let P* = Py U {u;} U (U]‘2 i1 € i~ Vi, uj))) U{(vo, Viky—1), (Uky—1, Uky—2) - - ., (Uig1, Uj)}

(see Fig. 2(b)). Let My be the matching saturating C,?l —(V(Py) U F) (when |V (Pg) U {x0, Yo, 20}| = k1, Mo = ). Let M; be a
perfect matching in C,"Cl — {wj, a}. Note that P* is a fault-free odd path. So there exists a perfect matching M* in P*. Then
Mo U M* U M; or completing Mo U M* U M; gives a perfect matching of T (kq, k) —

Case 1.2.2. s=3.

There exist exactly three even paths P1, P, and P3 in C,?1 — F. Assume that wg is a terminal vertex of Py (k € {1, 2, 3})
or wy is an internal vertex of Py (k € {1,2,3}) and P, — wq can be partitioned into the set of paths of length one. Without
loss of generality, say k = 1. Let My be the matching saturating P1 — wo (when |P1| =1, Mj; =#). P, and P3 can be par-
titioned into the set My of paths of length one plus two single vertices ap and by such that ay and by are adjacent to one
of the fault vertices (say xo). Let Mj = M1 U M3, and let M be the corresponding matching to Mg for i=1,2,..., ko — 1.
Let M, be the matching saturating Cy,(to) — {to, tx,—1,t1} for each to € {ag, bo, X0} (wWhen ky =3, My, = ). Let M, be
a perfect matching in Cy,(z) — z for each z € {yo, zo, w;}. Then (Uk2 1M*) u (Uze{yO,zO,wi}Ml) u (Utoe{ao.bo,xo} M) U
{(ak,—1, Xi,—1), (@0, a1), (bry—1, bo), (x1,b1)} is a perfect matching in T(k1,kz)—

Assume that wg is an internal vertex of Py (k € {1,2,3}) and P, — wg can be partitioned into the set of paths of
length one plus two single vertices. Without loss of generality, say k = 1. Let Np,(wo) = {co,do}. Let My be a per-
fect matching in P; — {co,dop, wo}. P> and P3 can be partitioned into the set M, of paths of length one plus two
single vertices ag and bg such that ap and bg are adjacent to one of the fault vertices (say xp). Let My, be the match-
ing saturating Cy, (to) — {to, tx,—1,t1} for each tg € {ap, bo, Xo}. Let My, be the matching saturating C, (t;) — {ti—1, ti, ti+1}
for each t; € {ci,dj, w;}. Let M} = M1 U M;. Let M’f be the corresponding matching to M{ for j e {1,2,...,k; — 1}.
Let M, be a perfect matching in Cy,(z) — z for each z € {0, 20}. Then (U’<2 1M*) UMy, UMz U (Utoe{ao.bo,xo}Mfo) u
(Utle{cl,dl,w,)Mt,)U{(akz 1> Xky—1), (@0, @1), (bx,—1, bo), (x1,b1)} U {(ci-1, ¢i), (C:+1,Wz+1),(Wi—l,di—l),(di,diﬂ)} Is a perfect
matching in T (k1, k2) —

Assume that wg € {xo Yo, 20}. Without loss of generality, wg = zg and Nco (z0) N V(P1) = {co}. Let M1 be a per-
fect matching in P; — cg. P> and P3 can be partitioned into the set M, of paths of length one plus two single
vertices ag and bg such that ag and bg are adjacent to one of the fault vertices (say xo). Let My, be the match-
ing saturating Ck, (to) — {to, tk,—1,t1} for each to € {ao, bo, Xo}. Let M§ = M1 U Ma. Cy,(20) — {20, w;} can be partitioned
into the set My, of paths of length one plus one single vertex w; such that (wj, w;) € E(Cy,(z0)) and w; # zg. Let
M, be a perfect matching in Cg,(c;) —c; and let M;‘.‘ be a perfect matching in Cli1 —{yj.xj,aj,b;}. Let My, be the
corresponding matching to M{ for m € {1,2,...,ka — 1}\{j}. Let My, be a perfect matching in C,(yo) — yo. Then
(Uk2 1M;‘) UMy, UMz UM U (Utoe{ao,bo.xO} M) U {(ak,—1, Xk,—1), (@0, a1), (bk,—1, bo), (x1,b1)} is a perfect matching in
T (k1, kz) -

Case 1.3. |Fy, N V(C,?l)| =2.

There are two fault vertices in T (kq, ky) — V(C}c)]). Let 0<i<j<ky—1andletaqe V(C,"q) and b; € V(C,ﬂl) be the two

fault vertices. Let F, N V(C,?}) = {Xxo0, yo}. We consider five subcases (see Fig. 3).

Case 1.3.1. ap = by € {x0, yo}-

Without loss of generality, say ag = bg = xo. Assume that C,(Xo) — {Xo,a;, bj} can be partitioned into a set My, of paths
of length one. If C,E’] — {X0, yo} can be partitioned into a set My of paths of length one, then My is a matching saturating

Cl?] — {X0, yo}. Let M; be the corresponding matching to Mg for i € {1,2,...,k, — 1}. Let My, be a perfect matching in

Ck, (Yo) — yo. Then (Uk2 1 M;j) U My, UMy, is a perfect matching in T (k{, k) — F. If C,?] — {X0, Yo} can be partitioned into
a set Mg of paths of length one plus two single vertices up and vg such that up and vg are adjacent to yg, then let M;
be the corresponding matching to Mo for i € {1,2,...,k; — 1}. Let My, be a perfect matching in C, (to) — {fo, tx,—1,t1}
for each to € {uo, yo, Vo} Then (Ul<2 "My U (Uzetuo.vo.x0.y0) M2) Ul Uiy —1, Yiy—1), (o, U1), (Viey—1, Vo), (¥1, v1)} is a perfect
matching in T (kq, k) —

Assume that Cy, (xo) — {xo, a;,bj} can be partitioned into a set My, of paths of length one plus two single vertices X,
and x, such that x;; and x,; are adjacent to one vertex in {Xg,a;,bj} (say a;). Without loss of generality, let 0 <n < i.
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Fig. 3. Configuration of fault vertices in Case 1.3.
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k]

Nq{r; (cm). Let d; € V(C,"q) be the neighbour of ¢; such that d; and a; are distinct. Let Mg be a perfect matching in Cl(<)1 -

{x0.yo} can be partitioned into a set of paths of length one, then there exists ¢, € Ncm (xm) such that yp ¢
1

{xo0, co, do, Yo}, and let M; be the corresponding matching to Mg for i € {1,2,...,k; — 1}. Let M¢; be a perfect matching in
Cr, (ci) — {cm, ¢i, cn}. Let M, be a perfect matching in Cy,(2) —z for each z € {d;, yo} Then (Uk2 1 M,')U(UZE{XO!YO!CM} Mz)U
{(xm, cm) (Xn, Cn), (ci, d;)} is a perfect matching in T (kq, k) —

If Ck1 {x0, yo} can be partitioned into a set of paths of length one plus two single vertices ug and vq such that ugp and
vp are adjacent to yo, then we consider two subcases.

Case 1.3.1.1. xg € NCE1 (ug) U NC,?] (vop).

Without loss of generality, say xg € NCE] (up). Since ki > 6, there exist cg € NCEI (x0) and dg € Ncgl (co) such that

co # up and dy # xo. Let My be a perfect matching in C,?l — {Xo, Ug, Vo, Yo, Co,do}, and let M; be the corresponding
matching to Mo for i € {1,2,...,k; — 1}. Let M¢, be a perfect matching in Cy,(co) — {Cm, Ci, Cp}. Let My, be a per-
fect matching in Cy,(to) — {to, tk,—1,t1} for each tg € {uo, yo, vo}. Let My, be a perfect matching in Cy,(do) — d;. Then
(U"2 "My U (Uzeixo.c0.do. yo,u0,vo} M2) U {(Xm. €m), (¥, €n), (Ci di), (Uky—1, Yky—1), (U0, U1), (Viy—1, Vo), (Y1, V1)} is a perfect
matching in T(k1,k2) — F

Case 1.3.1.2. xp ¢ NCE1 (ug) U NC,?l (vo).

In this case, there exists ¢, € Nq{n (Xm) such that yn, ¢ NC,”' (cm). Let d; € V(C,il) be the neighbour of c¢; such that d;
1 k1
and qa; are distinct. Let M, be a perfect matching in C,(c;) — {Cm, Ci, cn}. Let Mgy, be a perfect matching in Cy,(d;) — d;.

— {x0, co,do, Yo, Vo, Up} can be partitioned into a set My of paths of length one, and let M; be the corresponding

matching to Mo for i € {1,2, ...,k — 1}. Let M, be a perfect matching in Cy, (to) — {to, t,—1,t1} for each tg € {ug, yo, vo}.

I .
Then (U2, "M u (Uzeixo.c1.d1.y0.vo.10) M2) U {(im, €m), (xn, ), (Ciy di)} U {(Uky—1, Yiy—1), (o, U1), (Vky—1, Vo), (¥1,V1)} is @
perfect matching in T(kq, k2) — F

Case 1.3.2. |{ag, bo} N {X0, Yo}| = 2.

Without loss of generality, say xo =ag and yg = bg. Ci, (x0) — {Xo,a;} can be partitioned into the set My, of paths of
length one plus one single vertex x, € V(Ckl) Ck,(¥0) — {y0,bj} can be partitioned into the set M, of paths of length
one plus one single vertex y, € V(Ckl). If CO1 — {Xo0, yo} can be partitioned into the set of paths of length one, then let
Upy € qu (xm) and v, € NC,n (yn) such that ug is connected to vq in C,E’] — {x0, yo}. If C,?1 — {X0, Yo} cannot be partitioned

<1 <1
into the set of paths of length one, then let uy, € Ncm (xm) and v, € Ncn (yn) such that ug is disconnected from vg in

— {X0, yo}. Let M, be a perfect matching in C,(z) — z for each z € {up, vn} €% — {xo, Yo, Ug, vo} can be partitioned into

k1
the set Mg of paths of length one. Let M; be the corresponding matching to My for i € {1,2,...,k; —1}. Then (Uk2 1 M;)U
(Uze{xo,yo,um,vn} Mz) U{(Xm, Um), (¥n, vn)} is a perfect matching in T (k1, ky) —

Case 1.3.3. [{ag, bo} N {x0, yo}| = 1.

Without loss of generality, say xo = ag. Assume that C,?] — {X0, Yo, bo} can be partitioned into a set of paths of length
one plus some single vertices. Denote by s the number of these single vertices. It is easy to see that 1 < s < 3. Since
V(€ )\ X0, Yo, bo}| is odd, s #2.

Case 1.3.3.1. Nc,?] (x0) # {bo, yo}.
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If s=1 and C,?] — {x0, bo, Yo} can be partitioned into a set of paths of length one plus one single vertex cg such that cg
is adjacent to xg, then there is a matching Mg saturating Cl(<)1 — {Xo0, Yo, bo, co}. Let M; be the corresponding matching to My
forie{1,2,...,ky —1}. Ci,(x0) — {X0,a;} can be partitioned into a set My, of paths of length one plus one single vertex xy.
Let M, be a perfect matching in Cy,(z) — z for each z € {c, bj, yo}. Then (Ui.‘igl M;) U (UZE{Xo,yU,Cm,bj} Mz) U {(Xm,cm)} is a
perfect matching in T (k1,ky) — F.

Ifs=1,y0€ NC,?] (x0) and C,?l — {0, bo, Yo} cannot be partitioned into a set of paths of length one plus one single vertex

which is adjacent to xg, then there exists cg € NCE (Yo) such that cg # xo. Ci,(x0) — {X0,a;} can be partitioned into a set
1

My, of paths of length one plus one single vertex xp. Let My, be a perfect matching in C,(yo) — {Yo, ¥i, ¥ym}. Let Mg be
a perfect matching in C,?l — {Xo0, Y0, Co,bo} and let M; be the corresponding matching to Mg for i € {1,2,...,ky — 1}. Let
ky—1

M_ be a perfect matching in Cy,(z) — z for each z € {c;, bj}. Then (|;2,” Mi) U (Uze{xo.yo,c,-,bj} Mz) U{(Xm, ¥Ym), (¥i,ci)} is a
perfect matching in T (k1, k2) — F.
If s=1, yo ¢ NCE (%0) and C,?l — {X0, bo, Yo} cannot be partitioned into a set of paths of length one plus one single
1

vertex which is adjacent to xg, then there exists cg € NC:? (x0) such that cg is disconnected from by in C,?l — {xo0, yo}. If
1

s =3, then let ¢g € NC:? (x0) such that cg is connected to bg in CEl — {0, Yo}. Cl(<)1 — {x0. Y0, bo, co} can be partitioned
1

into a set My of paths of length one plus two single vertices ug and vo such that up and vo are adjacent to yg. Let

M; be the corresponding matching to Mg for i € {1,2,...,ks — 1}. Ci,(x0) — {x0,a;} can be partitioned into a set My, of

paths of length one plus one single vertex x,. Let M, be a perfect matching in Cy,(z) — z for each z € {c, bj}. Let My,
. . ky—

be a perfect matching in C,(to) — {to, tk,—1,t1} for each tq € {uo, yo, vo}. Then (Uiiol M;) U (Uze{xo,cm,bj,uo.yo,VU) Mz) U

{(Uky—1, Yiy—1)» (W0, U1), (Viy—1, Vo), (¥1, V1), (Xm, cm)} is a perfect matching in T (k1, k) — F.
Case 1.3.3.2. NC,? (x0) = {bo, Yo}
1
Ck, (X0) — {x0, a;} can be partitioned into a set My, of paths of length one plus one single vertex xy. Similarly, Cy, (yo) —
{¥o, yi} can be partitioned into a set M, of paths of length one plus one single vertex yy. Let d; € V(qu) be the neighbour

of y; such that d; and a; are distinct. C;<)1 — {x0, bo, y0,do} can be partitioned into a set Mo of paths of length one. Let M; be
the corresponding matching to Mg for i € {1,2, ...,k — 1}. Let M, be a perfect matching in Cy,(z) — z for each z € {d;, bj}.
Then (Ui.‘i? Mi) U (Uzexo.yo.dr.bj) M2) U{(Xm, ym). (di, y1)} is a perfect matching in T (k1. k) — F.

Case 1.3.4. |{ag, bo} N {X0, yo}| =0 and ag = bo.

Cl(<)1 — {X0, yo} is divided into two paths Py and P,. Without loss of generality, say ap € V(P1). If [P1|=1 and {i, j} =
{1,k — 1}, then F is a trivial strong matching preclusion set. If |[P1| =1 and {i, j} # {1, ko — 1}, then there exists a,, € V(C;Z)
(m # 0) such that Cy, (ag) —{a;, aj, am} can be partitioned into a set Mg, of paths of length one. Since |P;| is odd and k1 > 6,
there exists cg € Ncl?l (Yo) such that cg # ag. Cy,(¥o) — {Yo. ¥m} can be partitioned into a set My, of paths of length one

plus one single vertex y,. Let M, be a perfect matching in Cy,(z) — z for each z € {xo, cn}. Cl(<)1 — {xo, o, Yo, Co} can be

partitioned into a set Mg of paths of length one. Let M; be the corresponding matching to My fori € {1,2,...,k, —1}. Then
(Ufial Mi) U (Uze(xo.00.v0,c0) M2) U {(@m, Ym), (Yn, cn)} is a perfect matching in T (kq, kz2) — F.

If |P1| >3 and |P1] is even, then | P3| is even. There exists co € V (P1) such that (cg, agp) € E(P1) and C,E’] —{xo0, ao, Yo, o}
can be partitioned into a set Mg of paths of length one. Let M; be the corresponding matching to My fori e {1,2,...,k, —1}.
Ck, (ao) — {a;, bj} can be partitioned into a set Mg, of paths of length one plus one single vertex ay;. Let M, be a perfect
matching in Cy, (z) — z for each z € {xo, yo, cm}. Then (Uifigl M;) U (UZE{XO,yO’ao’Cm} M) U {(am, cm)} is a perfect matching in
T(kq,k2) — F.

If |P1] >3 and |Pq]| is odd, then |P,| is odd. There exists cg € V(P1) such that (cg, ag) € E(P1) and Cl(<)1 — {Xo0, ag, Yo, co}
can be partitioned into a set Mg of paths of length one plus two single vertices ug and vg satisfying ug and v are adjacent
to yo. Let M; be the corresponding matching to Mg for i € {1,2,...,ky — 1}. Cy,(ao) — {a;, bj} can be partitioned into a set
Mg, of paths of length one plus one single vertex ap. Let M, be a perfect matching in Cy,(z) — z for each z € {xo, c}. Let
My, be a perfect matching in Cy, (to) — {to, tk,—1, t1} for each tg € {ug, yo, vo}. Then (Ufigl M;)U (Uze{xO.cm,ao,uo.yo,vO} M;)U
{(Uky—1, Yky—1)5 (W0, U1), (Viy—1, Vo), (¥1, V1), (@m, Cm)} is a perfect matching in T (ky, ko) — F.

Case 1.3.5. |{ag, bo} N {x0, yo}| =0 and ag # bo.

Similarly to the proof of Case 1.1, we can obtain a perfect matching in T (k1, k) — F.

Case 14. |Fy N V(C,?l)\ =1.

ForO<j<m<n<ky;—1,letage V(Cl(c)1)’ bje V(Clil). Cm € V(C,’Z) and d, € V(Cl?1) be the fault vertices. We consider
five subcases.

Case 1.4.1. ag = by = co =dp.

Ck, (ap) — Fy can be partitioned into a set of paths of length one plus some single vertices. Denote by s the number of
these single vertices. It is easy to see that 0 <s < 4. Since |V (Cy,(ao))\Fy| is odd, s is odd. We consider two subcases.

Case 1.4.11. s=1.
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Fig.4. F, N V(cgl) = {0, Yo}

Ck,(ap) — Fy can be partitioned into a set Mg, of paths of length one plus one single vertex a;. Let u; € NCI (aj). Ck1

{ao, up} can be partitioned into a set My of paths of length one. Let M; be the corresponding matching to Mo for i e
{1,2,...,ky — 1}. Let My, be a perfect matching in Cy,(u;) — u;. Then (Uk2 ]M,) u (Uze{ao,u,-] M;) U {(a;, u;)} is a perfect
matching in T(ky,k2) — F

Case 14.1.2. s =3.

Ck,(ap) — Fy can be partitioned into a set Mg, of paths of length one plus three single vertices a;, ap and ag such that
ap and aq are adjacent to one of the fault vertices (say c¢p). Let u;, w; € NC}'q (a;) such that w; # u;. Let vy, € V(C,’Z:) be

the neighbour of wy, such that v, and c; are distinct. C,% — {aop, ug, wo, vo} can be partitioned into a set My of paths
of length one. Let M; be the corresponding matching to Mg for i € {1,2,...,ka — 1}. Ci,(wp) — {wp, Wy, wq} can be
partitioned into a set My, of paths of length one. Let M, be a perfect matching in Cy,(z) — z for each z € {vjn, u;}. Then

(Uk2 lM,-) U (Uze[aO,wp,vm,ui] M) U {(aj, u;), (@p, wp), (ag, Wq), (Wm, Vim)} is a perfect matching in T (kq,k2) — F

Case 1.4.2. There are exactly three fault vertices in some V (Cy, (x)), where x € {ag, bj, i, dp}.

Without loss of generality, say ap = bg = cp. Similarly to the proof of Case 1.3.1, we can obtain a perfect matching in
T (kq, k2) —

Case 1.4.3. Exactly two fault vertices are in V (Cy,(x)) for some x € {ag, bj, ¢, dn} and the other two fault vertices are in
V(C,(y)) for some y #x and y € {ao, bj, cmm, dn}.

Without loss of generality, say ap = bg and co = dp. Similarly to the proof of Case 1.3.2, we can obtain a perfect matching
in T(k1, kz) —

Case 1.4.4. Exactly two fault vertices are in V (Cy, (x)) for some x € {ap, b, cm, dn} and the other two fault vertices are not
in V(Cg,(y)) for some y #x and y € {ag, bj, cm, dn}.

Without loss of generality, say ag = by and cg # dp. Similarly to the proof of Case 1.3.3, we can obtain a perfect matching
in T(k1,ky) —

Case 1.4.5. ag, bg, co and dy are four distinct vertices in V(Cl?1)'

Similarly to the proof of Case 1.1, we can obtain a perfect matching in T (kq, ky) — F

Case 2. |Fy|=3

In this case, |Fe| < 1. If there is no fault edges or the fault edge is incident to one of the vertices in F,, then let
v* € V(T (k1,k2))\Fy be a vertex such that F, U {v*} is not a trivial strong matching preclusion set. If the fault edge is
not incident to any vertex in F,, then let v* be the vertex such that the fault edge is incident to v* and F, U {v*} is not
a trivial strong matching preclusion set. Let F* = F, U {v*}. By the proof of Case 1, there exists a perfect matching M in
T (kq, k2) — F*. Note that M saturates all the vertices in T(kq, k) — F except the vertex v*. Thus, M gives an almost perfect
matching of T(kq1,k2) — F

Case 3. |Fy| =

It is enough to consider the case when there is no fault edge which is incident to any fault vertex.

Case 3.1. |[Fy NV (CY)| =2.

Let xo and yo be the fault vertices. Since |F| = |F, U F¢| <4 and |F,| =2, |Fe| < 2. We consider three subcases.

Case 3.1.1. There are no fault edges in C,?]

Assume that Cl?1 — {X0, Yo} can be partitioned into a set My of paths of length one. Note that there exists a perfect

matching in each copy of Ci, with at most one fault edge. If two fault edges are in C,i1 for some i € {1,2,...,k; — 1}, then
there exists j e {i+1,i— 1} such that je{1,2,...,k, — 1} and Mo U M; ; or completing Mg U M; ; gives a perfect matching
of T(k1,ky) — F. Otherwise, completing My gives a perfect matching of T (kq, k) — F

Assume that Cl?] — {0, Yo} can be partitioned into a set of paths of length one plus two single vertices. Cl?] — {0, Yo} is
divided into two even paths P; and P;. Without loss of generality, |P1| < |P2].

Case 3.1.1.1. There is one fault edge in Cy,(Xp) and there is one fault edge in Cy,(yo) (see Fig. 4(a)).
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Let NC’o (x0) = {ao, bo}. Let cg € V(C,E’]) be the neighbour of yg such that cg ¢ {ag, bp}. Let dp € V(C,?l) be the neighbour
K1

of cg such that dg and yq are distinct. Cl(<)1 —{X0, Yo, ao, bo, co, dp} can be partitioned into a set My of paths of length one. Let
M; be the corresponding matching to My for i € {1 2 ., ky —1}. Let M, be a perfect matching in Ci,(z) — z for each z €
{do, b,—1}. Then (2" M) U Mg, UlVlb,<2 Y (U {(Xj,ﬂ]) ¥j, ¢} U {(@o, ar,—1), Kiy—15 by —1)> (Yky—15 Cky—1)- (€0, do)}
is a perfect matching in T (kq, k2) —

Case 3.1.1.2. Either Cy, (xo) contains no fault edges or Ci,(yo) contains no fault edges.

Without loss of generality, Cy, (xo) contains no fault edges. Let Mo = {(uo, u1): up € V(P1)} and My ={(vo, Vk,—1): Vo €
V(Py)}. If [Pq] =1 and Mg U M contains two fault edges, then F is a trivial strong matching preclusion set. Next, we
consider the condition that F is not a trivial strong matching preclusion set.

Assume that the even cycle C = (ag, a1, ¥1,b1,bo,bry,—1, Yk,—1,ak,—1,00) contains at most one fault edge, where
{ag, bo} = Co (¥o). Then there exists a perfect matching M’ in C. Let Mg be a perfect matching in C — {xo0, Yo, ao, bo} and

let M; be the correspondmg matching to Mo for i € {1,2, ...,k —1}. Let My, be a perfect matching in Cy, (xo) — Xo. Let My,
be a perfect matching in Cy, (to) — {to, tx,—1, t1} for each to € {yo, ao, bo}. Let M* = (U’<2 1M,-) U (UZE{XO‘yO!aoqu} M) UM
If (Uk2 e i) U (UZE {yo.a0.bo} Mz) contains no fault edges, then M* is a perfect matching in T(ky,ky) — F. If there is

one fault edge (uj,v;) in Ucz 1M,- for j €{0,1,...,k; — 1} and there is one fault edge (aj,a+1) in Uze{yo,ao,bo}MZ'
then M* U {(uj, uj+1), (Vj, Vjt1), @, Y0, (@1, Yie DN W5, v), @j11, vis1), @, aip1), (V5 Yig1)} is a perfect matching in
T (k1,kp) — F. If there are at most two fault edges (uj, vj) and (wy, z) in Ui.‘igl M; for j,1€{0,1,...,k; — 1} and there are
no fault edges in Uze{yo,ao,bo}MZ' then either {wy, z;} C chz(”f)(uj) u ch2(,,].)(vj) (say ujy1 =wj and vjq = z) or there
exist j*e{j—1,j+1} and I* € {I — 1,1+ 1} such that (uj,uj), (vj, vj+), (W, W), (2, z;+) are not fault edges. Thus, M* U
{(uj, wp, (v, DN\ {(uj, vj), (wy, z))} or M* U {(uj, uj), (vj, vj), (W, W), (21, zp) ]\ (U, V), Wjx, Vo), (Wi, 21), (Wi, Z1)} 1S
a perfect matching in T (kq, kp) — F. If there are two fault edges (um, Um+1), (Vn, Vat1) in Uze{yo,ao,bo} M,, then we consider
the following three subcases: (1) when m =n and (up, vy) € E(C}g’i), M* U {(um, vn), Wm+t1, Va+1) N\ WUm, Um+1), (Va, Voe1)}
is a perfect matching in T (k1,kz) — F. (2) When m=n and (um, va) ¢ E(C}), without loss of generality, say xm ¢ Nc,'g; (um),
there exist Wm & {Ym, Gm, bm, Xm} and z, € {yn, an, by} such that (um, wm), Wm+1, Wm+1), (Vn, Zn), (Vat1, Znt1), (Om, Om+1)
are not fault edges, where om € Nept (Wm) and om # tm, M* U {(Um, Wm), (Um+1, Wm+1), (Vn, Zn), (Va41, Zn+1), (Om, Om )1\
{(Um, um+1), Vi, Viot1), Zns Zn+1), Wm, 0m), (Wm41,0m+1)} is a perfect matching in T(kq,k2) — F. (3) When there ex-
ist Wiy € {¥m,am,bm} and z, € {yn,an, by} such that (um, wm), Wm+1, Wm+1), (Vn, Zn), (Vnt1, Zn41) are not fault edges,
M* U {(um, Wwm), Wmt1, Wms1)s (Vay Zn), (a1, Zos D I\ Wms Uma1), (Vn, Vi), (Wi, Wing1), (Zns Zag1)) is a perfect match-
ing in T(ky,kp) — F. If there is exactly one fault edge (um,um+1) in Uze{yo’ao,bO}Mz, then we consider the follow-
ing three subcases: (1) when there exists Wy € {¥m,am,bm} such that (um, wn), (Um+1, Wms+1) are not fault edges,
M* U {(um, Wwm), Um+1, Wn+1) I\ WUm, Um+1), (Wm, Wny1)} is a perfect matching in T(kq,k2) — F. (2) When there ex-
ists Wy & {¥m,am,bm,xm} such that (um, Wn), Um+1, Wm+1), (Om,0m+1) are not fault edges, where oy € Nq{r; (Wm)
and o # Um, M* U {(Um, Wm), Wm+1, Wms1)s Om, Omr DI\ WUm, Ums1), Wm, 0m), (Wmy1,0my1)} is a perfect matching in
T(k1,k2) — F. (3) When Nc;g'] (Um) = {Xm, ym} and the other fault edge is incident to y;, or ym+1 (say ym), there are
no fault edges in C. Let M} be the perfect matching of C such that (uq,yq) € M. If m =3, then (M*\M') UM} U
{(ur,u2), (¥1, ¥2), Wm+1, Ym+r DI\ WU, Y1)5 W@Wms Ums1), (Ym, Ym+1)} is a perfect matching in T(ky, kz) — F. If m > 3, then
M* U {(um-2, Ym-2), Um—1, Um), Ym—1, Ym), Wm+1, Ymr DN W@m—2, Um—1), Ym-2, Ym-1), Wm, Um+1), Ym, Yms+1)} is a per-
fect matching in T (k1, ky) —

Assume that the even cycle (ap, a1, y1,b1,bo,br,—1, Yk,—1,0k,—1,00) contains two fault edges, where {ag,bo} =
NCI?] (Yo). Then Ci,(yo) contains no fault edges. Since F is not a trivial strong matching preclusion set, the even cycle
(co, ¢1,X1,d1,do, diy—1, Xky—1, Ck,—1, Co) Contains at most one fault edge, where {cg, do} = Nc,‘j (x0). Similarly to the proof of
the above discussion, we can obtain a perfect matching in T (kq1,k2) — F ]

Case 3.1.2. There is exactly one fault edge e = (ug, vp) in C,?l.

Assume that CE1 — {X0, Yo} can be partitioned into a set of paths of length one. Note that there exists a perfect matching
in each copy of Cy, with at most one fault edge. If C,?l — {X0, Yo} — e1 can be partitioned into a set Mg of paths of length
one, then completing Mo gives a perfect matching of T (k1, k2) — F. Otherwise, there exists j € {1,k, — 1} such that neither
(uo, uj) nor (vo,v;) is faulty and C,ﬂl contains no fault edges. Now, C,?] — {X0, Yo, Uo, Vo} can be partitioned into a set
My of paths of length one and Czl — {uj, vj} can be partitioned into a set M; of paths of length one. Then completing
Mo UM; U {(up, uj), (vo, vj)} gives a perfect matching of T (kq, kp) —

Assume that Cl(<)1 —{xo0, Yo} can be partitioned into a set of paths of length one plus two single vertices. Cl(<)1 —{xo, yo} is di-
vided into two even paths P; and P;. Let Mo = {(ug, u1): ug € V(P1)}U{(vo, Vk,—1): Vo € V(P2)} and M = {(uo, u1): ug €
V(P2)} U {(vo, vk,—1): vo € V(P1)}. Let Vi ={wq: wy e V(C,Zl) and wo € V(P1)} and Vi,_1 = {Wg,—1: Wg,—1 € V(C;ﬁf”)

and wg € V(P3)}. Then C,}l —(V1U{x1}) can be partitioned into a set M of paths of length one and C,’:]Tl —(Viy—1U{xk,—1})
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Fig.5. F, N V(C,?] ) = {x0} and xg = yo.

1=
) and wg € V(Pq)}. Then C,}l — (V] U{x1}) can be partitioned into a set M) of paths of length one

can be partitioned into a set My,_; of paths of length one. Let V] = {wq: wy € V(C,}l) and wg € V(P3)} and Vliz
ky—1

{(Wi,17 Wiy, 1 € V(G2

and C,’:]z T (V,/Qfl U{Xr,—1}) can be partitioned into a set M}er of paths of length one. Since there is at most one fault edge

in T(ky,kp) — V(C,?l), either Mg, M1 and My,_; contain no fault edges or My, M} and M,’{r1 contain no fault edges. With-

out loss of generality, Mo, M1 and Mj,_; contain no fault edges (see Fig. 4(b)). Similarly, either Cy,(xo) or Ci,(yo) contains

no fault edges. Without loss of generality, Cy,(xo) contains no fault edges Let My, be a perfect matching in Ci, (xo) — Xo.
k —1
If there is no fault cross edges in Myj,jyq for any j e {1,. — 1}, then (U T (Mai 2101\ (X2i, X2i+1)})) U Mo U
M1 U My,_1 U My, is a perfect matching in T(ky,k2) — F lf there is one fault cross edge (czj,cth) in Majoj1
kz 1
2

for some j e {1,. — 1}, then there exists daj € V(C, ’) such that dy; is a neighbour of c; in C — x2j. Thus
k

bl 4 .
Uiy (Ma2i2i01\ (%21, X2i41)})) U Mo U M1 U My, _1 U My, U {(c2j, d2j), (C2j11, d2j+ 1)\ {(C2j, C2541). (d2;, d2]+1)} is a per-
fect matching in T (k1, ky) —

Case 3.1.3. There are two fault edges e; = (ug, vg) and e; = (wg, zg) in Cl?l.

Assume that C0 — {X0, Yo} can be partitioned into a set My of paths of length one. Let M; be the corresponding matching

to Mg forie{2,...,ky —1}. Let M; be a perfect matching in Ck2 (t) —t for each t € {xg, yo}. Then (Uk2 o Mj) U My, UMy, U
Mo, 1\{(x0,X1), (Yo, ¥1)} is a perfect matching in T (kq, k2) —

Assume that C,?} — {x0, Yo} can be partitioned into a set of paths of length one plus two single vertices. C,?} — {x0, Yo} is
divided into two even paths P and P;. Let Mg = {(uo, u1): ug € V(P1)} U{(Vo, Vk,—1): Vo € V(P2)}. Let V1 ={wq: wy e
V(C,:l) and wo € V(P1)} and Vi,_1 = {wg,_1: Wi,—1 € V(C,’:lz_l) and wg € V(P3)}. Then C,}l —(V1U{x1}) can be partitioned
into a set My of paths of length one and C::f_1 — (Vk,—1 U {X¢,—1}) can be partitioned into a set My,_; of paths of length

ky—1
one. Let My, be a perfect matching in Cy,(xo) — Xo. Thus (Uj_l(le-,z,-H\{(xz,-,x21+1)})) UMoUM;1UMy,_1 UMy, is a
perfect matching in T (k1,kz) — F

Case 3.2. |[Fy N V(c,fj])| =1.

Let xg € V(Clgl) and y; € V(Cliq) be the fault vertices, where 0 <i < k; — 1. We consider two subcases.

Case 3.2.1. yo = Xp.

Case 3.2.1.1. There is at least one fault edge in Cy, (xo).

Let CE1 = (Xo, Wo, 2o, to, - - -, Co, bo, o, Xo). Ck,(x0) — {Xo, ¥i} can be divided into an odd path Py and an even path Pj.
Let Vs, = {sj: sj € C,(so) and x; € V(P1)} for each so € {20, to, bo, co}. Let Mz, and Mp, be the perfect matchings in
Ck, (z0) — (V2o U{z0, z}) and Cy, (bo) — (V, U{bo, b;}), respectively. Let M, and M, be the perfect matchings in Cy, (to) — V¢,
and C,(co) — V,, respectively. Note that ki > 6 and there is at most one fault edge in T(k1, k) — V(Cy,(x0)). If to = co
and Mto NF =@ or tg # co, then either (UjE -t &, wpH U (Uzjevz {(zj,tj)}) U Mgz UM, U {(W(),Zo) (wi, z)}

generality, (UJE{L._”,Q_]}\ alx;, W])}) U (Uzjevz(){(z,,t])}) U Mz, UMy, U {(Wo,Zo) (wj, zj)} contains no fault edges (see
Fig. 5).

Let Mo be a perfect matching in C,? — {X0, Wo, 20, to} and let M; be the corresponding matching to My for i € {1, ...,
ko —1}. Let M* = (Uk2 UM, )U(Uje k-1 i X wj)})U(UZJ_EvZO{(zj, tH ) UMz, UMy, U{(wo, 20), (Wi, zi)}. When there
is no fault edge in U;‘iol M;, M* is a perfect matching in T(k,kz) — F. When (gj, hj) € Uifial M; is the other fault edge,
M* U {(gj, gj+1), (hj, hjpr)N{(gj. hj), (gj+1, hjr1)} is a perfect matching in T(kq,k2) — F. If to =co and M, N F # ¢, then
Mg, N F| = 1. Let (tj,,tj,) € Mg, be the fault edge. M* U {(tj,,bj,), (tj,,b},), (@j,,a;,)I\{(tj,,tj,), (bj,,a;j,), (bj,,aj,)} is a
perfect matching in T (k1,k2) — F

Case 3.2.1.2. There is no fault edge in Cy, (o).

Suppose that F is not a trivial strong matching preclusion set, then Cy,(xo) — {xo, yi} can be partitioned into a set
My, of paths of length one plus one single vertex x;+ such that (x;«, wi+) is not faulty, where wi € Nc** (xi*). Let My,

be a perfect matching in Cy,(wo) — w;s. Let Mg be a perfect matching in C,?l — {x0, wo} and let M; be the correspond-
ing matching to My for i € {1,...,ky — 1}. Let M* = (Uk2 1M,-) U My, U My, U {(x;+, wix)}. We consider the following
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Fig. 6. The odd path P* when i is even.

four subcases: (1) assume that neither Ufz lM, nor My, contains no fault edges, then M* is a perfect matching in

T(k1,k2) — F. (2) Assume that there are at most two fault edges (aj,,bj;) and (cj,,d;,) in Ukz 1M1 and there is no
fault edge in My,. If {cj,,dj,} € chz(a“ (aj,) VU chz(bn (bj,), without loss of generality, say a =c¢ and b =d, then M* U
{(aj,.cjp), (bj;,dj;)N\{(aj,. bj,), (cj,.dj,)} is a perfect matching in T (kq, k2) — F. Otherwise, there exist ji € {j1 +1, j1 — 1}
and j; € {jz+1, jo—1} such that j # j3. Then M*U{(aj,, ajr), (bj,, bjr), (cj,. Cjp), (dj,, djp)I\{(@j,, bj)), (@jr, bje), (Cj,. djy),
(cj;,djz)} is a perfect matching in T(k{, k) — F. (3) Assume that there are two fault edges (wj,, Wﬁ) and (wj,, wj;) in
Mu,. Let ag € V(CO) be the neighbour of wg such that ap and xo are distinct. Let bg € V(CO) be the neighbour of ag
such that wg and bo are distinct. Then M* U {(wj,,aj,), (W]T aj ), (b“,b]l) (wjz,an) (wj; an) (bh,bjz)}\{(w“,w]*)
@j,,bj), (ah’bh)’ (wj,, le)’ @j,,bj,), (ajz,b 2)} is a perfect matching in T(kq, ky) — F. (4) Assume that there is exactly
one fault edge (wj],wj»f) in My,. Let ag € V(C,?l) be the neighbour of wq such that ap and xq are distinct. If the other
fault edge is incident to a;, or ajr (say aj, ), then (W, aj) is not faulty. Let zg € V(C,?l) be the neighbour of xg such
that zgp and wg are distinct. Let Mg be a perfect matching in Cy,(s) — s for each s e {z;, wji,af;}. Let M{ be a per-
fect matching in C,?l — {Xo0, wo, ag, zo} and let M;, be the corresponding matching to M{ for m € {1,...,ka — 1}. Then
(Uk2 1 MHU (Use{zi*,wj*,aj*} M) UMy, U{(Xix, zi), (W, aje)} is a perfect matching in T (k1, k2) — F. Next, we consider that
1 1

the other fault edge is not incident to a;; or aj. Let by € V(C}()]) be the neighbour of ag such that wg and by are distinct.
Note t!iat there is at most one fault edge (cj,,d;,) in UEE] M;. We have {C:jz, d].'z} N {gj] 4 ’.bjl .bjr}=0. We c.onsid.er Fhe
following two subcases: (1) {cj,,d;j,} N {ajl,ajfl«,bjl,bﬁ} = ¢ and there exists j3 € {j2 + 1, jo — 1} such that j; ¢.{]1,f1k}.
Then M*U{(wj,,aj,), (Wjr,aj), (bj,, bjr), (Cjpn i), (dfy, dp)N{(Wjy, win), (@jy, bjy), (@, b)), (Cjp, djy), (€3, djs)} is a per-
fect matching in T (ky, ko) — F. (2) {cj,,dj,} N {aj],aﬁ,bj],bﬁ} = and there does not exist j5 € {j> + 1, j2 — 1} such that
Jj5 ¢ {1, j7}. It is easy to see that kp =3. Let zp € V(C,?]) be the neighbour of xo such that zo and wq are distinct. Let M,
be a perfect matching in Cy,(z+) — z+. Let M{, be a perfect matching in CO {x0, 20} and let Mj, be the corresponding
matching to Mg for m e {1,...,ky — 1}. Then (cj,,d},) ¢ Uk2 1M’ So (Uk2 ]M;) U My, U Mz, U {(x;+, z+)} is a perfect
matching in T (k1, k2) —

Case 3.2.2. yo # Xo.

Let NCE (x0) ={ag, bo} and NC,O (y0) = {co, do} such that bg is disconnected from cp in C,?] —{x0, yo}. Let Pj, be the path

1 . K1 .

from x; to ¢; in Cl’<1 —yi and let P;, be the path from d; to b; in C,’<1 - ¥i.

Assume that Cl% — {x0, Yo} can be partitioned into a set of paths of length one. If i is even, then let P* = (CI?1 —
X0) U (U"-’1 1{1 — (xj,b))) U Pj, U{(bg,b1), (x1,X2),..., (Xi—1, X))} (see Fig. 6(a)). If i is odd, then let P* = (C,‘()1 —Xo) U

(Uljz 1 (CL = (%5.b7) U P}, U{(bo., big—1), (Rky—1+ Xiy—2)- - -+ (i1 %))

Assume that Ckl — {0, Yo} can be partitioned into a set of paths of length one plus two single vertices. If i is even, then
let P* = (C;i)1 —Xo)U (LJIJQ:TJ_1 (C,il — (Xj, b]))) U sz U{(bo, bk271), (sz,l, sz,z), e, (b1‘+1 ,bi)} (see Fig. 6(b)). If i is odd, then
let P* = (€}, —x0) U (UjZ1 (G, — (. 5) U Pj, U{(bo. b1). (%1.X2). ... (bi-1. bi))-

Note that P* is an odd path and C,’<1 — (V(P*)U{yi}) is an odd path. Thus there exist perfect matchings M* and My, in
P* and Cliq — (V(P*) U{y;}), respectively. We consider the following three subcases.

Case 3.2.2.1. There is no fault edge in M* or there is exactly one fault edge in My, and M*, respectively.

Suppose that there is no fault edge in My,. If there exists some j e {1,...,ky — 1}\{i} such that E(C,ﬁz) NM* =@ and
Ciz contains two fault edges, then any perfect matching in C,{Z contains at most one fault edge. For [ e {j — 1, j, j + 1}, let

M; be the perfect matching in C}q such that Mg N M* # #}, where Mg is the corresponding matching to M;. Let (uj, v;j) be
the fault edge in M;. Then there exists j* € {j + 1, j — 1} such that uj+ and v« are not fault vertices. When M- N M* =,
completing M* UMy, UM; UM« U{(uj, uj), (vj, viON\{(uj, vj), (uj, vj)} gives a perfect matching of T (kq,kz) — F. When
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M= "\M* # ¢, completing M* UM, UM;U{(uj,uj+), (vj, vi)ON\{(uj, vj), (uj, vj)} gives a perfect matching of T (ky, kz) —F.
Otherwise, completing M* U M, gives a perfect matching of T(kq,kz) — F.

Suppose that there are two fault edges (u;, v;) and (wj, z;) in My,. If there exists i* € {i+1,i— 1} such that C,’: NM* =@,
then C,’;: — {uj=, vi=, wix, zi+} has a perfect matching M; and completing M* U My, U Mj= U {(u;, uj=), (vi, Vi), (Wi, wix),
(zi, zi» )P\ {(ui, vi), (w;, z;)} gives a perfect matching of T (k1,k,) — F. Otherwise, C,';H N M* = ¢ and C,';l_l N M* # (). Choose
i*e{i+1,i — 1} such that i* #0. Let C* = (C,‘<1 — yi) U{(ci, ci=), (ci*, yix), (¥ix, di+), (di, d;)}. Then there exists a perfect

matching Mc+ in C* such that {(u;, vi), (Wi, z)} € Mc+ and C,’;; — {ci*, yi*, di+, bi=} can be partitioned into a set Mj+ of

paths of length one. Thus, (M*\(E(C,':) U E(C,il))) U Mcx U M=\ {(x;, x;)} gives a perfect matching of T (kq, k) — F.
Suppose that there is exactly one fault edge (u;,v;) in My, If Cl(<)1 — {x0, yo} can be partitioned into a set of
paths of length one, then ug # Xo and vq # Xo. For any z € {xq, yi} U V(Cy,(uj)) U V(Cy,(v{)), let M, be the per-
fect matching in Cg,(z) — z. Note that there is at most one fault edge in T(ki,k2) — {Xo, yi, (ui, vi)}. So there exists
i*€{0,1,...,kp — 1} such that My, U My, U {(u;, vi+)} contains no fault edges. Let Mo be a perfect matching in

C,?l — {X0, Yo, o, vo} and let M; be the corresponding matching to Mg for j e {1,...,kp — 1}. Let M’ = (U’;Z)] Mj) U

My, U My, U My, UMy, U {(uj+, vi+)}. When (U';.Z:B] M;) U My, U My, contains no fault edges, M’ is a perfect match-
ing in T(kq,kz) — F. When the other fault edge is in U'JQ:B] M;, without loss of generality, say (w, z) is the fault edge,

M U {(wy, wip1), (1, ) \N{(wy, 21), (W1, z141)} is a perfect matching in T(kq, k) — F. When the other fault edge is in
My, U My,, without loss of generality, say (x;,x1) is the fault edge and a; ¢ {u;, v;}. Let w; € N (@) such that w; # x;.
kq

Then MU {(x1, ap), (Xig1, @i1), (Wi, wir ) \{(@, wi), (@141, Wig1), (X1, xi11)} is a perfect matching in T (kq, k2) — F.

Otherwise, when there is no fault edge in Cl(<)1 — Xp, similarly to the proof of Case 3.1.1.2, we can obtain a perfect matching
M” in T (ky, k) — F; when the other fault edge is (wo, zp), either M” or M” U{(wq, W), (2o, z)}\{(Wo, z0), (W}, z;)} for some
le{1,ky — 1} is a perfect matching in T (kq,ky) — F.

Case 3.2.2.2. There is exactly one fault edge in M* and there is no fault edge in My,.

Consider when F is not a trivial strong matching preclusion set. Assume that the fault edge in M* is not a cross
edge. Let (uj,v;) be the fault edge in M*. Suppose that j e {i + 1,i — 1}, without loss of generality, say j=i— 1. If
yj=vj and (vj,vj_q) is the other fault edge, then we consider the following two subcases: (1) when CE] — {x0, Yo}

can be partitioned into a set of paths of length one, without loss of generality, say uj =d; and E(C,{]_l) N M* # @.

Suppose that c¢; # xj. Let w; € V(C,{l) be the neighbour of c¢; such that v; and w; are distinct. Then complet-
ing M* U My, U{(uj,uj_1),(vj,cj), (Vj-1,¢j=1), Wj, wi—DIN\{(Wj_1,¢j—1), (Wj,cj), (j_1,vj-1), (uj, vj)} gives a perfect
matching of T(kq,k;) — F. Suppose that c; = x;. C,?l — {X0, Yo, bo,do} can be partitioned into a set Mo of paths of
length one. Let My, be the corresponding matching to Mo for m € {1,...,k; — 1}. Let My, be a perfect matching in
Ck, Yo) —{¥j-1, ¥}, yi}. Let My, be a perfect matching in Ci, (xo) — {xo0, Xj, X;}. Let M, be a perfect matching in Cy,(z) — z
for each z € {dj_1,b;}. Then (Ufi? M;) U (Uze{xO,yo,dH,biJ Mz) U {(yj, X)), (X, bi), (yj—1,dj—1)} gives a perfect matching
of T(kq,kz) — F. (2) When CI(<)1 — {x0, yo} can be partitioned into a set of paths of length one plus two single ver-
tices, the even cycle C = (¢j_1,¢i, Ci+1, Yi+1,di+1,di, di—1, yi—1,Ci—1) contains one fault edge. So there exists a perfect
matching M¢ in C. Let My be the perfect matching in CE] — {X0, 0, yo.do} and let M; be the corresponding match-
ing to Mg for je({1,...,kp — 1}. Let My, be the perfect matching in C,(xo) — Xo. Let M, be the perfect matching in
Ck, (z0) — {zi-1, zi, zi+1} for each zp € {co, do, yo}. Then (U?i61 M;) U (UZG{Xo,CU,do,yo}MZ) U Mc is a perfect matching in
T (k1,k2) — F.

Otherwise, there exists j* € {i +1,i — 1} such that (uj«, u;) and (vjs,v;) are not fault edges. Let M« be the perfect
matching in Clg such that Mo N M* # @, where My is the corresponding matching to Mj:. When M j- N M* = ¢, completing
M*UMy, UM;js U{(uj,uj), (vj, viON{j, vj), (uj, vj)} gives a perfect matching of T(ki,k2) — F. When Mjx N M* # @,
completing M* UMy, U {(uj, uj), (vj, vy )\{(uj, vj), (uj, vj)} gives a perfect matching of T (ky, kp) — F.

Assume that the fault edge in M* is a cross edge. Suppose that Cl(<)1 — {x0, yo} can be partitioned into a set of paths of
length one. Let ug € V(Cl?l) be the neighbour of by such that xy and ug are distinct. Let v € V(C,?l) be the neighbour of ug
such that vg and bg are distinct. If xg ¢ {co, do}, then we consider the following two subcases. Without loss of generality, say
(bj,bj+1) is the fault cross edge. (1) When (bj, uj), (bji1,uj+1) and (vj, vji1) are not fault edges, completing M* U My, U
{(bj,uj), bjp1, ujr), Vi, vic DNV, uj), (Vjgr, ujgr), (bj, bjr1)} gives a perfect matching of T (ky, k2) — F. (2) When one
edge in {(bj, uj), (bj11,uj41), (vj,vjy1)} is the other fault edge, Ci = (ax,—1,do, a1, X1, b1, bo, bk, —1, Xk,—1, Ak, —1) contains
at most one fault edge and C; = (¢i—1, i, Ci+1, Yi+1, di+1,di, di—1, ¥i—1, Ci—1) contains at most one fault edge. So there exist
perfect matchings Mc, and Mc, in Cy and C, respectively. C,?] — {x0, ao, bo, co, yo,do} can be partitioned into a set My of
paths of length one. Let M; be the corresponding matching to Mg for j e {1,...,k; — 1}. Let M, be the perfect matching
in C,(to) — {tk,—1,to, t1} for each tq € {ao, bo, Xo}. Let Mz, be the perfect matching in Cy,(z0) — {zi—1, Z;, zi4+1} for each

zo € {co, do, yo}. Then (U'f:f)] Mju (Uze{au,bo,xo,cO,do.yu} Mz) UMc, U Mg, is a perfect matching in T (kq, k2) — F.
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If xo € {co,do} (say xo = co), then we consider the following four cases: (1) assume that (bj, bj,1) is the fault cross edge
and there is no fault edge in {(bj, u;), (bj11,Uj11), (Vj, Vjy1)}. By the similar way of (1) in the above paragraph, we can
obtain a perfect matching in T (ky, k2) — F. (2) Assume that (bj,bjyq) is the fault cross edge and the other fault edge is
in {(bj, uj), (bj+1,uj+1), (Vj, Vjr1)}. Let C = (C,(bo) — (bj, bj11)) U (Ck, (o) — (uj, ujr1)) U{(uj, bj), (Ujs1,bjr1)}. Then C
contains one fault edge and there is a perfect matching M¢ in C. Let Mg be the perfect matching in Cl?] — {xo0, bo, yo, uo} and
let M; be the corresponding matching to Mg for j e {1,...,k; — 1}. Let M, be the perfect matching in Cy,(z) — z for each

z € {Xg, yi}. Then (Ui.‘g] M;) UMy, UMy, UMc is a perfect matching in T (k1, k) — F. (3) Assume that (x;, xj41) is the fault

cross edge and i ¢ {j, j+ 1}. Let Mo be the perfect matching in Cl(<)1 — {x0, yo} and let M; be the corresponding matching to
My for je({1,...,ka —1}. Let M; be the perfect matching in Cy,(z) — z for each z € {xq, y;}. Then (U’]‘.Z:_O1 Mj) UMy, UMy, U
{(xj.bj), (xj11,bj41), Wj, ujr)I\{(Xj, xj41), (j, bj), (ujy1,bjy1)} is a perfect matching in T (kq,kz) — F or we can obtain a
perfect matching in T (k{, k) — F by the similar way of (1) in the above paragraph. (4) Assume that (xj, xj+1) is the fault
cross edge and i € {j, j+ 1} (say i = j). Note that there is one fault edge in T (kq, k2) — {x0, Yo, (Xj, Xj+1)}. When (xj, bj) and

(Xj+1, ¥ j+1) are not fault edges, C = (C,{1 —{xj,yj, bj})U(C,il+1 —{Xj+1, ¥j+1,. bjr1 D U{(uj, uj+1), (dj,dj+1)} contains at most

one fault edge. So C has a perfect matching Mc. Thus, completing M* U Mc U {(x}, b;), (xj11, yj+1)}\(E(C,{1“) U {(xj, xj+1)})
gives a perfect matching of T(kq,ky) — F. Let Mg be the perfect matching in CI(<)1 — {0, bo, Yo, uo} and let M; be the
corresponding matching to Mo for j e {1,...,ko —1}. Let M, be the perfect matching in Cy,(z) — z for each z € {uo, y;}.

When (xj41, yj+1) is the other fault edge, (U’;?:B] Mj)u (Uk?*]{(xj, b)) UMy, UMy, U{(bo, up)} is a perfect matching in

j=1
T(kq1,k2) — F. When (xj,bj) is the other fault edge, we have j —1 # 0. Thus, (Uki_1 M) U (U,e{1 ko1 (=1, j L1 bphH U

My, U My, U {(bo, ug), (xj—1,x;), (bj—1,bj)} is a perfect matching in T (ky, k2) — F.l_0

Suppose that C,(c’] — {x0, Yo} can be partitioned into a set of paths of length one plus two single vertices. As-
sume that either Cy,(xo) contains no fault edges or Ci,(yo) contains no fault edges. If there is no fault edge in
C& — Xo, then, similarly to the proof of Case 3.1.1.2, we can obtain a perfect matching M in T(kq,k) — F; if the other
fault edge is (wo, zp), then either M or M U {(wq, w)), (20, 2))}\{(Wo, 20), (W}, z;)} for some | € {1,k, — 1} is a perfect
matching in T(ky, k) — F. Assume that Ci,(xo) contains one fault edge (xj,xj+1) and Ci,(yo) contains at most one
fault edge. Let go € V(C,?]) be the neighbour of ap such that xo and go are distinct. Then completing M* U M, U
{(xj,a5), (Xj+1,0j+1), (&5, g+ \(@}, 8j), (@j+1, &j+1), (X5, Xj+1)} gives a perfect matching of T (kq, kz) — F.

Case 3.2.2.3. There are two fault edges in M*.

Suppose that the two fault edges are cross edges. Then there exists a fault cross edge (bj,bj1) such that {c;,d;j} N
{bj,bj11} =@ or there exists a fault cross edge (xj,xjy1) such that {c;,d;} N {xj,xj;1} = ¥. Without loss of general-
ity, say there exists a fault cross edge (bj,bj11) such that {c;,d;} N {bj,bj;1} = 0. Let up € V(Cl(c)1) be the neighbour

of by such that xo and ug are distinct. Let vg € V(C,?l) be the neighbour of ugy such that vy and by are distinct. Then
completing M* UMy, U{(bj,u}), (bj1,ujt1), vVj, Vi) NV}, uj), (vj41,ujs1), (bj, bj+1)} gives a perfect matching M’ of
T(k1,k2) — {x0,yi, (bj,bj41)}. If the other fault edge satisfies the above condition, then, by repeating the above oper-
ation, we can obtain a perfect matching in T(kq, k) — F. Otherwise, without loss of generality, the other fault edge
(bj,,bj,+1) satisfies d; € {bj,,bj,+1}. There exists i* € {i + 1,i — 1} such that E(C;:) N M* # (. Now, C = (Cl"{1 -y U
{(ci, ci*), (Ci+, Yix), (¥ix, di+), (di, d;)} is an even cycle containing one fault edge. So C has a perfect matching Mc¢. Thus,
M’ UMc\(My, U{(d;,d;+), (ci=, yi=)}) is a perfect matching M” in T (kq, k) — F.

Suppose that one of the two fault edges is not a cross edge, without loss of generality, say (wy, z;) is a fault edge. Then
there exists [* € {l + 1,1 — 1} such that wi and zs are not fault vertices. Let M« be the perfect matching in C,l:l such
that Mo N M* # @, where My is the corresponding matching to M. When M N M* = @, completing M* U M, U M= U
{(wy, wi), (Z1, =) I\ {(Wy, 1), (Wi, zj+)} gives a perfect matching M”" of T(kq,k2) — {x0, yi, (W}, z)}. When Mp N M* # @,
completing M* U My, U {(w, wi), (z1, z=)\{(W}, 1), (W, z1+)} gives a perfect matching M"” of T (ki,k2) — {xo, yi, (Wi, z)}.
If the other fault edge is not a cross edge and is not in {(wj;1, z1+1), (Wj—1, z1—1)}, then, by repeating the above operation,
we can obtain a perfect matching in T(kq, ky) — F. If the other fault edge is (wp, zi+), where I* € {l + 1,1 — 1}, then M"”
is a perfect matching in T(ki, k) — F. If the other fault edge is a cross edge, then we can obtain a perfect matching in
T (k1,k2) — F by the similar way in the above paragraph.

Case4. |Fy|=1.

In this case, |Fe| < 3. By Lemma 3.2, mp(T (kq, k)) = 4. So there exists a perfect matching M in T (kq, k2) — F.. Note that
M saturates all the vertices in V(T (k1, k2)) and one fault vertex can damage exactly one edge in M. Let e* € M be the edge
such that e* is incident to the fault vertex. Then M\{e*} gives an almost perfect matching of T (k1, k) — F.

Case 5. |F,| =0.

In this case, F = F, and |F| = |F¢| < 4. By Lemma 3.2, mp(T (k1, k2)) =4 and each of its minimum MP sets is trivial. So
if Fe is not a trivial strong matching preclusion set, then T (kq, k2) — F has a perfect matching. Thus, either T (kq, ky) — F is
matchable or F is a trivial strong matching preclusion set. O

Lemma 3.3. (See [10].) Let k1 > 3 and let k; > 3 be odd. Then T (k1, k2) — F has a Hamiltonian cycle for any fault set F with |F| < 2.



110 S. Wang, K. Feng / Theoretical Computer Science 520 (2014) 97-110

00, 01 02
10g—"11] 12
20, 21 2
30 31 39

Fig. 7. The faulty T (4, 3) in Example 3.1.

Let k > 3 be an odd integer. Consider a fault set F in T (4, k) with |F| =3. By Lemma 3.3, T(4, k) — F is matchable, which
means smp(T(4,k)) > 3. By Proposition 1.3, smp(T(4,k)) < §(T(4,k)) = 4. So smp(T(4,k)) =4, ie, T(4,k) is maximally
strong matched. However, T (4, k) is not super strong matched. See the following example (see Fig. 7).

Example 3.1. Let T(4,3) = (0, 1, 2,3,0) x (0, 1, 2, 0) be a 2-dimensional torus. Let F, = {00, 20} and F, = {(01, 02), (21, 22)}.
It is easy to see that there is no perfect matching in T (4, 3) — (F, UF.) and F, UF, is not a trivial strong matching preclusion
set.

4. Conclusion

In this paper, we studied the strong matching preclusion for torus networks. We establish the strong matching preclusion
number and all possible minimum strong matching preclusion sets for bipartite torus networks and 2-dimensional nonbi-
partite torus networks. The results can be used in robustness analysis for torus networks with respect to the property of
having a perfect matching or an almost perfect matching. Our further work is to investigate the problem of strong matching
preclusion for n-dimensional nonbipartite torus networks, where n > 3.
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